Journal of Inequalities in Pure and
Applied Mathematics

AN IDENTITY FOR THE CHEBYCHEV FUNCTIONAL
AND SOME RAMIFICATIONS

P. CERONE

School of Communications and Informatics
Victoria University of Technology

PO Box 14428

Melbourne City MC

8001 Victoria, Australia

EMail: pc@matilda.vu.edu.au

URL: http://rgmia.vu.edu.au/cerone

(©2000Victoria University
ISSN (electronic): 1443-5756
034-01]

volume 3, issue 1, article 4,
2002.

Received 15 April, 2001;
accepted 17 July, 2001.

Communicated by: R.P. Agarwal

Abstract

Contents

44
4
Home Page
Go Back
Close

Quit


Please quote this number (034-01) in correspondence regarding this paper with the Editorial Office.

mailto:matravip@nus.edu.sg
http://jipam.vu.edu.au/
mailto:pc@matilda.vu.edu.au
http://rgmia.vu.edu.au/cerone
http://www.vu.edu.au/

Abstract

An identity for the Chebychev functional is presented in which a Riemann-
Stieltjes integral is involved. This allows bounds for the functional to be obtained
for functions that are of bounded variation, Lipschitzian and monotone. Some
applications are presented to produce bounds for moments of functions about
a general point v and for moment generating functions.
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For two measurable function$ g : [a,b] — R, define the functional,

known in the literature as Chebychev’s functional, by

T(f g) =M(fg) = M(f)MIg),

where the integral mean is given by

(1.1)

(1.2) M) = [ f@d

The integrals in1.1) are assumed to exist.
Further, the weighted Chebychev functional is defined by

T(fog;p) =M (f,g;0) — M (f;p) M (g5 p)

where the weighted integral mean is given by

(1.3)

[l p (@) f(2)de
1.4 M(fip) =" .
(1.4) (fip) p(@)ds
We note that,
T(f9:1)=T(f,9)
and
M(f;1)=M(f).

which is
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It is the aim of this article to obtain bounds on the functional§)(and (L.3)
in terms of one of the functions, sdy being of bounded variation, Lipschitzian
or monotonic nondecreasing.

This is accomplished by developing identities involving a Riemann-Stieltjes
integral. These identities seem to be new. The main results are obtained in
Section2, while in Section3 bounds for moments about a general pojrdre
obtained for functions of bounded variation, Lipschitzian and monotonic. In
a previous article, Cerone and Dragomit pbtained bounds in terms of the
1£']l,, » > 1 where it necessitated the differentiability of the functjtnThere On an Identity for the
is no need for such assumptions in the work covered by the current development. ~ “hépyehev Functional and
A further application is given in Sectiofi in which the moment generating
function is approximated.
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It is worthwhile noting that a number of identities relating to the Chebychev
functional already exist. The reader is referred ipQhapters IX and X. Ko-
rkine’s identity is well known, see/[ p. 296] and is given by

@D T =i [ [ @10 0w ) iy

It is identity (2.1) that is often used to prove an inequality of Gruss for functions hObn an Identity for t?e .
bounded above and below]| ¢ esgﬁee\é;i?f?ég?:n: "

The Griss inequality is given by o Corone

1

2.2 T(f, < —(Df— P, —
(2.2) T (f,9)| 4 ( f ¢f) ( g 9259) Title Page
where¢; < f (z) < &y for z € [a, b]. Contents

If we let S (f) be an operator defined by «“ o)
(2.3) S(f) (@)= f(z) = M(f), < >
which shifts a function by its integral mean, then the following identity holds. Go Back
Namely, Close
24) T(f,9)=T(S(f).9)=T(f,5(9)=T(S(f),5(9)), Quit
and so Page 5 of 31
(25) T (f7 g) — M (S (f) g) — M (fS (g)) — M (S (f‘) S (g)) J. Ineq. Pure and Appl. Math. 3(1) Art. 4, 2002
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sinceM (S (f)) = M (S (g)) = 0.

For the last term ind.4) or (2.5) only one of the functions needs to be shifted
by its integral mean. If the other were to be shifted by any other quantity, the
identities would still hold. A weighted version o2 €) related to¥ (f,g) =
M ((f (x) — k) S (g)) for x arbitrary was given by Sonirt] (see [/, p. 246]).

The interested reader is also referred to Dragoajiand Fink [5] for exten-
sive treatments of the Griss and related inequalities.

The following lemma presents an identity for the Chebychev functional that
involves a Riemann-Stieltjes integral.

Lemma 2.1. Let f, g : [a,b] — R, wheref is of bounded variation ang is
continuous ona, b], then

1 b
2.6) T(9) = G [ PO,
where
2.7) ()= (t—a)A(t,b) — (b—1) A(a,1)
with
(2.8) A(a,b)—/ g (x)d.

Proof. From (2.6) integrating the Riemann-Stieltjes integral by parts produces

1
(b—a)’

/ o (1) df (1)
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1 b b
:m{w(t)f(t)]a—/a f(t)dw(t)}

1

b
- 0 v @ [ o)

sincey () is differentiable. Thus, from(7), ¢ (a) = ¢ (b) = 0 and so

1 b 1 b
—(b_a)2/a b @) df () = m/ [(b—a) g (t) — A(a,b)] f (t)dt
1 b
B b—a/a [9(t) = M (g)] f (¢) dt
= M(fS5(9))
from which the resultZ.6) is obtained on noting identity2(5). O

The following well known lemmas will prove useful and are stated here for
lucidity.
Lemma 2.2. Letg,v : [a,b] — R be such thay is continuous and is of
bounded variation otja, b]. Then the Riemann-Stieltjes integrﬁjg (t) dv (t)
exists and is such that

b

b
/ g(t)dvm' < sup Lo ()] \/ ().

te[a,b]

(2.9)

where\/’ (v) is the total variation ofy on [a, b].
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Lemma 2.3. Letg, v : [a,b] — R be such thay is Riemann-integrable ofa, b]
andv is L—Lipschitzian ora, b]. Then

b b
[awavw| <t g
with v is L—Lipschitzian if it satisfies
v (z) —v(y)| < Lz —yl

(2.10)

forall z,y € [a,b].

Lemma 2.4. Letg, v : [a,b] — R be such thay is continuous ota, b] andv is
monotonic nondecreasing ¢, b]. Then

/abg(t)dv(t)’ S/ab!g(t)!dv(t)

It should be noted that if is nonincreasing therv is nondecreasing.

(2.11)

Theorem 2.5.Let f, g : [a,b] — R, wheref is of bounded variation and is
continuous ona, b]. Then

(212) (b—a)’|T (f.9)|

b
sup |¢(t)|\/(f),
t€la,b]
<9 LS @) dt, for f L — Lipschitzian,
f | ()| df (t) for f monotonic nondecreasing,

where\/’ (f) is the total variation off on [a, b].
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Proof. Follows directly from Lemma&.1-2.4. That is, from the identity4.6)
and .9 — (2.10). ]

The following lemma gives an identity for the weighted Chebychev func-

tional that involves a Riemann-Stieltjes integral.

Lemma 2.6. Let f,g,p : [a,b] — R, wheref is of bounded variation ang, p
are continuous offu, b]. Further, letP (b) = fabp (x)dzx > 0, then

(213) S(.0i0) = gy | VO 0.
whereT (f, g;p) is as given in {.3),
(2.14) U(t)=P{t)G(t)— P(t)G(t)
with
{ P(t)= [!p(z)ds, P(t)=P(b) — P (t)
(2.15) and
G(t)=[p)g(x)de, G(t)=GC({D) -G ().

Proof. The proof follows closely that of Lemmia 1
We first note thatl (£) may be represented in terms of orty(-) andG (-).
Namely,

(2.16) T(t)=P(t)GOb) - PG ().
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It may further be noticed thalt (a) = ¥ (b) = 0. Thus, integrating fromZ.13
and using either4.14) or (2.16) gives

= | P O)G' (t) = P (t) G (b)] f(t)dt
{p(t)g - b }f
o) 1

P(b) m/p(t)f(t)dt
)

=% (f,9:p),

where we have used the fact that

G (b)

P—(b)zfm(gsp)-

]

Theorem 2.7. Let the conditions of Lemnia6on f, g andp continue to hold.
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Then

(2.17) P*(b)|Z(f, g;p)|

s ¥ (0] V (),

te(a,b]
< . .-
- Lf |W (t)| dt, for f L — Lipschitzian,
. . On an Identity for the
{ f |W (¢)] df (t for f monotonic nondecreasing. Chebychev Functional and
Some Ramifications
where¥ ({’ g;p)isas given byI 3) and\I/ ( ) P (t)G (b)— P (b) G (t), with P. Cerone
= Jp(@)de,G(t) = [;p(a
Proof. The proof uses Lemmds1— 2.4 and follows closely that of Theorem Title Page
2.5 u Contents
Remark 2.1. If we takep () = 1 in the above results involving the weighted P 9
Chebychev functional, then the results obtained earlier for the unweighted Cheby-
chev functional are recaptured. 4 d
Gruss type inequalities obtained from bounds on the Chebychev functional Go Back
have been applied in a variety of areas including in obtaining perturbed rules in Close
numerical integration, see for examp!d.[In the following section the above Quit

work will be applied to the approximation of moments. For other related results

see alsof] and [3]. Page 11 of 31
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Remark 2.2. If f is differentiable then the identity (6) would become

(2.18) T (f.9) = ﬁ / G 0) (1) dt

and so

[l 11 o > f" € Loo [a; b

[l 11, f € Lpla, 0],

p>1, %—!— % =1;
[l £, f" € Laa, b];

where the Lebesgue norriid| are defined in the usual way as

(b—a)’IT (f,9)| <

1
b =
lgll, == (/ |9(t)!pdt> o forgelylebl, p21, o4 o=1
and

gl :=ess sup [g(t)|, for g€ Lo [a,b].

te(a,b]

The identity for the weighted integral mearis {3 and the corresponding
bounds 2.17) will not be examined further here.

Theorem 2.8.Letg : [a, b] — R be absolutely continuous da, b] then for

(2.19) D (g;a,t,b) := M(g;t,b) — M (g;a,t),
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(2.20) D (g;a,t,0)]

( (%5 119l - g € Lo [a,b];
) 1
t—a)l+(b—t)? | a
[T ) f € Lylab],
- p>L +,=1
= gl 9" € Lila,b];
Ve (g), ¢ of bounded variation;
L (55%) L, g is L — Lipschitzian.
Proof. Let the kernel- (¢, u) be defined by
u—a
, u € [a,t],
t—a
(2.21) r(t u) =
b—u
t,b
o ve bl

then a straight forward integration by parts argument of the Riemann-Stieltjes
integral over each of the intervals, t] and(t, b] gives the identity

b
/ r(t,u)dg (u) = D (g;a,t,b).

Now for g absolutely continuous then

(2.22)

b
(2.23) D (g;a,t,b) = / r(t,u) g (u)du
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and so

|D (g;a,t,b)| < ess sup |7’tu|/|g )| du, for ¢ € Lq[a,b],

u€la,b)

where from 2.21)

(2.24) ess sup |r(t,u)] =1
u€la,b]
Lo L . . . On an Identity for the
and so the third inequality ir2(20 results. Further, using the Holder inequality Chebychev Functional and
; Some Ramifications
gives
P. Cerone
oo ;
(2.25) |D(gat,b) < (/ I (b |qdu> (/ ¥ (t)\pdt)
a Title Page
forp > 1, —l— - =1, Contents
p q
. <44 >»
where explicitly from 2.21) p R

b : bl — )\ b /b — )\ Y 3
(2.26) (/ Ir (¢, u)| du> _ [/ <t_ a) du+/ (l;_t> du] Go Back
‘ ¢ ¢ Close
=[(t—a)+ (b—1t) J 1 q ’ Quit
[(t = a)®+ (b —2)"] /0 udu)

) {(t B a)q N (b B t)q} 1 Page 14 of 31
N q+1
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Also

b
@27 ID(gat ) <ess sup |y ()] [ ()l du
u€la,b] a
and so from 2.26) with ¢ = 1 gives the first inequality in4.20).
Now, for g (u) of bounded variation of, b] then from Lemma&.2, equation
(2.9 and identity .22 gives

b
D (g;a.t,b)| < ess sup |r(t,u)|\/ (9)

u€la,b] o

producing the fourth inequality ir2(20 on using .24). From .10 and ¢.22
we have, by associatingwith v andr (¢, -) with ¢ (+),

b

and so from 2.26) with ¢ = 1 gives the final inequality inZ.20). ]

Remark 2.3. The results of Theoreh8may be used to obtain bounds orit)
since from 2.7) and 2.19

()= (t=a)(b—=1t)D(g;a,1,0).

Hence, upper bounds on the Chebychev functional may be obtainedXrbin (
and (.18 for general functiong;. The following two sections investigate the
exact evaluation4.12) for specific functions fog (-).

On an Identity for the
Chebychev Functional and
Some Ramifications

P. Cerone

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 15 of 31

J. Ineq. Pure and Appl. Math. 3(1) Art. 4, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:pc@matilda.vu.edu.au
http://jipam.vu.edu.au/

In this section bounds on thd moment about a pointare investigated. Define
for n a nonnegative integer,

(3.1) M, (v) = / (x — )" h(x)dz, v€ER.

If v = 0then), (0) are the moments about the origin while taking- M; (0)

gives the central moments. Further the expectation of a continuous random i & [y o ine
Chebychev Functional and

variable is given by Some Ramifications
b P. Cerone

(3.2) B(X) = / h(z) da,

¢ Title Page
whereh (x) is the probability density function of the random varialleand so p—
E (X) = M, (0). Also, the variance of the random variable o* (X) is given onents
by <« >

, b ) | >
3.3 *(X)=E[(X-E(X))] = —E(X))"h(x)d
@3 %) =B[(X-EMX)] = [ (=B h)ds o
which may be seen to be the second moment about the mean, namely Close
Quit

o’ (X) = My (M, (0)). Page 16 of 31

The following corollary is valid.
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Corollary 3.1. Let f : [a,b] — R be integrable ona, b], then

n+1l _ n+1
@4 M) - T M)

b
tit[l% ¢ (t)| - 745 V (f), for f of bounded variation orja, b] ,

<4 Y .
. 1 I e ()] dt, for f L — Lipschitzian,

L 1 f lo ()| df (t) for f monotonic nondecreasing.
where M, (v) is as given by%.1), M (f) is the integral mean of as defined
in (1.2,

B=b—v, A=a—v
and

@) o ="~ |(;=2) -0t (o0 ) @]

Proof. From .12 takingg (¢t) = (t — )" then using {.1) and (L.2) gives

Bn—i—l_An—i—l
b—a)|T t _—
(b—a)|T (/. —

S = \Mn () - MP)].

The right hand side is obtained on noting that §qt) = (t —v)", ¢ (t) =
_¥® O
b—a”
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Remark 3.1. It should be noted here that Cerone and Dragomif ¢btained
bounds on the left hand expression f6re L, [a,b], p > 1. They obtained
the following Lemmas which will prove useful in procuring expressions for the
bounds in 8.4) in a more explicit form.

Lemma 3.2. Let ¢ (¢) be as defined by3(5), then

(

n odd, anyyandt € (a,b)

<0 On an Identity for the
n even T<a t € (a,b) Chebychev Functional and
(3.6) o (t) a<y<b, te€leb) Some Ramifications
b " b P. Cerone
>0, neven 7> 0 € (a,b)
{ a<y<b, te(a,rc) _
Title Page
where¢ (¢) = 0,a < ¢ < band Contents
a+b
| >
cq =7, y=124
Go Back
a+b
<7, > %2 Close
Lemma 3.3. For ¢ (t) as given by §.5) then Quit
b Page 18 of 31
37) [ lotwna
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(
B—A [Bn+1 . An+1] . Bnt2_ An+2 n Odd and anw .
2 nt2 nevenandy < a ’

2cn+2 Bn +2_ An+2

- n+2 + ( {[(b—a) —2(C—a)2} Bn+l
+[200—¢) - b—a )’]} A+ nevenandi < vy < b;

Bnt2_A"+t2  B-Apn+l _ gAn+l
\ n+2 2 [B A ]7

n even andy > b,
where

B:b—’}/,A:CL—’)/7C:C—’}/,
(3.8) Ci= [CCO(t)dt, Cy= [ C(t)dt

with C(t) = (&2) BnH! + (&) Ant!
and¢ (¢c) = 0witha < ¢ < b.
Lemma 3.4. For ¢ (t) as defined by3.5), then

( C (") — B3, nodd,n even andy < a;

(3.9) s g%(t)‘ = e — C (") nevenandy > b;
| mme 4 |momz | pevenand: <y < b,
where
Bn+1 _ An—i—l
3.10 =) = :
(3.10) =) = B4

On an Identity for the
Chebychev Functional and
Some Ramifications

P. Cerone

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 19 of 31

J. Ineq. Pure and Appl. Math. 3(1) Art. 4, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:pc@matilda.vu.edu.au
http://jipam.vu.edu.au/

C (t) is as defined in3.9), m; = ¢ (t}), my = —¢ (t3) andt*, t7, t; satisfy
(3.10 with t < 5.

The following lemma is required to determine the bound3rlwhen f is
monotonic nondecreasing. This was not covered in Cerone and Dragdmir [

since they obtained bounds assuming thatere differentiable.
Lemma 3.5. The following result holds fop (¢) as defined by3.5),

b
@11) — [ ol

Xn (a,0), n odd orn even andy < a,
=< —Xnl(a,b), n even andy > b,
Xn (¢,0) — xn (a,c), mevenandt <~y <b

and for f : [a,b] — R, monotonic nondecreasing

b
@12) g [ lotlds

( B(B”*l)*A(A"*l)f(b)

n odd orn even
n+1

and~y < a;
n even andy > b;

A(A"—1)—B(B"—1) £ ()

n+1
<
[Bn+1 L EAY C)] 1) n even and
n__ An n n a
\ —1-[%(0—@)—(0 A H)] i(—d7 a<~vy<b,
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where

B b o (Bn_An)
1) wilat) = [ |e-- T
A = a—v B=b—vy, C=c—n.

f@)dt,

Proof. Let«, 5 € [a, b] and

Xn (v, 3)

B
g [ el
o) f() =0 B)fB) [° n_ o (B"—A")
- n+1 _/a {@_7)  (n+1)(b—a)

F(t)dt

andy, (a, b) is as given by .13 since¢ (a) = ¢ (b) = 0.
Further, using the results of Lemma as represented ir8(6), and, the fact

that (. 8)
B X a’ Y
1/ ¢(t)df{
. —x(@B), 60)>0, 1€ [,

o(t) <0, teaf

gives the results as stated.
We now use the fact thgtis monotonic nondecreasing so that froBnl(d

wlad) < £ [ -y - et
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Further,

Yo (e0) < f(b)/cb {(t—y)"—(nfnl)_(ff@}dt

B Bt —crtt o (B™ — A™) (b — ¢)
N f(b)[ n+1 B (n+1)(b—a) }

and
Xn(a,c) > f(a) /ac [@ -7 - (n JB;nl)_(lj1i a)] «

_ [C”H —A™(B" — AM) (¢ — a)

n+1  (n+1)(b—a) 1f(a)

so that the proof of the lemma is now complete. O

The following corollary gives bounds for the expectation.

Corollary 3.6. Let f : [a,b] — R, be a probability density function associated
with a random variableX. Then the expectatioh (X) satisfies the inequalities

(3.14) E (x) -2 ; b
5 b
Lal N/ (f), f of bounded variation,
(552)° L. f I — Lipschitzian,
b=alq+b—1] f(b), fmonotonic nondecreasing.
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Proof. Takingn = 1 in Corollary 3.1 and using Lemma8.2 — 3.5 gives the
results after some straightforward algebra. In particular,

p(t)=t*— (a+b)t+ab= (t_ajtb)QJr (b—a>2

2 2
andt* the one solution of’ () = 0ist* = %£2. O

The following corollary gives bounds for the variance.
We shall assume that< v = E'[X] < b.

Corollary 3.7. Let f : [a,b] — R, be a p.d.f. associated with a random
variable X. The variancer? (X) is such that

(3.15) |0 (X) -S|

[my 4+ mg + |mg — my|] F2=, f of bounded variation,

(6 - i fema B — o A

S\ B A (50 - WPEE L Fis L - Lipschitzian,
(B> — C% — (a+b) (b—c)] L2
+[(a+b)(c—a)—(C*— A% L2 # monotonic nondecreasing.
where

On an Identity for the
Chebychev Functional and
Some Ramifications

P. Cerone

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 23 of 31

J. Ineq. Pure and Appl. Math. 3(1) Art. 4, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:pc@matilda.vu.edu.au
http://jipam.vu.edu.au/

m = ¢(B(X)-8%), ma=o(B(X)+5}),

o) = -0+ (1=0) -0 (j=2) 6",
A = a—v B=b—vy, C=c—7, ¢(c)=0,a<c<b

andvy = E (X).

Proof. Takingn = 2 in Corollary3.1gives from (3.5

3 b —t 3 t—a 3
=(t— — | A — B
o=+ (o0 ) 2= (5=
wherea < v = E(X) < b.
From Lemma3.4 and the third inequality in3.9) with n = 2 gives

f] = E[X]- 52, t;=E[X]+5?,

and hence the first inequality is shown from the first inequalitydir)(

Now, if f is Lipschitzian, then from the second inequality #14) and since
n = 2anda < v = E(X) < b, the second identity in3(7) produces the
reported result given ir3(15 after some simplification.

The last inequality is obtained fron3.(L2 of Lemma3.5with n = 2 and
hence the corollary is proved. O
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Let X be a random variable dn, b] with probability density functior (=) then
the moment generating functiony (p) is given by

(4.1) My (p) = E [e"*] :/ eP*h (x) du.

The following lemma will prove useful, in the proof of the subsequent corol-
lary, as it examines the behaviour of the functiufn)

4.2 (b—a)0(t) =tA,(a,b) — [aA, (t,b) + DA, (a,1)],
where

e — e
(4.3) A, (a,b) = T

Lemma 4.1. Letd (t) be as defined by4(2) and @.3) then for anya,b € R,
6 (t) has the following characteristics:

(i) 0(a) =0(b) =0,
(i) 0 (¢) is convex fop < 0 and concave fop > 0,

(i) there is one turning point at = %ln <%> anda < t* < b.
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Proof. The result (i) is trivial from ¢.2) using standard properties of the definite

integral to givef) (a) = 6 (b) = 0.
Now,

(4.4) ()= 2200 o gy = —por
—a

giving #” (t) > 0 for p < 0 and#®” (t) < 0 for p > 0 and (ii) holds.
Further, from ¢.4) ¢’ (t*) = 0 where

f:1m<é&£»_
P b—a

To show thatr < ¢* < b it suffices to show that
0 (a)d' (b) <0

since the exponential is continuous. Héféa) is the right derivative at and
0’ (b) is the left derivative ab.

Now,
rar - (40D ) (o))

Ap (a,b) 1 ’ pt
= dt
b—a b—a/ae ’

the integral mean over, b] so thatd’ (a) > 0, andé’ (b) < 0 for p > 0 and
¢’ (a) < 0andé (b) > 0 for p < 0, giving that there is a poirtt € [a, b] where
6 (t*) = 0.

Thus the lemma is how completely proved. H

but
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Corollary 4.2. Let f : [a,b] — R be of bounded variation ofa, b| then

(4.5) / " (1) dt - A (a,h) M (f)‘

(m. (1 (m) — 1) + b7 zae”) V)

Ip|

<q b—a)ym[(55%)p-1] ﬁ for f L — Lipschitzian on[a, b]
7l L(b—a)m[f(b)— f(a)], f monotonic nondecreasing,
where
bp __ pap
(4.6) m:Ap(a,b)_e e

b—a pb—a)
Proof. From 2.12) takingg (¢) = e** and usi(ng 1:) and (1.2 gives
4.7) (b—a)|T (f,e")]
[ 0ai—a,@nmi
sup |6 (t)| V" (f), for f of bounded variation ofia, ] ,

tela, b]
< Lf 160 (t)| dt, for f L — Lipschitzian on[a, 0],
f 10 (t)| df (t) f monotonic nondecreasing dn, b| ,

where the bounds are obtained from1(2 on noting that fog (t) = e, 0 (t) =

w . .
v s as given by4.2) — (4.9).
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Now, using the properties @f(¢) as expounded in Lemma1 will aid in
obtaining explicit bounds fromi(7).
Firstly, from (@.2), (4.3) and @.6)

sup |6 ()]
te[a,b]

16 ()]

L |

b—a b—a

mln(m)—g e —m _é m — e
P p\ b—a p\ b—a
be®™ — ae®?

p(b—a)

n (In(m)—1)+

In the above we have used the fact that- 0 and thapt* = In (m). Using from
Lemma4.1the result that (¢) is positive or negative fot € [a, b] depending
on whethep > 0 or p < 0 respectively, the first inequality it (5) results.

For the second inequality we have that frofn, (4.3) and Lemmat. 1,

b 1 b bp __ ,tp b (et — 2P
/|0(t)|dtzm/ gt~ LT A —em) )
a p a

b—a

2 _ 2 b
[pm <b 5 ¢ ) — (aebp — beap) —/ 6ptdt}

[pm (bz 3 a2> — (ae” — be™) — (b— a) m}
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| —~

()
T {; (57r=1) =t e
Sl

Using (4.6) gives the second result iA.€) as stated.
For the final inequality in4.5) we need to determlnf |0 (t)| df (t) for f
monotonic nondecreasing. Now, frod.?) and @.3)

o= [ fme- 2
a p(b—a) p

be®™ — qebP
pmt + ——— ept} df (t),
Il / { b—a )

where we have used the fact that (0 (¢)) = sgn (p).
Integration by parts of the Riemann-Stieltjes integral gives

(4.8)

b
[ wwiao
e o et

_ ﬂ/a (" — m) £ (t) dt.

|~3

H’@
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Now,
b b b pap
[emrwan< ) [ era=“—Zr ) = 0-ayms
and

—m/ HwﬁS—m@—®fw)

so that combining with4.8) gives the inequalities fof monotonic nondecreas-
ing. O

Remark 4.1. I f is a probability density function then (f) = ;- and f is
non-negative.
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