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Abstract

An inequality providing some bounds for the integral mean via Pompeiu’s mean
value theorem and applications for quadrature rules and special means are
given.
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The following result is known in the literature as Ostrowski’s inequalily [

Theorem 1.1.Let f : [a,b] — R be a differentiable mapping ofa, b) with the
property that| /' (¢)| < M forall t € (a,b). Then

2
1 b 1 x — okt
t)ydt| < |- 2 b—a)M
[ rwa) < 4+( b_@) -y,
for all z € [a,b]. The constant is best possible in the sense that it cannot be
replaced by a smaller constant.

(1.1) ‘f (z) =

In [2], the author has proved the following Ostrowski type inequality.

Theorem 1.2.Let f : [a,b] — R be continuous ona, b with ¢ > 0 and
differentiable on(a, b) . Letp € R\ {0} and assume that

K, (f') = . {u' P f'(

Then we have the inequality

u)|} < oo.

a2) [re-5 2 [roa]< 50
’2xp( —A)+(b—2) L2 (b,x) — (v —a) L (v,a)
if p € (0,00);
x ¢ (w—a)lP(x,a) = (b—x) L (bx)— 227 (x — A)
if p e (—o0,—1)U(—1,0)
{ (x—a) L7 (z,a) — (b—2) L7 (b,x) — 2 (x — A)if p=—1,
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foranyx € (a,b), where fora # b,

A= Ala,b) = GTer7 is the arithmetic mean,
L,=L,(a,b)
P+l _ gptl 1w
= {(p - GJ , is thep — logarithmic mearp € R\ {—1,0},
and
L=L(a,b):= is the logarithmic mean.

" Inb—1Ina

Another result of this type obtained in the same paper is:

Theorem 1.3.Let f : [a,b] — R be continuous offa, b] (with @ > 0) and
differentiable on(a, b) . If

P(f") = sup |uf’(z)| < oo,

u€(a,b)

then we have the inequality

b
(13) ‘f(az)—bia/ f(t)dt‘

_P()
“b—ua

+2(x—A)lnx

. [[I (2, 0)"
[ (a,2)]"
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foranyz € (a,b) , where fora # b

bb

1
b—a
a) , isthe identric mean.
a

fzfmmyzl(

e

If some local information around the pointe (a,b) is available, then we
may state the following result as weli][

Theorem 1.4.Let f : [a,b] — R be continuous offu, b] and differentiable on
(a,b). Letp € (0,00) and assume, for a givene (a,b) , we have that An Inequality of Ostrowski Type
via Pompeiu’s Mean Value
Th
M, (z) = sup {|lz— ul'" | f (W]} < . o

u€(a,b) S.S. Dragomir

Then we have the inequality

Title Page
1 b
(1.4) ‘f @ -5 [ 1 dt‘ Contents
P a/ a
1 » " <44 >
< x—a)" + -2 M, (2).
For recent results in connection to Ostrowski's inequality see the papers Go Back
[2],[4] and the monograplo]. Close
The main aim of this paper is to provide some complementary results, where -
instead of using Cauchy mean value theorem, we use Pompeiu mean Value Q
Theorem to evaluate the integral mean of an absolutely continuous function. Page 5 of 20
Applications for quadrature rules and particular instances of functions are given
as well. J. Ineq. Pure and Appl. Math. 6(3) Art. 83, 2005
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In 1946, Pompeiud] derived a variant of Lagrange’s mean value theorem, now
known asPompeiu’s mean value theorgsee also |, p. 83]).

Theorem 2.1. For every real valued functiorf differentiable on an interval
[a, b] not containingd and for all pairsz; # x» in [a, b], there exists a poing
in (x1, z2) such that

x1f (22) — o f (1) [ i
@) et (ORL ) G
Theorem
Proof. Define a real valued functioff on the interval, 1] by S5 DT
1
(2.2) F(t) =1f ; : Title Page
Contents
Sincef is differentiable on(;, 1) and
<4< 44
1 1 1
2.3 F'(t) = ) ==f= < >
23) 0=1(1)-3(3)
Go Back
then applying the mean value theorem/an the intervalz, y] C [, 1] we Close
get
Quit
F((E) — F(y) /
(2.4) R =F'(n) Page 6 of 20
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Letay =1, 2y = ; and¢ = % Then, since) € (z,y), we have
r < € < xo.
Now, using €.2) and @.3) on (2.4), we have

of (2) = v (3) :f<l) _ Ly <1)

r—y

that is

o f (sc;i - Zf ) _pe—erie).

This completes the proof of the theorem.

]

Remark 1. Following [7, p. 84 — 85], we will mention here a geometrical
interpretation of Pompeiu’s theorem. The equation of the secant line joining the

points(zy, f (z1)) and(z2, f (z2)) is given by
f (@) — f (1)

To — T

y=[(z1) + (x —x1).

This line intersects thg—axis at the point0, y) , wherey is

[ (x2) — f (1)

y=[(x1)+ a— (0 =)
_ x1f (v2) — 2o f (551)
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The equation of the tangent line at the paiitf (£)) is

y=@@-=8f )+ ().

The tangent line intersects thye-axis at the point0, y) , where

y=—Ef+ 1)

Hence, the geometric meaning of Pompeiu’s mean value theorem is that the

i i —ayj i An Inequality of Ostrowski Type
tangent of the point¢, f (£)) intersects on thg—axis at the same point as the TS e

secant line connecting the points,, f (z1)) and (zs, f (x2)) . Theorem
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The following result holds.

Theorem 3.1.Let f : [a,b] — R be continuous oifu, b] and differentiable on
(a, b) with [a, b] not containind). Then for any: € [a, b] , we have the inequality

b
(3.1) a; f / Ft dt‘
9 An Inequality of Ostrowski Type
b—a |1 T — atb via Pompeiu’s Mean Value
< . 2 Hf_gf’” , Theorem
|z| |4 b—a e
S.S. Dragomir

wherel (t) = t, t € [a,b]. _

The constant is sharp in the sense that it cannot be replaced by a smaller Title Page
constant. Contents
Proof. Applying Pompeiu’s mean value theorem, for any € [a, b, there is 4« 44
a¢ betweenr andt such that p >

tf (@) —af(t)=[f()—&f (Ot —2) Go Back
giving Close
) Quit
3.2 t — t) < — —t
(32) tf (@) =2 O] < sup 1 €)= O]z~ oage © of 20
=f=tflllz =t
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for anyt,z € [a,b].
Integrating ovet € [a, b] , we get

(3.3) ‘f(m)/btdt—x/bf(t)dt‘

b
<17 = tF e [l =t
(2 —a)? + (b— x)Ql

~lf =t
9 a+b\>
—lf = | 0=+ (o= 250

and sincef” tdt = ¥
Now, assume thaB(2) holds with a constarit > 0, i.e.,

(3.4) |40 f /f dt‘

2
2
b—a r— ob ,
< k+<b_;> IF = f e

i

foranyz € [a,b].
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Considerf : [a,b] — R, f(t) = at + (; «, 3 # 0. Then
b b
ﬁ/ ftydt =2

and by (8.4) we deduce

a+b I} a+b b—a
2 (“*E)‘( 2 ‘”MS 2]

giving

a+ﬁ7

(3.5)

2
a+b T — ot
_ < (h — 2
5 x‘_(b a)k—l—(b_a)
foranyz € [a,b].

If in (3.5 we letz = a or z = b, we deducé > 1, and the sharpness of the
constant is proved. ]

The following interesting particular case holds.

Corollary 3.2. With the assumptions in Theoréiri, we have

a+b 1 b b—a)
(3.6) 'f( ! )—b_&/Gf(t)dtls —

( ,
= = -
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We will consider now the weighted integral case.

Theorem 4.1.Let f : [a,b] — R be continuous oifu, b] and differentiable on
(a, b) with [a, b] not containing). If w : [a, ] — R is nonnegative integrable on
[a, 0], then for eachr € [a, b] , we have the inequality:

(4.1) /abf(t)w(t)dt—f(x) /abtw(t)dt‘

<1~ 07 e s o) ([ wioyar - xbw@) i)

+ % (/:tw(t)dt—/:tw(t)dtﬂ.

Proof. Using the inequality%.2), we have

(4.2) ‘f(a:)/abtw(t)dt—a:/abf(t)w(t)dt‘

b
U= tf e [t d

I ef [/axw(t)($—t)dt+/:w(t)(t—x)dt}
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:||f—€f’||oo[x/jw(t)dt—/am ()dt+/ t—x/bw dt]
=il [ ([Cwerae- [wwa)+ [woa- ["wo

from where we get the desired inequality X). O

Now, if we assume thdt < a < b, then

An Inequality of Ostrowski Type

(4'3) {f tw( ) . < b, via Pomp_(?ir:gsol\(/laian Value
“ S.S. Dragomir
provided [ w (t) dt > 0.
With this extra hypothesis, we may state the following corollary. Title Page
Corollary 4.2. With the above assumptions, we have Contents
[P tw (1) dt 1 b « L
@4 |1 - [ « | »
[ w (t)dt [ w(t)dt
Go Back
(t)dt — ;w
< ||f Ef || f b f Close
[ w(t)dt
it
v P w (t) tdt — f tw (t) dt o
Page 13 of 20
f tw (t
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We assume in the following that< a < b.
Consider the division of the interval, b] given by

L,a=xy<x1 < - <xp_1<xy=0>0,

and¢; € [x;,xi41], 7 = 0,...,n — 1 a sequence of intermediate points. Define
the quadrature

S~ F(&) -
(5.1) &uw¢%=§j§f o
i=0 '
_ st f(gz) . Ti + Tiy1 s
=0 gl 2
whereh; := Tiv1 — i, 1 =0,...,n— 1.

The following result concerning the estimate of the remainder in approxi-
mating the integraff f (t) dt by the use of5,, (f, I,,, &) holds.

Theorem 5.1. Assume thaf : [a,b] — R is continuous ora, b] and differen-
tiable on(a, b) . Then we have the representation

b
(5.2) ‘/fwﬁzSMﬂ%®+RMﬁ%Q,

whereS,, (f, I,,,€) is as defined in¥.1), and the remaindeR,, (f, I,,, £) satis-
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fies the estimate

—p2 |1 g — il
(53)  [Ra(f1n6)| < IIf — (F]l Zg’ R e e
i=0 > ’

1

<o S < MY ||oozh2

Proof. Apply Theorem3.1on the intervalz;, z;,,] for the intermediate points

An Inequality of Ostrowski Type

gi to obtain via Pompeiu’s Mean Value
Theorem
e f&) @+ T
(54) / f (t) dt — 13 ’ 9 < hy S.S. Dragomir
é‘ Ti+Tit1 2
< —h2 - X2 —0f Title Page
<z |3+ (5 TEN
Contents
1
< —h2 — U < =—hI|f—Lf
for eachi € {0,...,n —1}. 4 d
Summing ovei from 1 to n— 1 and using the generalised triangle inequality, Go Back
we deduce the desired estimaie). O
Close
Now, if we consider the mid-point rule (i.e., we chodse= % above, Quit

ie€{0,...,n—1})
Page 15 of 20

n—1

B Z f Ti + Tit1 L

- - a8 %
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then, by Corollary3.2, we may state the following result as well.

Corollary 5.2. With the assumptions of Theoréni, we have

b
(5.5) t/fwﬁzwﬁwh%H%@h%
where the remainder satisfies the estimate:
If =l on B
) 1) < 0
(5.6) B (Il < 5= o

1f =0 &=,
< L X0 <
- 4a ;h’
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For0 < a < b, let us consider the means

A= A(ab) = a;b,
G =G (a,b) :=Va-b,
2
H = H (a,b) := ,
T
L=1L(ab) := o Z ™ (logarithmic mean),
I= = é ( ) (identric mean)

and thep—logarithmic mean

, p € R\{-1,0}.

b toto = [5755 |

It is well known that
H<G<L<L<I<A,
and, denotingly, := [ andL_, = L, the functionR > p — L, € R is
monotonic increasing.
In the following we will use the following inequality obtained in Corollary

3.2
60 |1(50) -5t [rww] < 2= - o
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providedd < a < b.

1. Consider the functiorf : [a,b] C (0,00) — R, f(t) =t*,p € R\ {-1,0}.

Then
r("57) = oy

2
b
i [ Fd=ra),

An Inequality of Ostrowski Type

Hf 5f/|| (1 - p) a? if pE (—OO, O) \ {_1} ) via Pompeiu’'s Mean Value
— = Theorem
e 1 —p|b? if pe(0,1)U(1,00). |
S.S. Dragomir
Consequently, byg.1) we deduce
(6.2) }AP (a,b) — LV (a,b)\ Title Page
(1-p)a?(b—a) . Contents
if pe(—o00,0)\{-1},
1 A(a,b) p € (=00, 0N -1} «“ b
! |1 —p|b?(b—a) . < >
f 0,1)uU (1 )
A(a,b) if pe(0,1)U(1,00)
Go Back
2. Consider the functiorf : [a,b] C (0,00) — R, f () = 1. Then Close
f (a + b) 1 Quit
2 ) Afab) Page 18 of 20
1 b 1
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, 2
1 = Mg = -
Consequently, byd 1) we deduce

b—a

6:3) 2a

0<A(a,b)— L, (a,b) <

L(a,b).

3. Consider the functiorf : [a,b] C (0,00) — R, f () =Int. Then

F(“57) = miatan,

2
bia/a F(#)dt =T (a,b)],

1 = 7 gy = e i (2)],

Consequently, byd 1) we deduce

A(a,b) b—CL a
4 1< <owd gy ()

Y

n

b

e

ik
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