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In this paper, we define subspaced éfby differences using the Dunkl transla-
tion operators that we call Besov-Dunkl spaces. We provide characterization of
these spaces by the Dunkl convolution.
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1. Introduction

On the real line, Dunkl operators are differential-difference operators introduced in

1989, by C. Dunkl inp] and are denoted by, wherea is a real parametes —%.
These operators, are associated with the reflection gfe@m R. The Dunkl kernel
E, is used to define the Dunkl transforf, which was introduced by C. Dunkl in

[6]. Rosler in [L3] showed that the Dunkl kernel satisfies a product formula. This

allows us to define the Dunkl translatiep, » € R. As a result, we have the Dunkl
convolutionx,,.

There are many ways to define Besov spaces &e¥2[ 16]). This paper deals
with Besov-Dunkl spaces (seg P, 8]). Let5 > 0,1 < p < o0 andl < ¢ < +o0,
the. Be§ov-DunkI space denoted B@Zﬁ is the subspace of functionse LP (1)
satisfying

/+oo <||Tx(f) +7a(f) - 2f||pva>q de

< 400 if ¢<+o00
P x

and
172(f) + 72(f) — 2fllp.a

< +00 if ¢=+o0,
1B

sup
2€(0,+00)
wherey,, is a weighted Lebesgue measurefo(see next section).

Put
+oo

A:{(z»es*(R): 0 (:v)dua(w)ZO},

whereS, (R) is the space of even Schwartz functionsRinGiven¢ € A, we shall
denote byC7% , the subspace of functionse L7(u,) satisfying

oo *q N\ dt .
I/ #a &1llpa )™ dt < +o00 if ¢ <400
. £ t
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and
| f *a tllp.a

sup .

te(0,4-00)
wheregy(z) = mammd(%), forallt € (0, +oo) andzr € R.
Our objective will be to prove thalBD C C(Wa and whenl < p < 4o,
0 < g < LthenBDy? =C% .
Observe that the Besov-Dunkl spaces are independent of the specific selection of

< +00 if ¢=+o0,

a
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¢in Aandforl <p < +o0,0 < 3 < 1, we haveBD7?, C BDM, WhereBDgz is Chokri Abdelkefi and Mohamed Sifi
the subspace of functionse L?(u,) satisfying vol. 8, iss. 3, art. 73, 2007
T 7 (f) = fllpa \* dz -
/0 ( P ) T < Foo it g <+o0 Title Page
and Contents
sup I7=(7) g Flp. < 400 if ¢=+o0, <4 44
2€(0,+00) T
. . < »
(see Remark in Section3, below).
Analogous results have been obtained for the weighted Besov space3])see | Page 4 of 21

The contents of this paper are as follows. In Sectipmwe collect some basic
definitions and results about harmonic analysis associated with Dunkl operators .In
Section3, we prove the results about inclusion and coincidence between the spaces Full Screen
BDYY andCh

In What follows c represents a suitable positive constant which is not necessarily
the same in each occurence.
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2. Preliminaries

On the real line, we consider the first-order differential-difference operator defined

}, feE), oz>—%,

by
MolD)fw) = Ly 4 225 [f<x> St

which is called the Dunkl operator. Farc C, the Dunkl kernelE,(\ .) onR was
introduced by C. Dunkl inq] and is given by

Ar (
2(a + 1)Ja+1
wherej, is the normalized Bessel function of the first kind of ordefsee [L7]).
The Dunkl kernelE,, () .) is the unique solution oR of the initial problem for the

Dunkl operator (se€d]).
Let 1, be the weighted Lebesgue measureogiven by

|m’2o¢+1
Wol®) = Gai a1 1)
For everyl < p < +o0, we denote byL?(u,) the spacel?(R, du,) and we use
| - ||p. @s @ shorthand fdf - || z»(,.)-
The Dunkl transforng,, which was introduced by C. Dunkl i8], is defined for

f € L' (o) by

Eo(Az) = jo(idz) + i\x), x€R,

dz.

Fulf)(z) = / Eul(—izy)f()dpaly), zER

Forallz,y, = € R, consider

(o +1)%)
(2'1) Wa(x7 y? Z) = 2a_1ﬁr(a + %) (1 - bI,’y,Z + bZ,CC,y _'_ bZ,y,I)Aa(x7 y’ Z)?
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where o
T2 jf gy € R\{0}, 2 €R

2xy
bx,y,z ==

0 otherwise
and )

([(=]+ly)2 =222 =(=|—lyD*D* "2

= if |z| € .5,
Aa(xa Y, Z) = ryel? ‘ | N

0 otherwise

where

Sey = [llel = Iyl , Il + Iyl].
The kernellV/,, (see [L3)) is even and we have
Walz,,y,2) = Waly, @, 2) = Wa(—2,2,y) = Wa(-2,y, —7)
and
[ 1Watey.2)dua(e) < 1

In the sequel we consider the signed measyg onR, given by

Wo(z,y, z)dua(2) if x,y € R\{0}
(2.2) Ay (2) = § dbu(2) ify=0

dé,(z) if x=0.

Forz,y € R andf a continuous function oR, the Dunkl translation operatey, is
given by

HUMDZAf@Mm@)
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According to P], for = € R, 7, is a continuous linear operator frofifR) into itself
and for allf € £(R), we have

7(N)y) =7(N)(@), 7)) =f(z), forz, yeR,

where€(R) denotes the space 6f°-functions onR.
According to [L4, 15], the operator, can be extended tb”(y,), 1 < p < +o0
and forf € LP(u,) We have

(2.3) 172 (N)llp.a < 411 llp.a-

Using the change of variable= ¥ (z,y, 0) = \/22 + y2 — 2zy cos §, we have also

Ty

@4 ) = [ |10+ s+ Ty

«ﬂw»—ﬂ—w»}m@w»

wheredv, (#) = (1 — cos 6) sin** §df andc,, = MI;(FO‘—(J;JJZL)

From the generalized Taylor formula with integral remainder (44 Theorem
2, p. 349)), we have fof € £(R) andz, y € R

(M (s | se)
)= = [ (ZEE 4 2EE ) ) 0) die()

al 2|z [2a+1

The Dunkl convolutionf %, g , of two continuous functiong and g on R with
compact support, is defined by

(f *a 9)(2) = /sz(f)(—y)g(y)dua(y), z €R.

The convolutionx,, is associative and commutative (s&é&]).
We have the following results (se#4]).
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i) Assume thap, ¢,r € [1,+oo| satisfyingl + 1 = 1 + 1 (the Young condi-
tion). Then the mapf, g) — f *, g defined onC.(R) x C.(R), extends to a
continuous map fromi”(.,,) x L9(p,) to L7 (1, ) and we have

(2.5) 1f *a gllra < 4llfllpallglloa-

i) Forall f € L'(u,) andg € L?(u,), we have
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andforf € L'(ua), g € LP(p1,) @andl < p < oo, we get YO 81585 art 75, 2007

(2.7) T(f *a 9) = T(f) *a 9= [ *a7(g), tER.
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3. Characterization of Besov-Dunkl Spaces

Lets > 0,1 <p< +o0andl < g < 4+o00. We say that a measurable functipion
R is in the Besov-Dunkl spad8Dy?, if f € LP(p1,) with

/+oo <|m<f> +T;;f> - 2fllp7a)q dﬁ <400 f
0

q < +00

and
Sup ||7—a:(f) +T—x(f) _2f||p,o¢ <

x€(0,+00) x

Remarkl. Note that forf € L”(u,) the functionR — R*, x +— ||7.(f) + 7—.(f) —
2f]|p.« IS measurable (se&(, Lemma 1, (ii)]).

+00 if g=-+o0.

Lemma3.l.Let0 < < 1,1 <p< 40,1 <qg< +ooandf € LP(u,). If
Ao(f) € LP(pa) thenf € BDRY.

Proof. Using the generalized Taylor formula, Minkowski’s inequality for integrals
and @.3), we can write

|72 (f) + 7= (f) — 2f||p,a < |I=(f) = pr,a + |72 (f) = f“p,a
r 1 1
S CHAOc(f)HP,Oé/ (2|x’2a+1 + 2‘Z|2a+1) dﬂa(z)7

-

hence we obtain far > 0,

172 (f) + 72(f) = 2fllp.a < ¢z [[Aa(f)llp.a-
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Then it follows that forA > 0

/+oo (HTx(f) + 7 (f) = QfHW)q de

P x

A q +o00 q
co [ (MY r [ (e
0 P x A xh T

Here wheny = 400, we make the usual modification. This completes the pro0f.

Example3.1L Let0 < f < 1,1 < p < +oocandl < g < 4+oo. By Lemma3.1, we
can assert that

1. S(R), CL(R) C BDY.

2. The functionsy, h,, defined orR, by g(z) = e~ andh,(z) = £ —,n € N
are inBDj7..

Now, in order to establish that for afl € A, BDg?, C C5 , and forl < p <
+o00,0< <1, BD%:ZY = Cg:qﬁ’a, we need to show some useful lemmas.

Lemma 3.2.Letp € A, 1 < p < +oo andr > 0, then there exists a constant- 0
such that for allf € LP(u,) andt > 0, we have

B.1) ¢t *a flpa

+o00 (a+1) T d
< c/o min { (%)2 o : (é) } |7a(f) + 72 (f) — 2f||p,a§.

Proof. Lett > 0, we have
“+o00 “+o00

¢r(w)dpa(r) =

0 0

¢(x)dpa(z) =0
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and

(61 0 1)y / 6ul2)7, () (=) dptal)
/¢t Ty dﬂa( )

then we can write foy € R

¢t af /¢t Ty
=2 <bt( ) () () + 7 (F)(y) = 2f(y)] dpa ().

0
Using Minkowski’'s inequality for integrals, we obtain

+oo
16 % Fllpee < / 6] [172f) + 7 () — 2 lpadjia(z)
+o0 (a+1)
(32) < [T (G)Inn) 4 ) =21

Feo (a+1)
33) <o [T IR oD - 20T

On the other hand, since the functipielongs taS.(R), then forr > 0 there exists
a constant such that 2N 2ack1)tr .
= ) < el
<t> ¢ (t)‘ =
By (3.2), we obtain
o rt\" dx
Ba)  Noradlpase | (=) Imlf)+7alf) = 2 lpa”-
0
From (3.9) and (.4), we deduced.1). ]

)+ 7 ()(=2) = 2 (y)] dpa()
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Lemma 3.3. Letyp € Aand1 < p < +o0, then there exists a constant> 0 such
that for all f € L”(u,) andz > 0, we have

dt

“+oo
@8Im0+ oD =2l e [ min{1 T Idrwa Sy

Proof. Putfor0 < ¢ < § < +oc0

dt

)
fealy) = / (a0 NG, yER

By interchanging the orders of integration aid7, we obtain
0 dt
Tm(fe,é)(y) = Tx((bt *a ¢t *a f)(y>7
o dt
= (Tx(¢t) *o Ot *q f)(y)7a yeR, ze (07—’_00)’
so we can write for: € (0, +00) andy € R,

0 dt
(T2(fes) + 7o fos) — 2f-5)(y) = / [(72(@e) + T-a(Bt) — 20%) *a Pt *a f](y)T
Using Minkowski’s inequality for integrals and@ (5), we get

(36) ”(Tx(fa,é) + T—x(fa,é) - 2f6,5HP70¢
’ d
< [ 16l + 72000 = 260 50 6150 Tl

0 dt
<e / 72 60) + 7o) — 260l Pl
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Forz, t € (0, +00), we have

|7 (Pr) + T2 (d0) — 201 ||1.0

-

By (2.1) and the change of variabté =

Wolz, vy, z't)tz(o‘ﬂ) =W, (—,

then from ¢.2), we get

dVey(2) = dV%,%(z/) and dy_, ,(z) =

hence

(3 7) HT:L" +7- ¢t - 2¢t”1a

-

[n + 72 (0) (

H( T ‘?)‘Q‘ﬁ)t

Z,we have

[ dwzg( )+ dy

— A [/R O (2)(dyay(2) + dy_w(z))} _ 2¢t(y)' djia(y)
[0 () reate) + reanfen)] -2 (4)] 20 i)

/
72)7
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Sincep € S.(R), then using%.4) and [7, Theorem 2.1] (see als@], Theorem 2, p.
349)), we can assert that

xXr s
|70 + 2@ - 26| <N la <
On the other hand, by’(3) we have
Characterization of
‘ 7'% (Qb) + T—Tx (¢) - 2¢H S 10”(?”1@ S C, Besov-Dunkl spaces
La Chokri Abdelkefi and Mohamed Sifi
then we get, vol. 8, iss. 3, art. 73, 2007
(3.8) ’TE(¢)+Ti<¢)—2¢ §cmin{1,f}.
! ¢ Lo 13 Title Page
From (3.6), (3.7) and (3.9), we obtain .
. z dt « »
@) malfes) + 7alfes) ~ 2feslln S [ min {15 s
© < >
Using (2.6), observe that
Page 14 of 21
[ @0 d)@)a1ds = 24T + D Fa(6 50 9)(O G0 back
R
_ 2a+1F(a + 1)(fa(¢)(0))2 Full Screen
2
_ QO‘HF(a + 1) (/ Qb(z)dua(z)) _ 07 Close
® journal of inequalities
and sincep x,, ¢ is in the Schwarz spacg&(RR), we have in pure and applied
mathematics
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Then, by the Calderén reproducing formula related to the Dunkl operatorsi@ee [

Theorem 3]), we have
lim  fos=cf, InLP(u).

e—0, 6—4o00

From (2.3) and (3.9), we deduced.5). O

Lemma 3.4.Let0 < ¢, r < 400 andr > (§ > 0, then there exists constantg
co > 0 such that we have

gy [T {2 () L e e

and

+oo "
y\s . AN dz
e [T {0 ()} E e v
Proof. We can write
“+o00 g £ r
[l () (5) )]
0 z z Y Y
z +oo
_ Z—(B+s)/ yﬂ+e—1dy + ZT_’B/ yﬂ_T_ldy <c, zE€ (0, +OO)
0 z

and

IRCEI ORI
Z) min< (=) , [ - —
0 z z y z
) “+o00
= yﬁ_r/ 2Pl y5+5/ 2P <oy, g€ (0, +00),
0 y

which proves the results. ]
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Theorem 3.5.
lLetl <p<+oo,1<g<+ocands > 0, thenwe have foralp € A

(3.12) BDyL C ChY .
2. Letl <p < +00,1 <¢g<+ocand0 < g < 1, then we have for alp € A
(3.13) BDYY =Y.

Proof. Putwy (f)(7) = ||72(f) + 72 (f) — 2f||p.a for f € LP(u,) andq’ = ﬁ the
conjugate ofy whenl < ¢ < +oc.

e We start with the proof of the inclusiors (12). Suppose that < p < +o0,
1<qg<+oo,0€ A, r > pandf € BDYY,

Case whem = 1. By (3.1) and Fubini’'s theorem, we have

/+°°||f *a Ot||pa dt
0 P t
oo oo 2a+1)  (E\" d
<o m{( (4) Jernras
0 0 T
oo 2(a+1) r
o / “mn{(5) ’G)}f“dﬁ)“
0 0 t x z
+
Sc/ T~ / Vi £B— ldt—f-ZL‘Q(OH_I)/ = B—2a— 3dt> d_l’
z T
/ T
0

X
—<
T

00,

hencef e CM o

Characterization of
Besov-Dunkl spaces

Chokri Abdelkefi and Mohamed Sifi
vol. 8, iss. 3, art. 73, 2007

Title Page
Contents
44 44
< >
Page 16 of 21
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

Case whemy = +oc0. By (3.1), we have

ze ([ ) @+ / T () suw)

wp Hoo
<c¢ sup (f (t 2(a+1) $2a+1+ﬁdl‘ .y / x—ﬁ—r—ldx)
2€(0,+00) ? t

’|¢t *a f

0

Characterization of
< ct? sup M Besov-Dunkl spaces
B x€(0,+00) (L’fg ’ Chokri Abdelkefi and Mohamed Sifi
then we deduce that c Cp +oo vol. 8, iss. 3, art. 73, 2007
Case when < g < +oo By (3.1 again, we have fot > 0
Title Page
91 %0 Fllva o, [ (2Y7 i [ (2YED (1) 4@ do ;
e () (5 G) e T Saiizii
Put 4« »»
t
K(z,t) = <£> f min <§> Hotl) )t < >
t t z
Using Holder’s inequality and3(10), we can write PEmE A7 el 2L
104 *a fllpa /+°° 1 1w (@) da Go Back
————<c K(x,t))d | (K(z,t)s ———— | —
8 — Jo (K(z,t)) (K(z,t)) P x Full Screen
1
“+o00 wa T q q
<c ( K(z.t) (—p X )> @> . close
0 xP x
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e[ (BOOYE .,

which proves the result.

e Let us now prove the equality(13. Assumef € Cpﬁa, pe Aand0 < g <
L. Forl < p < +ooandl < ¢ < 400, we have to show only that € BDZY.

Case Wherq = 1. By (3.5) and Fubini’'s theorem, we have
dt

“+oo a( dZL' —+o00 “+o00
/0 xﬂ T / / mln } ¢t *a f”p,axiﬁ 1_d5’5
e oo dt
< C/ “Cbt *a f”p,a (/ min {17 %} x_ﬁ_ldx) -
0 0

t

+o0o 1 t Foo dt
< C/ “?bt *a f”p,a <_/ v Pdr +/ JZ_B_IdJ;) —
0 0 t t

" 91 Sl d
<),

< 400,
t8 N

then we obtain the result.
Case whemg = +oc0. By (3.5), we get

@ dt oy dt
r)<ec (/ Pt *a f P +/ ?”@ *o f||p,a7)
0 T

*a o x +o0
<c¢ sup 6 *a flipa Bpr’ (/ tﬁ_ldH—x/ tﬁ—th>
te(0,4-00) t 0 T

< ez sup —H(bt *o pr,a
- t€(0,400) t8 ’
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so, we deduce that € BD% ..
Case whenl < g < +oo By (3.5 again, we have for > 0

wz?f X e ’ t T P,
0 [ (1) ot

R(z,t) = (%) ﬂmin{L %}

Using Holder’s inequality and3(10), we can write

w® T +oo 1 1 t *a J ||p,a
EDO <o [Tt (il llea) &

t
+oo ¢ %o, par th %
<c (/0 R($,t) (%) 7) ,

then by Fubini’s theorem ané (1), we have

[ e (5 ()
0 SC/O (Haﬁt *a fllpa ) < oo,

thus the result is established. O]

Put

Remark2. By proceeding in the same manner as in Lenirizand (2) of Theorem
3.5 we can assert that fdr< p < +oc and0 < g < 1, we haveCy; | C BD

B
hence from §.13 we conclude thaBD7*, C BD” 4
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