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Abstract

The aim of the present paper is to establish some variants integral inequalities
in two independent variables. These integral inequalities given here can be
applied as tools in the boundedness and uniquness of certain partial differential
equations.

2000 Mathematics Subject Classification: 26D10, 26D15.
Key words: Integral inequality, Two independent variables, Partial differential equa-
tions, Nondecreasing, Nonincreasing.
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The integral inequalities involving functions of one and more than one inde-
pendent variables which provide explicit bounds on unknown functions play a
fundamental role in the development of the theory of differential equations (see
[1]-[11]). In recent year, Pachpattél] discovered some new integral inequal-
ities involving functions of two independent variables. These inequalities are
applied to study the boundedness and uniqueness of the solutions of following

On Certain New Integral

terminal value problem for the hyperbolic partial differential equatiof)with Inequalities and their
the condition {.2). Applications

S.S. Dragomir and Young-Ho Kim
(1.1) Uy (2, y) = bz, y,u(z,y)) +7(2,9),

(1.2) u(,00) = Toe (), (00, ) = Too(y), u(00, 50) = d. ey
Our main objective here, motivated by Pachpatte’s inequaliiiél [s to Contents
establish additional new integral inequalities involving functions of two inde- <« Y

pendent variables which can be used in the analysis of certain classes of partial
differential equations. < >
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Throughout the paper, all the functions which appear in the inequalities are

assumed to be real-valued and all the integrals are involved in existence on the

domains of their definitions. We shall introduce some notafivxdenotes the

set of real numbers arlll; = [0, c0) is the given subset dk. The first order

partial derivatives of a functiong(z, y) defined forz, y € R with respect tor

andy are denote_d byx(:zc.,.y) gndzy(x, Y) rgspectively. . DN —
We need the inequalities in the following Lemid and Lemma&.2, which Inequalities and their

are given in the book[. Applications

S.S. Dragomir and Young-Ho Kim

Lemma 2.1. Letg be a monotone continuous function in an interZatontain-
ing a pointug, which vanishes id. Let« and & be continuous functions in an

interval J = [« 3] such thatu(J) C I, and suppose thdt is of fixed sign in/. Title Page
Leta € I. Contents
(i) Assume thag is nondecreasing ankl is nonnegative. If PP 99
t < | 2
u(t) <a +/ k(s)g (u(s))ds, teJ,
oY Go Back
then . Close
u(t) < G™! <G(a) +/ k:(s)ds) o a<t<p, Quit
whereG(u) = [ dr/g(x),u € I,and 3 = min(vy, vy), With e el LT
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vgzsup{veJ:G(a)—l—/atk‘(s)dseG([),aﬁtﬁv}.

(i) Assume that = (a, 3]. If

B
u(t) <a +/t k(s)g (u(s))ds, teJ,

then On Certain New Integral
Inequalities and their

B
u(t) < G! (G(CL) +/ /{Z(S)ds) , o <t<p, Applications
t

i S.S. Dragomir and Young-Ho Kim
wherea; = max(j, i2), with

8 .
,ulzsup{,ul EJ:a+/ /’@(s)g(u(s))dsEI,,ugtgﬁ}7 Title Page
t 5 Contents
,ug—sup{,uEJ:G(a)—l—/ k(s)dsEG(I),uStSﬂ}. PP >
t
- .y - . e . < }
The proofs of the inequalities in (i), (ii) can be completed as jp[ 40—42].
Here we omit the details. Go Back
Letu(x,y),a(x,y),b(z,y) be nonnegative continuous functions defined for Close
z,y € Ry, Quit

Lemma 2.2. (i) Assume thai(z,y)is nondecreasing im and nonincreasing

. Page 5 of 17
inyforz,y e R..If

J. Ineq. Pure and Appl. Math. 3(4) Art. 65, 2002

U(I, y) < a(x, y) + / / b(S, t)u(s, t) dtds http://jipam.vu.edu.au
0 Jy


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
mailto:yhkim@sarim.changwon.ac.kr
http://jipam.vu.edu.au/

forall z,y € R, then

u(z,y) < alz,y) exp (/0 /yoo b(s, 1) dtds) .

(i) Assume that(z,y) is nonincreasing in each of the variablesy € R, .
If

w(z,y) < alx,y)+ /OO /00 b(s,t)u(s,t)dtds

forall z,y € R, then

u(z,y) < alz,y)exp ( / h /y (s 1) dtds) .

The proofs of the inequalities in (i), (i) can be completed aslinp] 109-
110]. Here we omit the details.

To establish our results, we require the class of functt9as defined inf].
A functiong : [0,00) — [0, 00) is said to belong to the classif

(i) g(u) is positive, nondecreasing and continuousifor 0,
(i) (1/v)g(u) < g(u/v),u>0,v > 1.

Theorem 2.3. Letu(z,y), a(x,y),b(x,y), c(z,y),d(z,y) be nonnegative con-
tinuous functions defined far,y € R, let g € S. Define a functior:(z, y)
by

z(z,y) = a(z,y) + c(x,y) /Oz /OO d(s,t)u(s,t)dtds
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with z(z, y) is nondecreasing in andz(x,y) > 1 forz,y € R If

T

(2.1) u(z,y) < z(x,y) —i—/ b(s,y)g(u(s,y)) ds,

«

fora,z,y € Ry anda < x, then

(2.2) wu(z,y) < p(x,y) [a(x, y) + c(x,y)e(z,y)

o ([ [ dtstpts. et vt )|

forz,y € R, where

@23 plen) =G (G + [ bis.p)ds),
(2.4) e(z,y) = /Ox /00 d(s,t)p(s,t)a(s,t) dtds,
(2.5) G(u) = /u %, u > ug >0,

G~ is the inverse function af, and

G(1)+ /fﬂ b(s,y)ds € Dom (G™1).

Proof. Let z(x, y) is a nonnegative, continuous, nondecreasing and tets.

Then @.1) can be restated as

u(z,y) ‘
(2.6) 1) < 1—1—/0[ b(s,y)

oy (s, ) ds
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Define a functionw(x,y) by the right side of 2.6), then[u(z,y)/z(z,y)] <

w(z,y) and

T

(2.7) w(z,y) <1 +/ b(s,y)g (w(s,y)) ds.

«

Treatingy,y € R, fixed in (2.7) and using (i) of Lemm&.1to (2.7), we get

(2.8) w(z,y) <G (G(l) + /x b(s,y) ds) :
Using 2.9) in [u(x,y)/z(z,y)] < w(zx,y), we obtain

u(@,y) < z(z,y)p(z,y),
wherep(z, y) is defined by 2.3). From the definition of(x, y) we have

(2.9) u(z,y) < p(z,y) (a(z,y) + c(z, y)v(r,y)),

wherev(z, y) is defined by

v(x,y) = /Ox /yoo d(s,t)u(s,t)dtds.

From 2.9) we get
v(x,y) < /Oﬂf /00 d(s,t)p(s,t) (a(s,t) + c(s, t)v(s,t)) dtds
=e(z,y) + /OI /00 d(s,t)p(s,t)c(s,t)v(s,t)dtds,
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wheree(z, y) is defined by 2.4). Clearly,e(z,y) is nonnegative, continuous,
nondecreasing i, x € R, and nonincreasing ip,y € R,. Now, by (i) of
Lemma2.2, we obtain

(210)  w(my) < e(z,y) exp ( /0 ’ /y " d(s, (s, (s, 1) dtds) |

Using .10 in (2.9) we get the required inequality i @). O]

Theorem 2.4.Letu(x,y), a(x,y),b(z,y), c(z,y),d(x,y) be nonnegative con-
tinuous functions defined far, y € R, and letg € S. Define a function(z, y)

by
2(z,y) = alz,y) + c(x,y)/ / d(s,t)u(s,t)dtds

with z(z, y) is nonincreasing i and z(x, y) > 1 for z,y € R, If

B
u(z,y) < 2(0,y) + / b(s,4)g (u(s, )) ds

for 5, x,y € R, andg > z, then

u(e,y) < Ble,y) [( ) + ez, y)e(a, )

X exp ( / h /y " d(s, (s, (s, 1) dtds)}
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forx,y € R, where
B
(2.11) plz,y) =G! <G(1)+/ b(s,y)ds>,
oz, y) = / N / " (s, )5 (s, s, £) dids.

G is defined in2.5), G~ is the inverse function af, and
s
G(1) +/ b(s, y) ds € Dom (G1).
The details of the proof of Theoreéh4 follows by an argument similar to

that in the proofs of Theore 3 with suitable changes. We omit the details.

Theorem 2.5. Let u(z,y), a(z,y),b(x,y), c(x,y) be nonnegative continuous
functions defined for,y € Ry and ' : R — R, be a continuous function
which satisfies the condition

(2.12) 0< F(z,y,u) = F(z,y,0) < K(z,y,0)(u = v)

foru > v > 0, where K (x, y,v) is a nonnegative continuous function defined
for z,y,v € R,.. And letg € S. Define a functiorx(z, y) by

2(z,y) = a(x,y) + c(x,y) /OI /00 F(s,t,u(s,t))dtds

with nondecreasing im and z(z,y) > 1 forz,y € R,. If

T

(2.13) o) < o)+ [ bslgluts. ) ds

«
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fora,z,y € Ry anda < x, then

(2.14) u(e,y) < ple,y) [( y) + el ) Az, y)

X exp ( / ' / T K (s, pls, Da(s, £) pls, H)els, 1) dtds)}

for z,y € R,, wherep(x,y) is defined by (2.3) and

On Certain New Integral
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(2.15) I y / / S t p s, t ( ))dtds, Applications
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G(u) = [, (ds/g(s)),u >uy >0, G~" is the inverse function af, and

G(1) + /I b(s,y)ds € Dom(G™1). [ e
a Contents
Proof. The proof of this theorem follows by argument similar to that given in the <« NS
proof of Theoren®.3. Let z(x, y) is a nonnegative, continuous, hondecreasing
and letg € S, then, we observe that < >
u(a,y) < z(z,y)p(z,y), Go Back
Close

wherep(zx, y) is defined by 2.3). From the definition of(x, y) we have

Quit
(2.16) u(e,y) < ple,y)(alz,y) + c(z, y)w(z,y)),
. . Page 11 of 17
wherew(x, y) is defined by

z o0 J. Ineq. Pure and Appl. Math. 3(4) Art. 65, 2002
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From .12 and .16 we get
w(zx,y) / / { s,t,p(s,t) (a(s,t) + c(s, t)w(s,t)))
+ F (s,t,p(s,t)a(s,t)) —

F (s,t,p(s,t)a(s,t))]| dtds

< A(z,y) + /Ox /00 K ((s,t,p(s,t)a(s,t)) p(s,t)c(s, t)w(s,t)dtds,

whereA(x, y) is defined by 2.15. Clearly, A(z, y) is nonnegative, continuous,

nondecreasing im, x € R, and nonincreasing ip,y € R,. Now, by (i) of
Lemma2.2, we obtain

(2.17) w(z,y) < A(z,y)
X exp (/0 / K ((s,t,p(s,t)a(s,t)) p(s,t)c(s,t) dtds) .

Using 2.16) in (2.17) we get the required inequality i2 (14). O]

Theorem 2.6.Let the assumptions of Theorénd be fulfilled. Define a function
z(z,y) by

z(z,y) = a(z,y) + c(x,y) /00 /OO F(s,t,u(s,t))dtds,

with nonincreasing i andz(x,y) > 1forz,y € R, If

B
u(z,y) < 2(0,y) + / b(s,9)g (u(s.y)) ds
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for 5,z,y € R, andg > z, then
ule9) < ple) o) + el Ao
X exp ( / / K (.4, 5(s, )a(s, £)) B(s, £)c(s. 1) dtdsﬂ
x Y
for z,y € R,, wherep(x, y) is defined byZ.11) and
Az, y) // (s,t,p(s,t)a(s,t)) dtds.
G is defined in2.5), G~! is the inverse function af, and
s
G(1) —i—/ b(s,y)ds € Dom (G™1).

The details of the proof of Theore&6 follows by an argument similar to
that in the proofs of Theore 5with suitable changes. We omit the details.
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In this section we present some immediate applications of Thedréto study

certain properties of solutions of the following terminal value problem for the

hyperbolic partial differential equation

(3.1) Uy (2, y) = bz, y,u(x,y)) +r(2,9),
(3.2) u(x,00) = 0oo(x),u(0,y) = 7(y),u(0,00) = k

whereh : RZ xR — R,r : RY — R,04,7(y) : Ry — R are continuous

functions and: is a real constant.

The following example deals with the estimate on the solution of the partial

differential equationd.1) with the conditions §.2).

Example3.1 Letc¢(z, y) continuous, nonnegative, nondecreasing and non-
increasing iny for z,y € R, , and let

(3.3) |z, y,u)| < ez, y)d(z, y) ul,

(8.4) |ow(z)+T1(y) —k— /Ocr /yoo r(s,t) dtds

ofw)+ [ “b(s, y)g(lul) ds

wherea(z,y),b(x,y),d(x,y), g are as defined in Theoret3. If u(z,y) is a
solution of 3.1) with the conditions §.2), then it can be written as (seé, [p.
80])

(3.5) u(z,y) = 0() / / (s,t,u(s,t))+r(s,t)) dtds
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for z,y € R. From 3.3), (3.4), (3.5 we get

xT

(36) |u(z.y)| < alz.y) + / b(s,y)g(|u]) ds
+ c(z,y) /Ox /OO d(s,t)|u|dtds.

Now, a suitable application of Theorenrto (3.6) yields the required estimate
following

On Certain New Integral
Inequalities and their

lu(z,y)| < p(z,y) {G(ZE, y) + c(z,y)e(z,y) Applications

- 0o S.S. Dragomir and Young-Ho Kim
X exp (/ / d(s,t)p(s,t)c(s,t) dtds)}
0 Jy

Title Page
for z,y € R, , wheree(x,y), p(x, y) are define in Theorer.3.

Our next result deals with the uniqueness of the solution of the partial differ- GOl
ential equationd.1) with the conditions §.2). PP Y
Example3.2 Suppose that the functidgnin (3.1) satisfies the condition p >
(37) ‘h(l’,y, u) - h(ﬂ], y,?))| < c(:c,y)d(:v, y) |U - U| ’

. . . . . . . Go BaCk
wherec(z, y), d(x, y) is as defined in Theoreth3with cE:c, y) IS nonincreasing
iny. Letu(z,y),v(z,y) be two solutions of equatiors (1) with the conditions Close
(3.2. From 3.9, (3.7) we have Quit
(3.8) J|u(x,y) —v(z,y)| < c(z, y)/ / d(s,t)|u(s,t) —v(s,t)| dtds. Page 15 of 17
0 Jy
Now a suitable application of Theorem3 yields u(x,y) = v(z,y), that s, 3. Ineg. Pure and Appl. Math. 3(4) Art. 65, 2002

there is at most one solution to the problesril) with the conditions §.2). http://jipam.vu.edu.au
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