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Abstract

In the present investigation, we obtain the Fekete-Szeg6 inequality for a certain
normalized analytic function f(z) defined on the open unit disk for which 1 +
% %)’/“ —1| (a > 0and b # 0, a complex number) lies in a region
starlike with respect to 1 and symmetric with respect to real axis. Also certain
application of the main result for a class of functions of complex order defined
by convolution is given. The motivation of this paper is to give a generalization
of the Fekete-Szeg0 inequalities for subclasses of starlike functions of complex
order.

2000 Mathematics Subject Classification: Primary 30C45.
Key words: Starlike functions of complex order, Convex functions of complex order,
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Let.A denote the class of all analytic functiofis:) of the form

(1.2) f(z) =2+ Zakzk (ze A={ze€C/lz| < 1})
k=2

andS be the subclass ofl consisting of univalent functions. Let(z) be an
analytic function with positive real part ai with ¢(0) = 1, ¢/(0) > 0 which

maps the unit disk\ onto a region starlike with respect to 1 which is symmetric A Coefiicient Inequality For
R X . . Certain Classes Of Analytic
with respect to the real axis. Lét*(¢) be the class of functions ifi € S for Functions Of Complex Order
which Zf’(Z) K. Suchithra, B. Adolf Stephen
< ¢(2)’ (Z c A) and S. Sivasubramanian
f(2)
andC'(¢) be the class of functiong € S for which Title Page
"
14 zf"(2) < é(2), (z€A), Contents

/
J'z) «“ b
where< denotes the subordination between analytic functions. These classes

were introduced and studied by Ma and Mind [ They have obtained the ¢ g
Fekete-Szeg0 inequality for functions in the clds®). Sincef € C(9¢) iff Go Back
zf'(z) € S*(¢), we get the Fekete-Szegd inequality for functions in the class Close
5%(9). :
The classS; (¢) consists of all analytic functiong € A satisfying QU
Page 3 of 14
1[(z2f'(2) )
1+ — ( —1) <¢(z)
b f(Z) J. Ineq. Pure and Appl. Math. 7(4) Art. 145, 2006
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and the clas§',(¢) consists of functiong € A satisfying

1 +% (Zj:((;))) < 6(2).

These classes were defined and studied by Ravichandran &}.alhpy have
obtained the Fekete-Szeg0 inequalities for functions in these classes.
For a brief history of the Fekete-Szeg6 problem for the class of starlike,

convex and close to convex functions, see the recent paper by Srivastava et al.
A Coefficient Inequality For
[ ] Certain Classes Of Analytic

In the present paper, we obtain the Fekete-Szego inequality for functions in  Functions Of Complex Order

amore general clas¥,, ,(¢) of functions which we define below. Also we give K. Suchithra, B. Adolf Stephen
applications of our results to certain functions defined through convolution (or and S. Sivasubramanian
Hadamard product) and in particular we consider a CM§§(¢) of functions
defined by fractional derivatives. Title Page
Definition 1.1. Letb # 0 be a complex number. Letz) be an analytic function Contents
with positive real part om\ with ¢(0) = 1, ¢/(0) > 0 which maps the unit disk “ 55
A onto a region starlike with respect to 1 which is symmetric with respect to the
real axis. A functiorf € Ais in the classV, ,(¢) if < 2

1 Zf/(Z) + OéZQfN(Z) Go Back

Z — > 0).

1+ ; ( 78 1] <¢(2) («>0) p—

For fixedg € A, we define the clas¥/] ,(¢) to be the class of functionsc A Quit
for which(f x g) € M, (). Page 4 of 14

To prove our result, we need the following:
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Lemma 1.1 ([7]). If p(z) = 1+c12+ 2% +- - - is a function with positive real
part, then for any complex numbgr

ez — pei| < 2max{1, 200 — 1]}
and the result is sharp for the functions given by

B 1+ 22
1= 22

I+
11—z

p(2) p(2)
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Our main result is the following:

Theorem 2.1.Leté(z) = 1+ Byz + Byz? + B3z + - - - If f(2) given by (.1)
belongs tal/, ,(¢), then

By |b| By (14 2a) —2p(1 + 3a)
—pad < 1, | = bB .
a5 = nazl < 50730 max{ B T (1+ 2a)2 !
A Coefficient Inequality For
The result is sharp. Certain Classes Of Analytic

Functions Of Complex Order

Proof. If f(z) € M,,(¢), then there is a Schwarz functiar(z), analytic inA K. Suchithra, B. Adolf Stephen

with w(O) =0 and\w(z)| < 1in A such that and S. Sivasubramanian
/ 2.r1
(2.1) 1+ % (Zf (2) }—(j; /) 1) = p(w(z)). Title Page
Contents
Define the functio b
mi(2) by «“« Y
1
(2.2) p1(2) 1=+—w(z):1—|—clz+0222—|—--- . 4 >
1 —w(z)
Go Back
Sin_cew(z) is a _Schwarz function, we see thRp;(z) > 0 andp;(0) = 1. Close
Define the functiorp(z) by
Quit
!/ 2.r1
(2.3) pz) =1 +% (Zf (2) }—(a)z f'(z) _ 1) — 14 bz by Page 6 of 14
z
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In view of the equations( 1), (2.2), (2.3), we have

pi(z) — 1)
2.4 — 2L -
2.4) oo =0 (L
and from this equatior2(4), we obtain

1
(25) bl = 53101
and

1 1 1

(26) bQ = 531 (CQ — 50%) + ZBQC%.

From equationZ.3), we obtain

(]_ + 20()&2 = bbl,
(2 + 6a)as = bby + (1 + 2a)a3

or equivalently we have

bb,
2.7 —
( ) as ]_+20é7
1 b2h?
2.8 = bb L
(2.8) s 2+6a[ 2+1+2a]
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Applying (2.5 in (2.7) and @.5), (2.6) in (2.8), we have

B 63101
290+ 2a)
b31C2 C% bQB%
- — (B, — By)| .
= Tt sa)  sA+3a) |112a (P BY)

Therefore we have

bB, o
4(1+ 30) {e —vei},

-3 ()]

Our result now follows by an application of Lemral. The result is sharp for
the function defined by

(2.9) as — ,uag =

where

(@) o e N
”b( ) 1)‘“ )
and | (2(2) + a2 f"(2)

1_'—5( f(Z) —1) :¢(z).
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Example 2.1. By takingb = (1 — 8)e " cos A, ¢(z) = 1=, we obtain the

following sharp inequality

2
— <
a5 = paz| < 1+ 3a

X max {1,

(1 =) cosA

1+ 3a) — (1+ 2a)

- 2
ez)\_2|: M(

(14 2a)?

= meosal |

Remark 1. Whena = 0, Example2.1reduces to a result of/] for \-spirallike

function f(z) of order /.
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In order to introduce the clasg} ,(¢), we need the following:

Definition 3.1. (See [, 6]; see also [ 1, 17]). Let the functionf(z) be analytic
in a simply connected region of thgplane containing the origin. The fractional
derivative off of order \ is defined by

VYR T A i (9)
Dl f(z) = F(l—)\)dz/o (z—g)AdC 0<A<])
where the multiplicity ofz — ¢)* is removed by requiringpg(z — ¢) to be real
whenz — ¢ > 0.

Using the above DefinitioB.1and its known extensions involving fractional
derivatives and fractional integrals, Owa and Srivastayanfroduced the op-
eratorQ* : A — A defined by

(P )(2) =T(2 =MD f(2), (AN#2,3,4,...).

The class\1} ,(¢) consists of functiong € A for whichQ* f € M, ;(¢). Note
that Mg, (¢) = S;(¢) and Mg, (¢) = S*(¢). Also M} ,(¢) is the special case
of the class\/] ,(¢) when

(3.1) g(z) = z+z F(;(;: j_)g(f ;))\)z”

n=2
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Let
Since

if and only if

(f*9)(2) =24 > gnan2" € Map(9),

n=2
we obtain the coefficient estimate for functions in the clags, (¢), from the
corresponding estimate for functions in the cldgs,(¢). Applying Theo-
rem 2.1 for the function(f  g)(z) = z + goa22? + gzazz® + - - -, we get the
following theorem after an obvious change of the parameter

Theorem 3.1. Let the functiony(z) be given byp(z) = 1 + Byz + Bz? +
Bsz® +--- . If f(2) given by (.1) belongs taV/] ,(¢), then

laz — ua§|

Bib| max{l B, {(1+2O<)g§—2u(1+3a)93
~ 2¢g3(1 + 3a) "1 By (1+2a)%g3

The result is sharp.

&2

b

Since }
(D )(2) =2+ Z Cin+ 1)T(2-N)

n

I(n+1-2X) n=

A Coefficient Inequality For
Certain Classes Of Analytic
Functions Of Complex Order

K. Suchithra, B. Adolf Stephen
and S. Sivasubramanian

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 11 of 14

J. Ineq. Pure and Appl. Math. 7(4) Art. 145, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:suchithrak@svce.ac.in
mailto:
mailto:adolfmcc2003@yahoo.co.in
mailto:
mailto:sivasaisastha@rediffmail.com
http://jipam.vu.edu.au/

we have
(3.2)
and

(3.3) gs =

For g, andgs given by 3.2) and 3.3), TheorenB3.1reduces to the following:
Theorem 3.2. Let the functiony(z) be given byp(z) = 1 + Byz + Byz? +

T(4)0(2 = \) 6

T(d—N)

2-=XNB-=XN)

Bsz* + - If f(2) given by (..1) belongs tal/} ,(¢), then

Bibl(2=N(B =)

las — pa3| <

By

X 1, |—
max{ B,

The result is sharp.

12(1 + 3«)

3—A) —3u(l+3a)(2—-X)

N [(1 + 2a)(

B3N (1 +20)?

a

b
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