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Abstract

The conditions of a theorem of H. Bor pertaining to the absolute Riesz summa-
hility factors are replaced by new type ones.
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Following R.P. Boas, Jr”] we say that a sequenge,, } is 6-quasi-monotonid
a, — 0, a, > 0 ultimately, andA a,, > —6,,. Here{d, } is a positive sequence
whose properties are selected appropriately in different contexts. Several au-
thors have used this definition for different topics, namely it is nearly as useful
as the classical monotonicity. We shall also recall a theorem (see Thégrem
utilizing this notion, but our plan is to eliminate the condition given by this no-
tion from TheoremA, because by way of this we hope to generalize Theorem .

. . On the Absolute Riesz
A and pull out the key conditions of this theorem. Summability Factors

To recall the mentioned theorem we need the definition of the almost increas-

L. Leindler
ing sequence. A positive sequenieg, } is said to bealmost increasingf there
exist a positive increasing sequenidg } and two positive constant$ and B _
such thatd b, < a,, < Bb, (see []). Itis easy to verify that a sequen¢e,, } Title Page
is almost increasing if and only if it iguasi increasingthat is, if there exists a Contents
constantX’ = K ({a,}) > 1 such that
44 44
(1.1) Ka, > a, (>0) < 4
holds for alln > m. We can consider e.g. Go Back
) . Close
b, :=mina, with A=1 and B=K,
k>n Quit
the converse clearly holds withi := B/A. Page 3 of 12
We prefer to use the notion of quasi increasing sequences, namely the defi-
nition (1.1) is very simple. J. Ineq. Pure and Appl. Math. 5(2) Art. 29, 2004
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The theorem to be generalized is due to H. Bdrgnd its subject is Riesz
summability, therefore we recall the definition of theé, p, |, summability.

Let> >, a, be a given series with partial sums Let {p,} be a sequence
of positive numbers such that

P, = Zpy — 00, (P.y=p_1=0).
v=0

The serie$ "> | a, is said to be summableéV, p,|x, k > 1, if (see [3])

o0 P k—1
Z (_n> |tn - tn71|k < oo,
n=1 Pn

where

1 n
t, = — S,.
Pﬂ;py v

Now we can recall a theorem of H. Baf][(see also}]).

Theorem A. Let{X,} be an almost increasing sequence such that X,,| =
O(X,), and \,, — 0. Suppose that there exists a sequence of numbérs
such that it i$-quasi-monotone with~ n 4§, X,, < oo, > A, X, is convergent
and|A \,| < |A,]| for all n. If

o0

1
(1.2) >l <o,

n=1
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(1.3)

and

(1.4)

then the serie_ a,

m

. 1
Xn=Y E|tn|’“ = O(X,)

n=1

mp_ k_

A, is summableN, p,,|x, k > 1.
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We prove the following theorem.

Theorem 2.1.Let\,, — 0. Suppose that there exists a positive quasi increasing
sequencé X, } such that

(2.1) D XuAN| < oo
n=1
and
(2.2) > nXHA(AN])] < oo
n=1

hold. If the conditionsX.2), (1.3) and (1.4) are satisfied then the serigs a, \,
is summableN, p, |, k> 1.

Proposition 2.2. Theoren?2.1. moderates the hypotheses of Theoremmder
the added assumptial(|A A,,|) > 0 for all n.

| do believe that our conditions without the additional requirement are weaker
than the hypotheses of Theorémbut | cannot prove it now.
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Later on we shall use the notatidn< R if there exists a positive constaft
such that, < KR holds.

To avoid the needless repetition we collect the important partial results proved
in [4] into the following lemma.

In [4] the following inequality is verified implicitly.

Lemma 3.1. Let 7}, denote then-th (N, p,) mean of the serie§_ a, \,. If
A — 0, (1.2) and (1.4) hold, then

m P k—1
Y (p—) T, = Ty
n=1 n

< Pl X + D T IANSX + D [talF[A N,

n=1 n=1

where the notations of Theorefvare used.
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Proof of Theoren2.1 In view of Lemma3.1it suffices to verify that the three
terms on the right of.1) are uniformly bounded. Since, — 0, thus by (L.1)
and .1

Ml X < X DA N < D7 XA N, < 0.

n=m n=m

The second term is clearly bounded Ry1j.
To estimate the third term we use the Abel transformation as follows:

m m 1
talFIAN,| = AN, | =t |F
;| || | Zn| Inl |

n=1

m—1 n m
1 1
< S IAGIANDIS Sl mlA A
n=1 i=1 n=1

m—1 m—1
< nAJANDIXG D 1A N [ X+ mIA XX

n=1 n=1

Here the first term is bounded b$.p), the second one byt (3) and .1), and
next we show that the third term is also boundedhy)( Namely

m X AN <m X Y A(AN)] < Y n XTIA(A )] < co.

n=m n=m
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Herewith we have verified that
[e'¢) Pn k-1
> (—) T, — T |* < o0,
n=1 n

and this completes the proof of Theorem.
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2.2

We have to verify that under the hypotheses of Theofethe assumptions of
Theorem?2.1are always satisfied assuming|A A, |) > 0.
In [4] it is proved that the conditions of Theoreinforever imply that

(5.1) Y Xu|A,| < oo seelemma.l,
n=1
and
(5.2) D [tal*|An] < 00 (seep. 5.)
n=1

Since|A \,| < |A,| is assumed, thu$(1) implies €.1). Next we show that
(2.2 follows from (5.2). Namely

(5.3) D 1AL = [l FIA N
n=1 n=1

Applying again the Abel transformation we get

m m—1 n

1 1
5.4) ) _nlA )‘n|g|tn|k > Z An|AND) Y E|ti|k
n=1 i=1

m—1

> ZnA IAXNDXG =D 1A XX

n=1
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SinceA(]A A\,|) > 0 and by 6.3) the sum on the left ofy4), and the sums

m—1

Z ’A)‘H-FI‘X:;—I—D

n=1

by (1.3) and £.1), are uniformly bounded, thu& @) clearly follows from £.4).
The proof is complete.
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