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Abstract

It is well-known that inequalities between means play a very important role in
many branches of mathematics. Please refer to [1, 3, 7], etc. The main aims of
the present article are:

(i) to show that there are monotonic and continuous functions H(t), K(t), P(t)
and Q(t) on [0, 1] such that for all ¢ € [0, 1],

Monotonic Refinements of a Ky

H,<H(t) <G, <K(t) <4, and Fan Inequality
y K. K. Chong
Hn/(l o Hn) § P(*) S Gn/(f/n S Q(ﬂ S An/Aigt
where A,,G, and H, are respectively the weighted arithmetic, geomet- -
ric and harmonic means of the positive numbers z,zs, ..., z, in (0,1/2], Title Page I
with positive weights a1, as, ..., a,; While Al and G/, are respectively the |
weighted arithmetic and geometric means of the numbers 1 — zy, 1 —
I9,...,1 — x, With the same positive weights oy, oo, ..., ay; b | dd |
(i) to present more general monotonic refinements for the Ky Fan inequality 4 | 4 |
as well as some inequalities involving means; and
a g Go Back |
(iii) to present some generalized and new inequalities in this connection.
Close |
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Let n be a positive integer. To two given sequences of positive numhbers
Za,..., Ty @&nday, ag, ..., o, such thata; + as + - -+ + a,, = 1, we denote by
A,, G, and H, respectively the weighted arithmetic, geometric and harmonic

means, that is,
n
An - Z a5,
=1

Hn = (ZQ{Z/ZE1> .

We use the symbols,,, g, andh, to denote the corresponding unweighted
arithmetic, geometric and harmonic means of#thgositive numbers

x1, Ta,...,T,. The following well-known inequality has been proved, using
many different methods: (Please refer i)

(1.1) H, <G, <A,

Let the real numbers; be such that < z; < 1/2,foralli = 1,2,...,n.
We denote by’ , G, andH,, the weighted arithmetic, geometric and harmonic
means of the numbeis— z;,1 — z,,...,1 — x,,, namely,

A/n = iai (1 —.CEZ‘),
=1
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n

=1

Also, leta/,, g/ andh/ denote the corresponding unweighted arithmetic, ge-

ometric and harmonic means of the numbérs z;,1 — zo,...,1 — z,, re-
spectively. In recent years many interesting inequalities involving these mean . = o o of a Ky
values have been published, in particular, the following well-known Ky Fan and Fan Inequality
Wang-Wang inequalities : K. K. Chong
(12 M Cnc
Hn Gn Al Title Page
with equality holding if and only if;; = - - - = z,,. Please refer to the following Contents
papers by H. Alzer{] — [2] and Wang-Wang1(] or [/], etc. The right-hand
inequality of (L.2) is the famous Ky Fan inequality; the left-hand inequality for 4« dd
the unweighted case was first discovered by Wang-Wang in 1934The main < >
purpose of this paper is to present some new monotonic continuous functions
H(\), K()\), P()\) andQ()\) on [0, 1] such that Go Back
H, < H\) <G, < K(\) < A, Close
Quit
and
H,/(1— Hy) < P(\) < G, /Gl < Q) < A, /AL PO

In fact, our theorems here generalize results of Wang and Yang] iand P AT TR
a theorem of K.M. Chongd]. In Section2, we shall generalize refinements http://jipam.vu.edu.au
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of inequalities between means. In Secti§yrwe shall present generalizations
to refinements of the Ky Fan inequality, with some new inequalities deduced.
Finally, in Sectiond4, we shall show that Theoref1 can be used to deduce
many other established refinements of the Ky Fan inequality.

In a recent paper of Wang and Yarig,[the following two interesting the-
orems were put forward. In fact, they are refinements of inequalitié} &énd
(1.2) in Sectionl, for the discrete unweighted case. They are restated here
without proof. For the details of the proof, please refercfo [

. . . Monotonic Refinements of a K
Theorem 1.1. Given a sequencgzy, o, . .., x, + Of positive numbers, which Fan Inequality y

are not all equal:

K. K. Chong
(a) Foranytin [0,1/n], let
" T " . . “1/n Title Page
1.3 h(t) = — 4+t — - — Content:
(1.3) (t) g xiJr 2- (asj 1’1)] ontents
44 44
Then,h(t) is continuous, strictly decreasing afmd, = h(1/n) < h(t) < < >
h(0) = g, on[0,1/n].
. Go Back
(b) Foranytin [0,1/n], let
Close
n n 1/n .
uit
(1.4) k() =T w43 (5 22) 2
i=1 j=1 Page 6 of 24
Then, k(t) is continuous, strictly increasing angl, = k(0) < k(t) < P AT TR

k(l/n) =a, on [O, l/n] . http://jipam.vu.edu.au
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Theorem 1.2. Given a sequencé i, zs,...,z, } With z; in (0,1/2], i =
1,2,...,n, which are not all equal:

(a) Foranytin[0,1/n], let

(1.5) p(t)=

Then,p(t) is continuous, strictly decreasing, arld,/(1 — h,,) = p(1/n)
< p(t) < p(0) = gn/g, 0n[0,1/n].
(b) For anytin [0,1/n], let

(1.6) q(t) =

Then,q(t) is continuous, strictly increasing angl,/g,, = q(0) < q(t) <
q(1/n) = a,/a, on[0,1/n].
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In this section, we are going to present and prove a generalization of Theo-
rem1l.1and Theoreni.Z(a), in particular, to the case for weighted means. Its
statement runs as follows:

Theorem 2.1.Letay, as, ..., a,, anday, as, ..., o, be two sequences of pos-
itive numbers, withy; not all equal and " , o; = 1. Leta be any positive
number such thatl,, < a, whereA,, = >  o;a;, andk is a constant such
thatk < a;,foralli=1,2,...,n. Let

(2.1) ﬁ Aa+ (1 — ; — k|
(2.2) G(\) = ﬁ Aa+(1—XNa;— k]
Then,

(i) F(\) is continuous and strictly increasing o, 1] ;
(i) G(A) is continuous and strictly decreasing @ih1] .
Proof. (i) Taking the logarithm of'()\), we have,

lnF()\):iailn[)\a—l—(l—)\)ai—k]

i=1

Monotonic Refinements of a Ky
Fan Inequality

K. K. Chong

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 8 of 24

J. Ineq. Pure and Appl. Math. 2(2) Art. 19, 2001
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:makkchon@inet.polyu.edu.hk
http://jipam.vu.edu.au/

Differentiating the last expression with respect\tave have:

a; (a — a;)

F'(N) _
F () _Z[/\a+(1—>\)ai—k]

1=1

Differentiating again, we obtain:

a; (a — ai)2

F/(/\) /7_ n
(2.3) [F(/\)] N Z[)‘a+(1_/\)ai—k]2 <0

=1

forall Ain [0, 1], as theu; are not all equal. Hencé;'(\)/F () is strictly
decreasing off), 1] . Also, asA,, < a andk < a, we have :

F'l) ~ola—a) a—A,
(2:4) F(l)_Z a—k  a—k =0

i=1

Therefore, F'(\)/F(X\) > 0, forall Ain [0,1). As F()\) is positive for all
Ain [0,1], F'(A) > 0for Ain [0,1). Hence,F'()) is strictly increasing on
[0, 1] . The continuity ofF"(\) on [0, 1] is obvious.

(i) As F'(A) is positive for all\ in [0, 1] andG(X\) = 1/F()\), G(A) is con-
tinuous and strictly decreasing ¢h 1]. Hence, the proof of Theorefh1
is complete.

O

Now, we use Theorerd.1to deduce some established theorems.
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Remark 2.1. (i) From Theoren?.1, we have, for all\ € (0,1),
F(0) < F(\) < F(1),

which yields for not all equat;,

(2.5) ﬁ i — k) <a—k

=1

In particular, if a = A,,, for not all equala; we have, o
Monotonic Refinements of a Ky

n Fan Inequality
(2.6) H (a; — k)™ < A, — k, K. K. Chong
=1
which is a generalization of the weighted arithmetic-geometric means in- :
. Title Page
equality.
. L n Contents
(i) Again, in Theoren?.1, we letk = 0,a = >, a;a; = A,. Then,F(\)
will reduce to, say 44 >»
n < >
2.7 A, + (1 - &
2.7) }j[l + ) ] Go Back
Itis clear thatK ()\) is continuous and strictly increasing ¢ 1] , and for Cllose
all A e (0,1), Quit
(2.8) K0)=G, <K\ <K(1)=A,. Page 10 of 24

This is a refinement of the weighted arithmetic-geometric means inequal- ; T roe s Ao vt 2G) At 19, 2001
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(i) Furthermore, if we put = nt,a; = %,z’ =1,2,...,n,into K(\), we
obtain for allt € [0,1/n],

3

’:]:

H [ntA, + (1 — nt)a;])"" =

=1 %

1/n
al—i—tz ] .

The last expression is in fact the functib(t) of Theorerrle(b). Hence,
we have shown that Theorelri(b) is a particular case of Theoregh 1

1

Remark 2.2. If, in Theorem2.1, we letk = 0, a; = %, 1=1,2,....n, a = Monotonic Refinements of a Ky
4 =% 4. 4 2 thenG(\) will reduce to, Fan Inequality
" o K. K. Chong
(2.9) HN =]] {i +(1- )\)il "
i=1 Title Page
Then, H(\) is continuous and strictly decreasing ¢i 1], and for all A € Contents
(07 ]')7
44 44
(2.10) H(l)=H,< H\) < H(0) =G,.
< | 2
(2.10 is a refinement of the weighted means inequality. Furthermore, if we put
A=nt,o; =% a; =1/x;, i=1,2,...,n, into H()), we obtain for all¢ in Go Back
[0,1/n], Close
—1/n o
n 1 =1/n n 1 n 1 1 Quit
(1 —nt)— = — - - =
g {nta + nt) ;L‘Z:| i1 X; +1 ; (xj %Z)] Page 11 of 24

This is the functiork(t) in Theoreml.1(a). Hence, we have deduced Theorem | et 15, 2001
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Theorem 2.2. Let zq, z», ..., x, ben positive numbers, not all equal, with
x; € (0,1/2] forall i = 1,2,..,n. Letay,as,...,a, be the corresponding
weights, i.e.q; >0, 1 =1,2,...,nanda; +---+«a, = 1. Lety be a constant

such thaty < xii, foralli =1,2,...,n. We defing’()\) as :

A 1 o
2.11 P(\) = —+(1=N—-
@11 =TI+ -y ]
Then,
. . . . . Monotonic Refinements of a Ky
(i) P(\) is continuous and strictly decreasing @ih1] ; Fan Inequality
(i) forall A € (0,1), we have, K. K. Chong
Hn - Z; o
(2.12) P(1) = 1—~H, < P(A) < P(0) = H 1—ra) Title Page
=1
) ) ) ) ] Contents
Proof. (i) P()\)is continuous and strictly decreasing[onl], as we gefP(\)
from the continuous and strictly decreasing functiaf\), by puttingk = 4« dd
v, a; = 1/z; with z; € (0,1/2], i = 1,2,...,n,a = 1/H, = ai/x; + < >
-+ ay /x, into G(A) of Theorem2. 1.
o Go Back
(i) We have :P(0) = G(0) = [[—, (1fw> : Close
P(1) = G(1) = H,/(1 - vH,). Quit
Hence, for all\ € (0,1), Page 12 of 24
H,/(1=~H,) < PO) <] ] (1 _xéxi) . e 3 18 20

=1
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This completes the proof of Theorent2. O

Remark 2.3. If we putA = nt, a; = 1/n, i =1,2,...,n,v = linto P (\) of
Theoren?.2, we obtain for any in [0,1/n],

n

—1/n
P(nt) = H ——|—(1—nt)ai—1}

=1 "

qfes (o)

=1

This is the functiorp(¢) of Theoreml.2(a), and we have deduced Theorem
1.2(a) as a particular case of Theorefnl

The only part in Sectiord, which is not yet dealt with, is Theorefn2(b).
Its proof is postponed to the next section, with some additional theorems. We
end this section by considering another similar theorem.6lnK.M. Chong
presented the following theorem:

Theorem 2.3. Let aq,as,...,a, be positive numbers and;, as, ..., «a, be
their corresponding weights, i.ey; > 0, ¢ = 1,2,...,nand> "  o; = L.
Let f () be defined as:

Qg

(2.13) f) = H A aja;+ (1= ) a

Then f ()\) is a strictly increasing function of for A € [0, 1], unlessz; = a, =
.-+ =ay,;inwhich casef (0) =G, =4, = f(1).
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Proof. It is obvious that wherk = 0 anda = A,, in Theorem2.1 we obtain
K.M. Chong’s theorem at once. ]
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In the previous section, we have seen that Theazels a generalization of
various theorems. In this section, we shall present a refinement of the well-
known Ky Fan inequality, which is a generalization of Theorea{b).

Theorem 3.1.Letxy, o, . .., z, ben positive numbers, not all equal, such that
x; € (0,1/2] forall i = 1,2,...,n and letay, as, . . ., oy, be their correspond-
ing weights i.e.; > 0,4 =1,2,...,nand) " , «a; = 1. Let3 andj be two
constants such that < gandjg < z;, forall i = 1,2,... n. Letr(\) be
defined as :

3

Az 4+ (1= XN)z; — B]~

(3.1) r(\) = —=
[TIMT =2)+ (1 =X)(1 —a;) — 6]~

=1

forany\ € [0, 1], and any real number such thaty"" | oz; <z < 1/2.
Then,

(i) ~(\) is continuous and strictly increasing ¢t 1] ; and
(i) wheng = § = 0, we have, forall\ € (0,1),

(3.2) G /G =1(0) < r(\) < r(1) = —

1—z
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Proof. (i) Taking the logarithm, we have,
In{r(\ Zalln)\znt (1= Nz — A

— Za In[A(1 —2) + (1 = A)(1 — z;) — 0]

Differentiating with respect ta, we have :

2= (1-2)-(1-a)
_Z%}\z—l— Nx; — Z% AML=2)+(1—=XN1—z;) =96
_Z ‘Az +(1 5 +Zaz A1 —2) (1:A3(1—x,~)—5'

Letu()) = &Y.

We are going to show that{r(\)} and hence-(\) are both strictly in-
creasing by showing that(\) > 0 forall A € [0, 1).
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Differentiatingu(\) with respect to\, we have :

n

1Ny ai(z — @;)°
““”‘_Z;M%u1—»m—ﬁp

041(2 — x;)?
<0
*E: M=)+ (1= N (1l —z1) —0F
as
Monotonic Refinements of a Ky
1 > 1 Fan Inequality
Az + (1 = XN)z; — ()? A1 —2)+ (1 —=N)(1—ux;)—0]? K. K. Chong
i=1,2,...,n,unlessc =y =y = ... =x, = 1/2,andg = 6.
Henceu () is strictly decreasing oft), 1] . Title Page
Contents
zZ—x z—@
o— —i— 041
2 - Z « | »
< 4
= 041 az z
Z—ﬁz 1—2—52 Go Back
1—-08-9 Close
=|z- 04T >0, for ar; <z <1/2.
( Z ) (z=B)(1—2—9) 121 Quit
Henceu(\) = ’;:8)) >0, forall X € [0,1). Page 17 of 24
As r()\) is always positive, we havé(\) > 0 for all A € [0,1) andr()) e e BT o

is strictly increasing orf0, 1] . http:/jipam.vu.edu.au
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(i) Itis easy to see that wheh = & = 0, r(0) = G,/G,, r(1) = % and
r(0) < r(\) < r(1) on (0, 1).
[

It is remarked, thatifd =6 =0, z = > | oyx; in Theorem3.1, then the
chain of inequalities in3.2), with () replaced by (), will become : for any
A€ (0,1),

G z A,

(33) o= Q) <QW < Q) = =

n n

This is a refinement of the Ky Fan inequality.

Remark 3.1. (3.9 is a refinement of the weighted Ky Fan inequality and we
haver(0) < r(\) < r(1), unlessr; =z, = ... = x,. In general, 8.2) yields a
generalization of the Ky Fan inequality as follows :

For A, <z<1/2andd < < x; € (0,1/2],forall i =1,2,...,n, we
have,

n

H [xl - ﬁ]al P ﬁ
(3.4) r(0) = 5= <5
M—a—8* %7
=1
with equality if and only ift; = 29 = - - - = x,,.
Ifin (3.4) we letz = A,, the weighted arithmetic mean of, z», ..., z,, we
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obtain a generalization of the weighted Ky Fan inequality :

Ul 4 s
(3.5) _ < T —5
1 —a— 0™ no
i=1
with equality ifand only ift; = 29 = - - - = z,,.
Remark 3.2. Ifwe pute; = 1/n,i=1,2,....n,2=> . qz;, F=0=0 —
and )\ = nt into (3.1), we then obtain after simplification, Monotonic Refinements of a Ky

Fan Inequality

n n 1 L/n K. K. Chong
II [nt>. —x; + (1 — nt)z;
i=1 j=17
r(nt) = - 1 1/n Title Page
[1 [”t (1 - _$j> + (1 —nt)(1 - 951)] Contents
i=1 j=1M
. . 1/n 44 44
Hl x;+t Zl(xj ;) < >
1= =
= T = q(t), fort € [0,1/n]. Go Back
H ll_xz_tZ( )] Close
. . . . . Quit
This is the functior(t) in Theoreml.2(b), showing that Theore® 1is a gen-
eralization of Theorem.2(b). Page 19 of 24

Remark 3.3. In [5], we have the following theorem, which can be easily seen | T oo o vam 20 A 16, 2001
to follow as a particular case of Theorebnl, wheng = 0andd =0 : http://jipam.vu.edu.au
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Theorem 3.2.Letx,, xo, . . ., z,, ben positive numbers, such that € (0,1/2],
forall : = 1,2,...,n, and letay, as, .. ., a,, be their corresponding positive
weights, witha; + a5 + --- + «,, = 1. Let z be a constant such that,, <

z < 1/2, whereA, =Y ", o;x;. We definav()), for any A € [0, 1], to be the
function:

1Az + (1= A

(3.6) : |
TTIAL = 2) + (1= A) (1= 2]

Then,

(i) w(A) is continuous and strictly increasing df, 1], unlessz; = z, =
e — l‘na

(i) G,/G,, =w(0) <w(\) <w(l) ==, forA e [0,1].
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2.1

In this section, we shall show that Theor&n is not only a generalization of

Theoreml.2(b), but also it can be used to deduce some elementary theorems.

Second proof of Theorethl. Suppose the numbersey, zo, .. ., z, are not all
equal.
Forz; € (0,1/2], i = 1,2,...,n, z lying between) " , o;z; and1/2, the

function r(\) of Theorem3.1 is strictly increasing ono, 1], where for\ <
[0,1], r(X) is defined as :

ﬁ[Az + (1 — )\) — /6]0‘7;
(41) 7”()\) = — =1 .
[TIANL = 2)+ (1 =N (1 —z;) — 0]

Now, we putz; = %, i = 1,2,...,n, wherel is a large positive number, and
letz =%, 3= %with § = 3. Then, the functiom()\) becomes :

%H[)\a%—(l—)\) e
4.2) () = =L -
I pa=P+0-n0-7) -5
By Theorem3.1],
TT[Aa + (1 — A)a; — ke
(4.3) v(A) =
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is strictly increasing as increases frond to 1.
We let] tend to+oo, the denominator tends foand we have shown that the
function in Theoren?.1

n

(4.4) FQ) = []a + (1 - Aa; — k]

i=1

is an increasing function 00, 1] .
Differentiation calculations as in Theoreiril easily reveal that in fadt'(\)
is strictly increasing orf0, 1] . This completes the proof of Theorerrl O

Remark 4.1. From the discussions in Secti@nit can be seen that Theorem
2.1 generalizes Theorerh.1, Theoreml.2(a), Theoren?.2 and Theoren?.3.
From the discussions of the last two sections, it can be seen that Th&dtem
generalizes Theorer.2(b), Theoren3.2 and Theoren2.1. As a whole, we
have shown that Theorefl is a generalization of all other refinements of
inequalities (.1) and (L.2), appearing in this paper.
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