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ABSTRACT. We establish a new Ostrowski’s inequalityRA by using an idea of B.G. Pachpatte.
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A.M. Ostrowski proved the following inequality (se€ [1, p. 226—227]):

@ ) -2 [ rwa] < |14 %} (b= )If Il

forall z € [a,b], wheref : [a,b] C R — R is continuous ora, b] and differentiable ora, b),

whose derivativef’ : (a,b) — R is bounded orfa, b), i.e.,||f'||c = sup |f'(z)| < co.
z€(a,b)
Recently, by using a fairly elementary analysis, B.G. Pachpatte [2] established the following

inequality of type[(IL) involving two functions and their derivatives.

Theorem 1. Let f, ¢ : [a,b] C R — R be continuous functions dn, b] and differentiable on
(a,b), whose derivativg’, ¢’ : (a,b) — R are bounded offa, b), i.e.,||f'|| = sup |f'(z)| <

z€(a,b)
00, [1¢'[loc = sup |g'(z)| < oo. Then
b b
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forall x € [a, b].
In this paper, by means of B.G. Pachpatte’s idea, we prove the following

Theorem 2. LetD = [a, b] x[a, b], intD = (a,b)x(a,b), f,g : D — R be continuous functions
on D and differentiable onntD, whose partial derivativey,, f,, g.,9, : intD — R are

bounded onintD, i.e.,||f.llcc = sup |fo(z,y)| < 00, [|fyllo = sup |fy(z,y)| < oo,
(z,y)€intD (z,y)€intD

gzlloo = sup  |ge(z,y)| <00, |lgyllc = sup |gy(x,y)| < co. Then
(z,y)€intD (z,y)€intD

fug,v1)g(ug,vr) — ﬁ {g(ul,vl) //D f (ug, vo)dusduvy
+ f(ul,vl)//Dg(u%vg)dmdvg}
< 5 llgCun, )] lloe + 17, 00) gl 1] [i v %l (b~ a)

L, (o=t
ZHW] b-a)

+ 5 llgCun, v) 1y lloo + [f (ur, v1)] gy lfoo]

N | —

forall (uy,v,) € D.
By takingg(z, y) = 1in Theorenj R, we get the following Ostrowski like inequalityRA,

Corollary 3.

1
fluy,vr) — m //D f (ug, v2)duadvs
< [1follee [}ﬁ(“‘—_)] (b—a) + Il fyllse [}(__—_)] (b—a).

(b—ay (b—ay
Proof of Theorem]2By the mean value theorem, there exXisty, 2, 72 € (a,b) such that
2) flur,v1) = fuz,v2) = fo(&r,v1)(ur — u2) + fy(uz, m)(v1 — va),
and
3) g(ur,v1) — g(uz, v2) = g2(&2, v1)(ur — u2) + gy(uz, m2)(v1 — v2).

Multiplying both sides of[2) and [3) byg(u:,v1) and f (u1, v1) respectively and adding we get

2f (ur,v1)g(ur, v1) — [f (w2, va)g(ur, v1) + f(u1,v1)g(ug, vo)]
= g(u1,v1)[fo(&1,v1) (1 — ug) + fy(uz, m)(v1 — v2)]
+ f(u1,v1)[g2(§2, v1) (w1 — u2) + gy (ug, M) (v1 — v2)].

Integrate both sides with respectg, v, over D. Note that by the proof of the mean value
theorem, we know thaf, (&1, v1), fy(u2, ), g:(&2,v1) andg,(ug, n2) are Riemann-integrable
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for (uq,v9) € D. Rewriting we get
1
fur,v1)g(ur,v1) — m [g(ubvl) //D [ (uz, vo)duadu,

+Fun, o) / /D g(u2,v2)du2dv2}
1

=30 —a) a)29<u1,1}1) //D[fx(§1,v1)(U1 —ug) + f, (g, ) (v — v2)]dugdvy
+ —Q(b i a)? fug,vr) //D[gm(&, v1)(ug — ug) + gy(u% 12)(v1 — vg)]dugdvs.
So

flur, v1)g(ur, ) — ﬁ {9(”1701) //D [ (u2, v2)duzdvy

—|—f(u1,v1)// g(u27U2)dU2dU2]
D
1
< sarlaton ol 12l [ = waltuades + 11 [[ fo = st
1
+ ol [l [[ s = wldusdvs + gl [[ fon = vlduadis |
2(b—a) b i

Note that
_ 2 . 9
// ]ul — U2|du2d’u2 — (b_ CZ) |i<UJ1 CL) —+ (ul b) ‘|
b 9
1 (ul — a_—&-b)2
_[4+ Gy |7
and 2
[y e
//D |v1 — va|dusdvy = 1 + W (b—a).
We obtain that

flur, vi)g(ur, vr) — m {9(“1701) //D [ (u2, v2)dusdv,

+f(u1,?11)//D g(ug,w)dugdvgl

uy — Gt 2
< Sl o) 1 felle + 17, )] gl [i + %l (b~ a)
v — atb 2
+ 3lg e, o) 1y e + 1,00 g ) i+%l (b~ a)

Remark 4. Let f(z,y) = f(z),g(z,y) = g(x) in Theorenj 2. Therf, = 0, g, = 0. We obtain
TheoreniL.
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Remark 5. Let f(z,y) = f(z),9(z,y) = 1 in Theorem 2, we recapture the well known
Ostrowski inequality.
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