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Abstract

Some new Griss type inequalities in inner product spaces and applications for
integrals are given.
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In [1], the author has proved the following Griss type inequality in real or com-
plex inner product spaces.

Theorem 1.1.Let(H, (-, -)) be an inner product space ov&r(K = R,C) and
e € H, |e|]| =1.1f ¢,~,®,T are real or complex numbers andy are vectors
in H such that the conditions

(1.1) Re <(I)6 — T, T — g0€> > 0and Re <F6 — Y,y — 76) >0 Some Griiss’ Type Inequalities
in Inner Product Spaces
hold, then we have the inequality S.S. Dragomir
1

_ — < =D - I —~].
(1.2) [(@,9) = (@,¢) (e, ) < 712 — ¢l -0 =] Tl Page
The constant}; is best possible in the sense that it cannot be replaced by a Contents
smaller constant. <« >

Some particular cases of interest for integrable functions with real or com- < >
plex values and the corresponding discrete versions are listed below. Go Back
Corollary 1.2. Let f,g : [a,b] — K(K =R,C) be Lebesgue integrable and Close
such that

Quit

(L3) Re [(@ — £ () (F@) - )] 20, Re [~ g (x)) (30} ~7)] > 0 Page 3 of 23
fora.e.z € [a,b], wherep,~, &, I" are real or complex numbers anddenotes By mp— R

http://jipam.vu.edu.au
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the complex conjugate of Then we have the inequality

b
(L.4) ‘ﬁ/ f @) 9@ x——/f )dz-

The constanﬁ is best possible.

/ (x)dx

<d—o|- T =1
_4| ol I =]

The discrete case is embodied in

Corollary 1.3. Letx,y €K™ andy, v, ®,I" are real or complex numbers such
that

(1.5) Re[(®—2;) (i —P)] =20,  Re[(l'—u) (7 —

,n} . Then we have the inequality

=0

for eachi € {1,...

I~ . 1¢ 1

The constang Is best possible.

- 1
1.6 Tl < S 1@ — o T =~
(1.6) ;;y_4! o - |IT =4l

For other applications of Theoreinl, see the recent papei]]

In the present paper we show that the conditiori) may be replaced by
an equivalent but simpler assumption and a new proof of Thedréns pro-
duced. A refinement of the Griss type inequality2) , some companions and
applications for integrals are pointed out as well.
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The following lemma holds.

Lemma 2.1. Leta, x, A be vectors in the inner product spac¥, (-, -)) over
K(K =R,C) witha # A. Then

Re(A—z,x—a) >0

if and only if
. a+ A H < 1 HA _ aH Some Griiss’ Type Inequalities
2 - ’ in Inner Product Spaces
Proof. Define St LueEmill
]_ 2 a + A 2
L:=Re(A—z,2—a), b 521HA—CLH - Hx— 9 Title Page
A simple calculation shows that Contents
I = I, = Re[(z,a) + (4, z)] — Re (4, a) — [|=[|” « dd
and thus, obviouslyi; > 0 iff 15 > 0, showing the required equivalence. [ < 4
The following corollary is obvious CoEees
Corollary 2.2. Letx,e € H with ||e|| = 1 andd, A € K with § # A. Then Cllose
Re (Ae —z,x — de) >0 Quit
. . Page 5 of 23
if and only if 49820
A 1
Hx _ _5 + . 6“ < — |A — 5| . J. Ineq. Pure and Appl. Math. 4(2) Art. 42, 2003
2 2 http://jipam.vu.edu.au
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Remark 2.1. If H = C, then
Re[(A—=x)(z—a)] >0

if and only if

a+ A 1
— < -|A-
‘:U 2 '—2’ a”?

wherea,z,A € C. If H = R, and A > athena < z < A if and only if
o — A < 51A—d|.

The following lemma also holds.

Lemma 2.3. Letz, e € H with |le|| = 1. Then one has the following represen-
tation

(2.1) 0 < Jlz]|* = [z, e)|* = inf [l — Ae|*.
AeK
Proof. Observe, for any € K, that

(@ —de,x —(ze) e) = [|z]|* — [(z,€)]* — A [(e,2) — (e, 2) [le]|’]

Using Schwarz’s inequality, we have
2
[ll* = [z, )] = [{z = Ae,z — (z,¢) €)|”
< lz = Ae|l® llz = (z,€) ]|

= |lz = Aell* [llll* [z, €)’]
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giving the bound
(2.2) l2]1* = [(z, e)|* < [l = Ael*, A € K.

Taking the infimum in(2.2) over A € K, we deduce

2 2 . 2
1" = [z, )" < inf [lz — Ae]]

Since, for\y = (z,e), we get||z — \e||> = ||z]|* — |(z,e)|?, then the repre-

Some Griiss’ Type Inequalities

Sentatior’(2.1) is proved. [ in Inner Product Spaces
We are able now to provide a different proof for the Griss type inequality S.S. Dragomir
in inner product spaces mentioned in the Introduction, than the one from paper
[1]- Title Page
Theorem 2.4.Let(H, (-,-)) be an inner product space ovEr (K = R,C) and .
e € H, |e]| = 1. If ,~,®,T are real or complex numbers andy are vec-
tors in H such that the conditiongl.1) hold, or, equivalently, the following 4 dd
assumptions < S
o+ P 1 v+ 1 Go Back
(2.3) Hf—T'eHS§|‘I’—¢|, Hy— 5 §§’F—7|
Close
are valid, then one has the inequality Quit
1 Page 7 of 23
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Proof. It can be easily shown (see for example the proof of Theorem 1 from
[1]) that

N|=

25)  |(e,y) — (w,e) (e,9)] < [lall® — (. ))* [yl — (g, )]

foranyz,y € H ande € H, |le]| = 1. Using Lemma2.3 and the conditions
(2.3) we obviously have that

2 2135 - o+ 1
_ — _ < _rrr=. < Z|p —
llzl” =z, e)["]* = inf [lz = Ael < |lo = —; eH <5 l®—¢l
and
2 215 _ B <l _ T+ < Ja—
Hyll” = Ky, e)"]* = inf fly = Ae]| < Hy ell <510 =l

and by(2.5) the desired inequality2.4) is obtained.

The fact that; is the best possible constant, has been shown]iarid we
omit the details. N
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The following result improving1.1) holds

Theorem 3.1.Let(H, (-, -)) be an inner product space ov&r(K = R,C) and
e€ H, |e|]| =1.1f ¢,7,®,T are real or complex numbers andy are vectors
in H such that the condition§l.1), or, equivalently,(2.3) hold, then we have

the inequality

B1) [{r.) — {r.e) )] < 1@ — |- [0~

— [Re (Pe — z,x — pe)]

NI

Proof. As in [1], we have

32 oy —(x.e) le.y)” < [llzll” = [z, )] [Ilyll® — Ky. )],

(33) [el* = (. e)f
= Re [((IJ —(x,e)) ((aj, e) — @)} — Re (®Pe — z,x — pe)

and

34 yl* = [y, )
= Re [(F —(y,€)) ((y,e} — 7)} — Re(T'e — z,x — ve) .

[Re (Te —y,y —e)]? .
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Using the elementary inequality
4Re (ab) < la+0b)*; a,beK(K=R,C)

we may state that

(3.5) Re[(@ — (r.)) (T )] < {1 — P
and
(3.6) Re[(0 = (y.e)) () —7)] = 7 10—,

Consequently, by3.2) — (3.6) we may state that

B.7) [z,y) — (z,e) (e, )

< |31 o (Retoe — oo - et |

[0l = (IRetre =y —0lt) |

Finally, using the elementary inequality for positive real numbers

(=) () < oy = o)’
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we have

[}1 @ — ¢ — ([Re (@e — 2,2 - m]é)z}

[0 = (IRe e =y —2e)

N|=

< (}l]q)—@]-\F—y!—[Re(fbe—x,x—goe)] [R6<F€—y,y—7€>};) ;

Some Griiss’ Type Inequalities
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The following companion of the Griss inequality in inner product spaces holds.

Theorem 4.1.Let(H, (-, -)) be an inner product space ov&r(K = R,C) and
ec H, |le| =1.1f~,I" e Kandz,y € H are such that

(4.2) Re Fe—x+y,x+y—'ye >0
2 2
. Some Griiss’ Type Inequalities
or, equwalently, in Inner Product Spaces
T+ Yy v +T 1 S.S. Dragomir
4.2 — cell < =T —
. . Title Page
then we have the inequality
Contents
1
(4.3) Re [(z,y) — {z,€) {e,9)] < 7 [T =" «“ S
. G . 4
The constant}; is best possible in the sense that it cannot be replaced by a
smaller constant. Go Back
Proof. Start with the well known inequality Cloze
1 Quit
2
(4.4) Re (z,u) < Z||Z+U” , z,u € H. Page 12 of 23

Since
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then using4.4) we may write

@5)  Rel(r,) — (¢} (e,9)] = Rellz — (¢} e,y — {y,¢) )]
< 2l = (ebe+y— (ye)el?

x+y_ x+ye f2
2 2 7

2

z+y|* ‘<x+y > ) N
= — ,€ Some Griss’ Type Inequalities
2 2 in Inner Product Spaces
If we apply Griiss’ inequality in inner product spaces for, say, b = “1¥, we S.S. Dragomir
get
) ) Title Page
T+y T+y 1 9
4.6 — <-|I'— )
(4.6) 9 ‘< 9 7€> = 4| ’V\ Contents
_ <« 43
Making use of(4.5) and(4.6) we deducé€4.3) .
The fact that; is the best possible constant(in3) follows by the fact that if < >
in (4.1) we chooser = y, then it become®e (I'e — x, 2 — ve) > 0, implying Go Back
0 < [lz)|* = |{z,e)]* < 1T —~J*, for which, by Griiss’ inequality in inner
. . Close
product spaces, we know that the const?rﬁ best possible. O
Quit

The following corollary might be of interest if one wanted to evaluate the

absolute value of Page 13 of 23

Re[(z,y) — (z,¢) (e, )]

J. Ineq. Pure and Appl. Math. 4(2) Art. 42, 2003
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Corollary 4.2. Let(H, (-, -)) be an inner product space ovEr(K = R,C) and

ec H, |le| =1.1f,T e Kandx,y € H are such that

+ +
4.7) Re<Fe—I y’x y—fye>20
2 2

or, equivalently,

rxxy ~v+T 1
4. — cell < =T —
@3 Y- e <51,
then we have the inequality

1
(4.9) [Re [(z,9) = (. ) (e;y)]| < 710 ="
If the inner product spacé is real, then(for m, M € R, M > m)
+ +
(4.10) <Me e et me> > 0
2 2

or, equivalently,

+ M 1
(4.11) Ty _mEM < (M—m),

2 2 2
implies

1

(4.12) {2, y) = (2, €) (e, y)| < 7 (M — m)*.

In both inequalitieg4.9) and (4.12) , the constant is best possible.
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Proof. We only remark that, if

Re<Fe—I;y,I_y—fye>>O

holds, then by Theorer. 1, we get

1
Re [~ (z,y) + {z.€) (e.,y)] < 710 =1,
showing that
1
(413) Re [<$7y> - <£E, €> <€7y>] > _Z|F_7|2'
Making use of(4.3) and(4.13) we deduce the desired res(it9) . O

Finally, we may state and prove the following dual result as well

Proposition 4.3. Let (H, (-,-)) be an inner product space ov& (K = R,C)
ande € H, |le]| =1.If p,® € Kandz,y € H are such that

(4.14) 1@“@—@ﬂ»«%@—¢ﬂgo,
then we have the inequalities

(4.15) |z — (z,e)e| < [Re(x — Pe, 56'—906”%

wl%

1
M$—¢%‘HM—¢%]2
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Proof. We know that the following identity holds trusee(3.3))

(4.16) |[|z[|* = [{z, e)[*
= Re [((I)— (x,e)) (W—@ﬂ + Re (x — ®e,z — pe) .

Using the assumptiofil.14) and the fact that
lz]* = [z, e)|* = [l — (z, ) ell?,

by (4.16) we deduce the first inequality {.15) .
The second inequality i(4.15) follows by the fact that for any,w € H
one has

1
Re (w,v) < 5 (ol +[lv])

The proposition is thus proved. ]
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Let (2, >, 1) be a measure space consisting of alsed o —algebra of part&
and a countably additive and positive measu@n X with values inRU {oco} .
Denote byL? (2, K) the Hilbert space of all real or complex valued functigns
defined o2 and2—integrable o, i.e.,

AJf@Wdu@%<w

The following proposition holds

Proposition 51.1f f,.g,h € L*(Q,K) and ¢, ®,~,T' € K, are such that
[y 1h(s)]*du(s) = 1and

(5.1) /QRe [((I)h (s) —

| e [rn ) - (

or, equivalently

Q
—~
V)
~—
|
2|

=
—~
»
~
N———
(I
QU
=
—~
»
~—
\
S

52) (éf%)—ggfm>(mwv <o —gl,
'+~ 2 : 1
(égww~7;w@>du@> <3Ir-al,
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then we have the following refinement of the Griss integral inequality

(5.3)

‘Aﬂﬁﬂﬂm®—Kﬁ@ﬁ@ﬂﬂﬁéh®5@w¢)

1
<D — -0 =
_4| ol | =7

<_[jgykgﬁéh(@-—f(@)(?T57—¢%75>]du($

< [ Re[n ) = 9 6)) (5~ 7)) <s>} g

The constant is best possible.

The proof follows by Theoren3.1 on choosingdd = L? (9, K) with the
inner product

)= [ £ 5GIns).
We omit the details.

Remark 5.1. It is obvious that a sufficient condition f@5.1) to hold is

Re |(@h(s) = £ () (F(5] — R ()] = 0.

and

Re |(Dh(s) = 9 (s)) (9(s) = 7h (5))] = 0.
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for u—a.e.s € Q, or equivalently,

’f(s) - ?h(s)‘ < %ycb — ||k (s)| and

909 - S50

for y—a.e.s € Q.

1
< I =11k (s)],

The following result may be stated as well.

Corollary 5.2. If 2, Z,t,T € K, n(2) < co and f,g € L?(2,K) are such
that:

(5.4) Re|(Z~f(s) (F(5)-2)| 20,
Re [(T—g(s)) (m—t_)] > fora.e.s €

or, equivalently

24+ 7 1
55 -2 < g1z,
T 1
g(s)—t% §§|T—t| fora.e.s € Q

then we have the inequality

(5.6) \ﬁ [ 556

1 1
_m/gf(s)du(s)-m/gg(s)dﬂ(s)
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i | [ re[Z =760 (T - 2)] o)

XL&{@—M@NRQ—QLM®F

Using Theoremt.1we may state the following result as well.

Proposition 5.3.1f f, g, h € L? (Q,K) andv,T € Kare such thayf,, | (s)|> du (s)
=1 and

(5.7) /QRe{[Fh (s) — M}

<1z -1 -

1
4

or, equivalently,

(5.8) (L.ﬂ@+g@>

2 2
then we have the inequality

(W)I:me@w%W@

=

z)\
—
—~
=
=
©
=¥
=
©

{o\¢
>
S
N}
S
oW
=
@

L

< - —+f.

AN
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If (5.7) and (.8) hold with “ & " instead of “ + ", then
1
(5.10) 1) < ;P ="
Remark 5.2. It is obvious that a sufficient condition fo5.(/) to hold is

(5.11) Re{[l“h(s)— f@;g(s)] : m;m—w‘z(s)] } >0

Some Griiss’ Type Inequalities

. in Inner Product Spaces
for a.e.s € ), or equivalently P

S.S. Dragomir
T 1
(5.12) ‘f@ ;g(s) _ 7; h(s)' < SIP =1k (s) forae.seq
Title Page
Finally, the following corollary holds. Contents
Corollary 5.4. If Z,2 €e K, 1 () < co and f, g € L? (22, KK) are such that <« Y
(5.13) Re Z—f(5)+g(5> f(5)+g<5)—z >0 fora.e.s € Q ‘ '
) 2 2 - o Go Back
. Close
or, equivalently
Quit
Z 1
(5.14) ’f(s)-gg(s)_z; ‘§§\Z—z| forae.sec Q. Page 21 of 23
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then we have the inequality

J = ﬁ / Re /()5 (3)] du (s)
1

1
re | [ 10 o [ i)
1 () Jo 1 (2) Jo
1
< 1 1Z — 2.
If (5.13 and (5.14) hold with “ &+ " instead of “ + ", then SOTne|S;gf;rZﬁ%itlg%iizgles
1 S.S. Dragomir
(5.15) 1J| < Z!Z—z|2.
Remark 5.3. It is obvious that if one chooses the discrete measure above, then Title Page
all the inequalities in this section may be written for sequences of real or com- Contents
plex numbers. We omit the detalils.
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