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ABSTRACT. A class of univalent functions which provides an interesting transition from starlike
functions to convex functions is defined by making use of the Ruscheweyh derivative. Some co-
efficient inequalities for functions in these classes are discussed which generalize the coefficient
inequalities considered by Owa, Polatoğlu and Yavuz.
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1. I NTRODUCTION

Let N denote the class of functions of the form

(1.1) f(z) = z +
∞∑

n=2

anz
n

which are analytic in the open unit discU = {z ∈ C : |z| < 1}.
We designateV(β, b, δ) as the subclass ofN consisting of functionsf obeying the condition

(1.2) <
{

1− 2

b
+

2

b

Dδ+1f(z)

Dδf(z)

}
> β

where,b 6= 0, δ > −1, 0 ≤ β < 1 and Dδf is the Rushceweyh derivative off [5] given by,

(1.3) Dδf(z) =
z

(1− z)1+δ
∗ f(z) = z +

∞∑
n=2

anBn(δ)zn,
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where∗ stands for the convolution or Hadamard product of two power series and

Bn(δ) =
(δ + 1)(δ + 2) · · · (δ + n− 1)

(n− 1)!
.

This class is obtained by puttingk = 2 and λ = 0 in the classVλ
k (β, b, δ) introduced by Latha

and Nanjunda Rao [2]. The classVλ
k (β, b, δ) is of special interest for it contains many well

known as well as new classes of analytic univalent functions studied in literature. It provides
a transition from starlike functions to convex functions. More specifically,V0

2 (β, 2, 0) is the
family of starlike functions of orderβ and V0

2 (β, 1, 1) is the class of convex functions of order
β. Shams, Kulkarni and Jahangiri [6] introduced the subclassSD(α, β) of N consisting of
functionsf satisfying

(1.4) <
{

zf ′(z)

f(z)

}
> α

∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣+ β

for someα ≥ 0, 0 ≤ β < 1 andz ∈ U .
The classKD(α, β), another subclass ofN , is defined as the set of all functionsf obeying

(1.5) <
{

1 +
zf ′′(z)

f ′(z)

}
> α

∣∣∣∣zf ′′(z)

f ′(z)
− 1

∣∣∣∣+ β

for someα ≥ 0, 0 ≤ β < 1 andz ∈ U .
We introduce the classVD(α, β, b, δ) as the subclass ofN consisting of functionsf which

satisfy

<
{

1− 2

b
+

2

b

Dδ+1f(z)

Dδf(z)

}
> α

∣∣∣∣2b Dδ+1f(z)

Dδf(z)
− 1

∣∣∣∣+ β

where,b 6= 0, α ≥ 0, and0 ≤ β < 1.
For the parametric valuesb = 2, δ = 0 and b = δ = 1 we obtain the classesSD(α, β) and
KD(α, β) respectively.

2. M AIN RESULTS

We prove some coefficient inequalities for functions in the classVD(α, β, b, δ).

Theorem 2.1. If f(z) ∈ VD(α, β, b, δ) with 0 ≤ α ≤ β, or, α > 1+β
2

, then f(z) ∈
V
(

β−α
1−α

, b, δ
)
.

Proof. Since<{ω} ≤ |ω| for any complex numberω, f(z) ∈ VD(α, β, b, δ) implies that

(2.1) <
{

1− 2

b
+

2

b

Dδ+1f(z)

Dδf(z)

}
> α

∣∣∣∣2b Dδ+1f(z)

Dδf(z)
− 2

b

∣∣∣∣+ β.

Equivalently,

(2.2) <
{

1− 2

b
+

2

b

Dδ+1f(z)

Dδf(z)

}
>

β − α

1− α
, (z ∈ U).

If 0 ≤ α ≤ β, we have,0 ≤ β−α
1−α

< 1, and if α > 1+β
2

, then we have−1 < α−β
α−1

≤ 0. �

Corollary 2.2. For the parametric valuesb = 2 and δ = 0, we get Theorem2.1 in [3] which
reads as:
If f(z) ∈ SD(α, β) with 0 ≤ α ≤ β, or, α > 1+β

2
, then f(z) ∈ S∗ (β−α

1−α

)
.

Corollary 2.3. The parametric valuesb = δ = 1, yield the Corollary2.2 in [3] stated as:
If f(z) ∈ KD(α, β) with 0 ≤ α ≤ β, or, α > 1+β

2
, then f(z) ∈ K

(
β−α
1−α

)
.
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Theorem 2.4. If f(z) ∈ VD(α, β, b, δ) then,

(2.3) |a2| ≤
b(1− β)

|1− α|

and

(2.4) |an| ≤
b(1− β)(δ + 1)

(n− 1)|1− α|Bn(δ)

n−2∏
j=1

(
1 +

b(δ + 1)(1− β)

j|1− α|

)
, (n ≥ 3).

Proof. We note that forf(z) ∈ VD(α, β, b, δ),

<
{

1− 2

b
+

2

b

Dδ+1f(z)

Dδf(z)

}
>

β − α

1− α
, (z ∈ U).

We define the functionp(z) by

(2.5) p(z) =
(1− α)

[
1− 2

b
+ 2

b
Dδ+1f(z)
Dδf(z)

]
− (β − α)

(1− β)
, (z ∈ U).

Then, p(z) is analytic inU with p(0) = 1 and<{p(z)} > 0 and z ∈ U .
Let p(z) = 1 + p1z + p1z

2 + · · · . We have

(2.6) 1− 2

b
+

2

b

Dδ+1f(z)

Dδf(z)
= 1 +

(
1− β

1− α

) ∞∑
n=1

pnz
n.

That is,

2(Dδ+1f(z)−Dδf(z)) = bDδf(z)

(
1− β

1− α

∞∑
n=1

pnz
n

)
.

which implies that

2Bn(δ)(n− 1)an

(δ + 1)

=
b(1− β)

(1− α)
[pn−1 + B2(δ) + a2pn−2 + B3(δ)a3pn−3 + · · ·+ Bn−1(δ)an−1p1] .

Applying the coefficient estimates|pn| ≤ 2 for Carathéodory functions [1], we obtain,

(2.7) |an| ≤
b(1− β)(δ + 1)

|1− α|(n− 1)Bn(δ)
[1 + B2(δ)|a2|+ B3(δ)|a3|+ · · ·+ Bn−1(δ)|an−1|] .

For n = 2, |a2| ≤ b(1−β)
|1−α| , which proves(2.3).

For n = 3,

|a3| ≤
b(1− β)(δ + 1)

2|1− α|B3(δ)

[
1 +

b(1− β)(δ + 1)

|1− α|

]
.

Therefore(2.4) holds for n = 3.
Assume that(2.4) is true for n = k.
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Consider,

|ak+1| ≤
b(1− β)(δ + 1)

kBk+1(δ)

{(
1 +

b(1− β)(δ + 1)

|1− α|

)
+

b(1− β)(δ + 1)

|1− α|B2(δ)

(
1 +

b(1− β)(δ + 1)

|1− α|

)
+ · · ·+ b(1− β)(δ + 1)

(k − 1)!|1− α|Bk(δ)

k−2∏
j=1

(
1 +

b(1− β)(δ + 1)

j(|1− α|)

)}

=
b(1− β)(δ + 1)

kBk+1(δ)

k−1∏
j=1

[
1 +

b(1− β)(δ + 1)

j(|1− α|)

]
.

Therefore, the result is true forn = k + 1. Using mathematical induction,(2.4) holds true for
all n ≥ 3. �

Corollary 2.5. The parametric valuesb = 2 and δ = 0 yield Theorem2.3 in [3] which states
that:
If f(z) ∈ SD(α, β), then

(2.8) |a2| ≤
2(1− β)

|1− α|

and

(2.9) |an| ≤
2(1− β)

(n− 1)|1− α|

n−2∏
j=1

(
1 +

2(1− β)

j|1− α|

)
, (n ≥ 3).

Corollary 2.6. Putting α = 0 in Corollary 2.5, we get

(2.10) |an| ≤
∏n

j=1(j − 2β)

(n− 1)!
, (n ≥ 2),

a result by Robertson[4].

Corollary 2.7. For the parametric valuesb = δ = 1 we obtain Corollary2.5 in [3] given by:
If f(z) ∈ KD(α, β) then,

(2.11) |a2| ≤
(1− β)

|1− α|

and

(2.12) |an| ≤
2(1− β)

n(n− 1)|1− α|

n−2∏
j=1

(
1 +

2(1− β)

j|1− α|

)
, (n ≥ 3).

Corollary 2.8. Letting α = 0 in Corollary 2.7, we get the inequality by Robertson[4] given
by:

(2.13) |an| ≤
∏n

j=1(j − 2β)

n!
, (n ≥ 2).
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