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ABSTRACT. In this paper, it is shown that an extended Hardy-Hilbert's integral inequality with
weights can be established by introducing a power-exponent function of theaforht (a >

0,z € [0,+00)), and the coeﬁicien%m is shown to be the best possible constant
in the inequality. In particular, for the cage= 2, some extensions on the classical Hilbert’s
integral inequality are obtained. As applications, generalizations of Hardy-Littlewood’s integral
inequality are given.

Key words and phrasesPower-exponent function, Weight function, Hardy-Hilbert’s integral inequality, Hardy-Littlewood'’s
integral inequality.

2000Mathematics Subject Classificat 086D15.

1. INTRODUCTION

The famous Hardy-Hilbert’s integral inequality is

A R e A (x)dx}; {[ o <y>dy};,

wherep > 1, ¢ = p/(p — 1) and the constant™= is best possible (segl[1]). In particular, when
p=gq=2,the inequality@l) is reduced to the classical Hilbert integral inequality:

CEIN R LC I g dx}é{/jgzwy}%

where the coefficient is best possible.
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2 JA WEIJIAN AND GAO MINGZHE

Recently, the following result was given by introducing the power functionlin [2]:

bopb oy
(2.3) //%‘q;g)dxdy

< {w(t,p,q) /abx”f” €] dx} {w(t,q,p) /ab:v”gq (x) dw};,

wheret is a parameter which is independentadndy, w (¢, p, ¢) = === — ¢ (¢) and here the
pt

functiony is defined by
a/b ut—?-‘rl/r
@ (r) /O T T=D

3=

However, in[[2] the best constant f¢r (IL.3) was not determined.

Afterwards, various extensions on the inequalitjes](1.1) (1.2) have appeared in some
papers (such as|[3] 4] etc.). The purpose of the present paper is to show that if the denominator
x + y of the function on the left-hand side ¢f (IL.1) is replaced by the power-exponent function
ax'™® +by' Y, then we can obtain a new inequality and show that the coeﬁig@ﬁm

is the best constant in the new inequality. In particulay i#= 2 then several extensions of
(1.9) follow. As its applications, it is shown that extensions on the Hardy-Littlewood integral
inequality can be established.

Throughout this paper we stipulate that- 0 andb > 0.

For convenience, we give the following lemma which will be used later.

Lemmal.l.leth () = g

such thath (z) = 3 — ¢ (z).

z € (0, +00), then there exists a functign(z) (0 < ¢ (z) <

),

N =

Proof. Consider the function defined by

1
s(x) = —;x +Inz, z€(0,400).

It is easy to see that the minimum efz) is 2. Hences (z) > 2, andh(z) = 57! (z) < 3.
Obviouslyh (z) = ?11) > 0. We can define a nonnegative functiprby

l—z+zha
1.4 — .
(1.4) 0@ = i ramg © €O+
Hence we havé (z) = 1 — ¢ (z). The lemma follows. O

2. MAIN RESULTS

Define a function by

(2.1) w (r,z) = g0 <1

5 ¢ (x))r_ z € (0,+00),

wherer > 1 andy (z) is defined by[(1}4).
Theorem 2.1. Let

O</ w(p,x) fP(x)dr < 400, 0</ w(q,x)g? (x)dr < +o0,
0 0
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the weight functiow (r, z) is defined bl)}l5 +1=1,andp>g > 1. Then
[ f@)gy)
(2.2) /0 /0 PR S et
[ o » o0 . q
Sln; 0 0

whereu = (1/a)"/? (1/b)"/?and the constant factof is best possible.

3=

Proof. Let f (z) = F (2) {(axlﬂ)/}% andg (y) = G (y) {(by”y)’}%. Define two functions
by

(2.3) o= E@ {3 (ax”x)pq and
(ax1+z+by1+y)% bytv

{ arlte } 1+y
- C(;afllwi by”)y)q (2?61*)

Let us apply Holder’s inequality to estimate the right hand sidé of (2.2) as follows:

2.4 _JZ)gly) _
(2.4) /0 /0 az e 4 bylty dxdy ), afdxdy
AL [ ol ([ [ 7o)
0 0 0 0
It is easy to deduce that

(by' )’ azlte\ @
/ / aPdrdy = / / PR T (byHy F? (z) dxdy

_/ w F? (z) da.

0
We compute the weight functian, as follows:

o0 (by”y)/ azlte :
We = / 1+ 1+ ( 1+ ) dy
o axitT 4+ bytty \ byltty

1
o0 1 ar't®\ ¢ )
- Ttz I+y Tty d (by™™) .
o ar't®+by by

Lett = by'™¥ /ax'**. Then we have

1
<1 1Y)«
wq:/ —(_)th: ‘7T7r = ‘7-[_7'('
o 1+t \1t sin - sin

Notice thatF (r) = {(axlﬂ)'}_l/q f (z). Hence we have

(2.5) /0 h /D " oPdudy — siZg /0 h ((axm)’)l_p 7 () da,

and ,similarly,

26) | asiy == [ (00
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Substituting[(2.6) and (2.6) intp (2.3), we obtain
Cr _f@)g) m > N ’

X {/OOO ((byw)')l_ng (v) dy}q :

We need to show that the constant facieé% contained m@) is best possible.
Define two functions by

f(x):{ 0, z € (0,1)
(ax1+:c>—(1+é‘)/p (az™*) | € [1,400)
and
) 0, y€(0,1)
7= { (by" )~ by )y e (1, 400)

Assume that <e <L (p>g¢>1). Then
Hoo NP = too —1-¢ 1
/ ((axlﬂ) > fP(z)dx = / (az'*) d (az'**) = =~
0 1
Similarly, we have
1

/0 i ((by”%')” 7 ) dy = -

If

(2.8) /O°° /OOO %dwdy <k (/OOO ((axl—i—x)/) 1-p ]Ep () dl’>
1—

On the other hand, we have

/ / ax1+x+by1+yd rdy

a:L'H‘” -5 (a:EH"”)/} {(byHy)i% (byHy)l}
/ / dxdy

amler + blery

14e
0o (byHy) W ) e z
) {/1 gyt ) p{ (@) () Fao
%) o 1 ) ife
:/ {/ 1—+t (;) dt} (ax1+m)—1—ad(ax1+g;)
1 b/azlte

1+4+e

1/OO 1 (1)q
= - — [ - dt.
19 b/azlte 1—|—t t
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If the lower limit b/az'* of this integral is replaced by zero, then the resulting error is smaller

aglte)” . L. .
than%, whereq is positive and independent of In fact, we have
b/axlt® Lte b/ax't® 1420
/ N (1) Yt < / p~(e)/agy - (b/az™)
0 1+t \¢ 0 15}
where =1 — (1+¢)/q. If 0 <e < 3, then we may take: such that
1 2 1
yeq_ tte/2p _ 1
q 2p

Consequently, we get

[ _f@)i Lf =
2. — s s 1 .
Clearly, where is small enough, the inequality (2.7) is in contradiction wjth(2.9). Therefore,
= Is the best possible value for which the inequa(2.7) is valid.

Letu = az'*t* andv = by' ™. Then

1
u = az'" ( T +1In x) =ar'™h (7).
T

Similarly, we havey’ = by'*vA~! (y). Substituting them intd (2| 7) and then using Lenjma 1.1,
the inequality) yields after simplifications. The constant fagtéris best possible, where

1= (1/a)"?(1/b)"?. Thus the proof of the theorem is completed. O
It is known from [2.1) that

1 r—1 1 r—1
w (r,x) = U (§ — ¢ (90)) = (5) gD (1 — 920 ().
The following result is equivalent to Theorém[2.1.
Theorem 2.2. Lety (z) be a function defined b.4§,+ +=1landp>gq>1.If

0< / TP (1 _ 205 (2))P7! fP (2) dz < 400 and
0

0< / y =D (1 — 20 ()7 g7 (y) dy < +oo,
0

then
e flx)g(y)
2.1 7
(2.10) /0 /0 axt® 4 bylty drdy

S oo x
an; 0

X {/OO Y0 (1 20 ()7 g7 (1) dy}}] |

0

whereu = (1/a)"/? (1/b)"/Pand the constant factof“™ is best possible.

In particular, for case = 2, some extensions op (1.2) are obtained. According to Theorem
[2.7, we get the following results.
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Corollary 2.3. If

0< / g~ 1+ (% — (m)) f*(r)dr < 400 and
0

o 1
0 < / y (5 — (y)) 9 (y) dy < +o0,
0
whereyp (z) is a function defined by (1.4), then

e f@)gy) ™ = 4o (1
ey [7 [T A gty < T [Tt (S o) £ @
~ ) :
X {/ y Y (5 - sO(y)) 7 (v) dy} :
0
where the constant facte\/% is best possible.

Corollary 2.4. Lety () be a function defined by (1.4). If
0< / g~ 1+ (% — (:13)) f*(x)dr < 4o0,
0

NI

then

ey [ [T I gy < T [Tt (So @) Pl

where the constant factej%b is best possible.

A equivalent proposition of Corollafy 2.3 is:
Corollary 2.5. Lety () be a function defined by (1.4),

0< / =) (1 — 20 (2)) f2 () dz < 400 and
0

0< / y~ ) (1= 20 (y)) ¢° (y) dy < +o0,
0

2

then

Y R ACNAC) 7? e 2

X {/OOO y (1 =20 (y)) ¢° () dy} ,

where the constant facte% is best possible.
Similarly, an equivalent proposition to Corollgry .4 is:
Corollary 2.6. Lety () be a function defined by (1.4). If

0< /00 2~ (1 — 20 (2)) £2 (x) dz + oo,
0

then

ew [ AT aay < = [ a2 @) £ @)

where the constant fact% is best possible.
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3. APPLICATION

In this section, we will give various extensions of Hardy-Littlewood’s integral inequality.
Let f () € L?(0,1) andf (z) # 0. If

1
an:/x”f(x)dm, n=0,1,2,...
0

then we have the Hardy-Littlewood’s inequality (see [1]) of the form

3. a2 T p
(3.1) §an< /of (x)dx,

wherer is the best constant that keeps [3.1) valid. In our previous paper [5], the inequality (3.1)
was extended and the following inequality established:

(3.2) /000 f(x)dx < 71/0 h? (z) dz,

wheref (z) = fol t*h (x) dz, x € [0,400).
Afterwards the inequality (3]2) was refined into the form in the pdger [6]:

(3.3) Amf%@dxgw[fm%wﬁ.

We will further extend the inequality (3.3), some new results can be obtained by further
extending inequality] (3]3).

Theorem 3.1.Leth (t) € L*(0,1), h (t) # 0. Define a function by

f@%:A%Wthuw r € [0, +00),

whereu (z) = 2'**. Also, lety (x) be a weight function defined Hy (L.4).= p. q)

+o=1
andp > ¢ > 1. If

1
'p

o0 1 r—1
0< / gFo)d-r) (§ —p (x)) I7 (z) dx < +o0,
0

X(Amy“”m’”(%—%ﬁ@)fqWMw)é[fm“ﬁdt

where the constant factof™ in ) is best possible, and= (1/a)"? (1/b)"/".

Proof. Let us writef? (z) in the form:

f?(x) = /0 f (@) " |k (b)] dt.
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We apply, in turn, Schwarz’s inequality and Theolen) 2.1 to obtain

(/wa2 (x)dx>2 _ {/Ooo </01f(x)t“(’”) |h(t)|dt) da;}2

/1 h f(x) t“(”—l/?da;) tY2 |k (1)) dt}
0 0

(

( /0 Oof (x) t“(””“/de)th /0 1th2 (t)dt

</O°°f (@) tu(x)l/zdw) ( /Ooof (y) =Y 2dy) dt /0 o (1) d
(

2

/ T @) £y e 1dxdy> dt / i (1) dt
0 0 0

= (/j/j%dwdy) /Olth2(t)dt

3.5 > (1+y)(1-q) (1_ )ql q d e B2 (1) dt.
(3.5) X{/Oy 5 W f(y)y}/ot (t)dt

Sinceh (t) # 0, f2(z) # 0. Itis impossible to take equality i.5). We therefore complete
the proof of the theorem. O

An equivalent proposition to Theorgm B.1 is:

Theorem 3.2. Let the functions (), f (z) andu (z) satisfy the assumptions of Theorem 3.1,
and assume that

0< [ At (1 2 (@) @) de < oo (= pa)
0

Then

(36) (/0 f2 (x) dl‘) < 252% (/(; 2 (FE)(1=p) (1 — 2¢ (l.))p—l fP (x) dac) p

X (/OOO yHAD (1 =20 ()" [ (y) dy) é /Olthz (t) dt,

and the constant factof in ) is best possible, where= (1/a)"/? (1/b)"/.

In particular, wherp = ¢ = 2, we have the following result.
Corollary 3.3. Let the function& (¢), f (z) andu (z) satisfy the assumptions of Theofen] 3.1,

and assume that . .
0< / g~ 1+ (5 — (x)) f*(x)dr < 4o0,
0

whereyp (z) is a function defined by (1.4Then

3.7) (/ £ (2 dr) <\/—_b</ 7=(+) (%—gp(a:)) I (af)dx) /OlthQ (t) dt,
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and the constant fact% in @) is best possible.
A result equivalent to Corollafy 3.3 is:

Corollary 3.4. Let the functions: (¢), f (z) andu () satisfy the assumptions of Theofien 3.1,
and assume that

0< / =1 (1 — 20 (2)) £2 (x) dz < 400,
whereyp (z) is a function defined by (1.4). Then

(3.8) ( / £ (@ dx) 2;% ( /Ooom<1+x>(1—2¢(x)) f?(x)dx> /0 lthz(t)dt,

and the constant fact% in @) is best possible.
The inequalities| (3]4)] (3.6), (3.7) arid (3.8) are extensions df (3.3).
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