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Abstract

We introduce reverse convolution inequalities obtained recently and at the same
time, we give new type reverse convolution inequalities and their important ap-
plications to inverse source problems. We consider the inverse problem of de-
termining f(t), 0 < t < T, in the heat source of the heat equation d,u(z,t) =
Au(z,t) + f(t)p(x), z € R", t > 0 from the observation u(xg,t),0 <t < T, ata
remote point o away from the support of ¢. Under an a priori assumption that
f changes the signs at most N-times, we give a conditional stability of Holder
type, as an example of applications.
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For the Fourier convolution
(Feo)a) = [ s 0ale)de

the Young’s inequality

(1.1) 1F o glle <Ml llglle,  f € Lp(R), g € Lg(R),

ri=pt+q¢ =1 (pgr>0),

is fundamental. Note, however, that for the typical cas¢,of € L,(R), the
inequality (L.1) does not hold. In a series of papeis][- [16] (see also}]) we
obtained the following weighted, (p > 1) norm inequality for convolution

Proposition 1.1. ([ 15]). For two nonvanishing functions; € L,(R) (j = 1, 2),
the L, (p > 1) weighted convolution inequality

1_
(1.2) H((le) % (Fapa)) (p1 % pa)v 1Hp < e, @ jory 120 2, g

holds forF; € L,(R,|p,|) (j = 1,2). Equality holds here if and only if
(1.3) F;(z) = Cje™,

wherea is a constant such that” € L,(R, |p;|) ( = 1,2). Here

Pl = { [ IF@PIp) as}

o0
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Unlike the Young's inequality, inequalityl(2) holds also in casg = 2.

Note that the proof of Propositian1is direct and fairly elementary. Indeed,
we use only Holder's inequality and Fubini's theorem for exchanging the orders
of integrals for the proof. So, for various type convolutions, we can also obtain
similar type convolution inequalities, se&/] for various convolutions.

In many cases of interest, the convolution is given in the form

whereG(z — ) is some Green’s function. Then inequality) takes the form Reverse Convolution
Inequalities and Applications to
17% Inverse Heat Source Problems
(1.5) | (Fp) =G, < llelly " 1GI, 1 Fl 1, @& - o
Saburou Saitoh, Vi Kim Tuan and
wherep, F', andG are such that the right hand side aff) is finite. Masahiro Yamamoto
Inequality (L.5) enables us to estimate the output function
o0 Title Page
1.6 F Glx—¢&)d
(1.6) | _FenecE—ga S
in terms of the input functio’ in the related differential equation. We are also <4< >

interested in the reverse type inequality farg), namely, we wish to estimate
the input functionF' by means of the outputlL(6). This kind of estimates is
important in inverse problems. One estimate is obtained by using the following Go Back
famous reverse Hélder inequality

< >

Close
Proposition 1.2. ([19], see also [0, p. 125-126]). For two positive functions Quit
f and g satisfying
Page 4 of 24
2.7) O<m§£§M<oo
g
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on the setX, and forp,¢ > 1, p™' + ¢ ' =1,

(18) ( / fdu> ( / gdu)é <A (§) [ £oan

if the right hand side integral converges. Here

3 =

/N
—_
|
~
S =
N———
N
—_
|
~
Q|
N———
Q|

Then, by using Propositioh.2 we obtain, as in the proof of Propositidril,
the following

Proposition 1.3. ([ 16]). Let F; and F; be positive functions satisfying
1 1
(1.9) 0<my < Fi(z) < MP < oo,
1 1
0<my <Fy(x) <My <oco, p>1, zelR

Then for any positive continuous functignsand p,, we have the reverske,—
weighted convolution inequality

~1
mimo
(12.10) {Apvq (W)} ||F1||Lp(3,p1) HFQHL,,(R,pQ)

= ”((Flpl) « (Fap)) (pr # pa)r ™!

p
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Inequality (L.10 should be understood in the sense that if the right hand side

is finite, then so is the left hand side, and in this case the inequality holds.
In formula (L.10 replacingp, by 1, and Fy(z — &) by G(z — £), and inte-
grating with respect ta from c to d we arrive at the following inequality

d—¢

1) {a., ()} ([ e d&)p_l | moned [

—0o0 —00 c—¢&

<f ( [ r@ne - gac)

if positive continuous functiong, F', andG satisfy

(1.12) 0<mr < FE)G(x—&) <Mr, z€led, ¢cR

Inequality (L.11) is especially important whe@(z — &) is a Green'’s function.

We gave various concrete examples Iri][from the viewpoint of stability in
inverse problems.
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In connection with Propositiof.2 which gives Propositiord.3, Izumino and
Tominaga {] consider the upper bound of

(S a) (8) - AY b

for A > 0, forp,q > 1 satisfying% + é = 1 and for positive numbera; }7_,

and{b; }}_,, in detail. In their different approach, they showed that the constant Reverse Convolution

A, ,(t) in Proposition1.2 is best possible in a sense. Note that the proof of  nequalities and Applications to
’ " . . . . . . Inverse Heat Source Problems

Propositionl1.2 is quite involved. In connection with Propositidn2 we note

i ; ; Qi ; Saburou Saitoh, Vii Kim Tuan and
that the following version whose proof is surprisingly simple fyel v

Theorem 2.1.In Propositionl.2, replacing f andg by f? and g4, respectively,

we obtain the reverse Holder type inequality Title Page
5 i ma —L Contents
2.1 rq 1dp )" < <_> g dy.
@D </xf M) (/Xg M) T \M ngu <4 >
Proof. Sinceg—j < M,g> M sfi,therefore < >
Go Back
_1 1+2 _1 D
fg=M of Te =M af Close
and so, Quit
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On the other hand, sinee < J;-f f> m%g%, hence

/fgdu > /m;’g”gdu = m> /quu,
{/fgdu}q > mpi {/quu}q~

Combining with @.2), we have the desired inequality

{/fpdu}; {/g"du}3 < M {/fgdu};mp; {/fgdﬂ};
- (%)pq/fgdu.

and so,
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In reverse convolution inequalityl (10), similar type inequalities forn; =
my = 0 are also important as we see from our example in Seectiorfror
these, we obtain a new reverse convolution inequality.

Theorem 3.1.Letp > 1,6 > 0,0 < a < T,andf,g € L(0,T) satisfy
(3.1) 0< f,g<M < oo,
Then

O<t<T.

1

2p_2 T+6 t P
32 | loen 9l < M5 (/ ( / f(S)g(t—S)dS) dt)

In particular, for
t
= [ 5= s)gts)as.
0

and fora = 0, we have

O0<t<T

£l 2,0 191 2, (0,6) <M *9||L10T+5)
Proof. Since0 < f,g < M for0 <t < T, we have

(3.3) /f t—spds—/f P lg

< M / F()g(t — s)ds.

— )" f(s)g(t — s)ds
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Hence

/m(/f t—spds>dt<M2p2/T+6</f t—s)ds)d.

On the other hand, we have

[ ([rorm-ors)a-

T+6

T+6
/ g(t—s pdt) f(s)Pds

T+5 T+6—s Reverse Convolution
p P Inequalities and Applications to
/ ( dn) f(s)Pds
0

Inverse Heat Source Problems

T T+o—s Saburou Saitoh, Vi Kim Tuan and
> (/ )pdn) f( )pds Masahiro Yamamoto
0
> / (/ g(n )”dn) f(s)Pds Title Page
e 0
Contents
= A1, @ 1911%, 0.6):
_ 44 >»
Thus the proof of Theorerd.1is complete. ] > N
Go Back
Close
Quit
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We consider the heat equation with a heat source:

(4.1) Owu(z,t) = Au(x,t) + f(t)p(z), zeR", t>0

(4.2) u(z,0) =0, r e R"

We assume that is a given function and satisfies

©>0, £0 in R,

(4.3) ¢ has compact supporty € C*(R"), if n >4 and

v € Ly(R™), if n <3.

Our problem is to derive a conditional stability in the determinatiory @,
0 <t < T, from the observation

(4.4)

u(zo, t), 0<t<T,

wherez, & suppy.

We are interested only in the casewgf¢ supp ¢, because in the case where
xg IS in the interior ofsupp ¢, the problem can be reduced to a \Volterra integral
equation of the second kind by differentiationtiformula @.8) stated below.
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Moreoverz, ¢ supp ¢ means that our observatiof.{) is done far from the set
where the actual process is occuring, and the design of the observation point is

easy.
Let

(4.5) K(xt)—;e_% reR" t>0
. ) (2\/%)” ) ) .

Then the solution: to (4.1) and @.2) is represented by

Reverse Convolution

¢ Inequalities and Applications to
4.6)  wu(z,t)= / K(x—y,t —8)f(s)e(y)dyds, x=e€R" t>0 Inverse Heat Source Problems
o Saburou Saitoh, Vi Kim Tun and
(e.g., Friedmand]). Therefore, setting Masahiro Yamamoto
(4.7) oo (t) = K(zo —y,t)p(y)dy, t >0, Title Page
]Rn
Contents
we have
' 44 44
@8)  uloo.t)=hoy(t) = [ palt - s)f(s)ds, 0<t<T, B
0
. . . . . . . . Go Back
which is a Volterra integral equation of the first kind with respecf t&ince
Close
li dkﬂmo(t = (A*@)(x9) =0, keNuU{0 i
tll%l dtk )_ ()0) l’o) — Y { } Quit

. Page 12 of 24
by xq ¢ supp ¢ (e.g., []), the equation4.8) cannot be reduced to a \olterra 998 220

equation of the second kind by differentiatingtirHence, even though, for any
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m € N, we take theC"-norms for data:, the equation4.8) is ill-posed, and

we cannot expect a better stability such as of Holder type under suitable a priori

boundedness.
In Cannon and Esteval], an estimate of logarithmic type is proved: let
n = 1 andy = ¢(z) be the characteristic function of an interyal b) C R.

Set
<M.
C[0,00)

Letxy ¢ (a,b). Then, forT > 0, there exists a consta6t = C' (M, a, b, xy) >
0 such that

>f

_ s =0, ||¥ o
(4.9) Vy = {f € C*[0,00); f(0) =0, Hdt dt?

C[0,00) ’

C
(4.10) F()] < ,
O < (g Taleo, Mo P

0<t<T,

for all f € V. The stability rate is logarithmic and worse than any rate of
Holder type:||u(zo, -)[|7, (0. for anya > 0. For @.10), the conditionf € Vi,
prescribes a priori information and.(L0 is called conditional stability within
the admissible seV);. The rate of conditional stability heavily depends on
the choice of admissible sets and an observation pginAs for other inverse
problems for the heat equation, we can refer to CanAfprClannon and Esteva
[4], Isakov [/] and the references therein.

We arbitrarily fix M > 0 andN € N. Let

(4.11) U ={f € C0,T]; | fllcor < M,
f changes the signs at masttimes}.

Reverse Convolution
Inequalities and Applications to
Inverse Heat Source Problems

Saburou Saitoh, Vi Kim Tuan and
Masahiro Yamamoto

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 13 of 24

J. Ineq. Pure and Appl. Math. 3(5) Art. 80, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ssaitoh@math.sci.gunma-u.ac.jp
mailto:vu@mcc.sci.kuniv.edu.kw
mailto:myama@ms.u-tokyo.ac.jp
http://jipam.vu.edu.au/

We takel{ as an admissible set of unknowfis Then, within/, we can show
an improved conditional stability of Holder type:

Theorem 4.1. Let p satisfy ¢.3), andxy & supp p. We set

4
<3
4—n’ =

(4.12) p>

1 n > 4.

Y

Then, for an arbitrarily gived > 0, there exists a constatt = C(xq, ¢, T, p, 6,U)
> 0 such that

1

(4.13) HfHLp(O,T) < OlJu(wo, ')HZT(O,T—HS)

forany f € U.
We will see thatims;_,o C' = oo and, in order to estimaté over the time
interval (0, 7"), we have to observe(z,, -) over alonger time intervdD, 7'+9).

Remark4.1 In the case of. > 4, we can relax the regularity of to H*(R")
with somea > 0, but we will not go into the details. In the caserok 3, if we
assume thap € C*°(R"™) in (4.3), then in Theorem.1we can take any > 1.

Remarkd4.2 As a subset of{, we can take, for example,
Pn = {f; f is a polynomial whose order is at mastand|| f||cp ) < M}.

The conditionf € U is quite restrictive at the expense of the practically reason-
able estimate of Holder typé ().
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Remark4.3. The a priori boundedness$f|cpo,; < M is necessary for the
stability.
Example4.1 Letn =1,p > 2 and

0 lz| <7, |z| >R,
(4.14) o(z) =
NZS
< < R.
v <lal
R Convoluti
We setro = 0. Then’ by 47)’ we have Inequalﬁ;ézrsaiid oAr;\;?i(l:Jz;t(i)gns to
1 ) Inverse Heat Source Problems
(4.15) po(t) = e p(y)dy, burou Saitoh, Vi Kim Tuén and
2Vt Jrciyi<m e
so that
1 _&r2 1 2 Title Page
4.16 —e < pp(t) < —e @ t> 0.
(4.16) \/Ee P mlt) < A Contents
We choosef,, as 44 4 4
1 4 >
(4.17) folt) = —=e"ni,  t>0,n€eN.
\/E Go Back
Thenf,, does not change the signsih (') andlim,, ., maxo<i<r | f(t)| = 0. Close
The corresponding solution,,(x,t) of (4.1) — (4.2) with f, is estimated as .
. Quit
follows:
| ( )‘ ‘ ( ) ( ) . 1 2 ) Page 15 of 24
u,(0,t)] = / to(t — s) fn(s)ds §/ e 4t=s) —e nsds,
0 0 Vv t—s \/5 J. Ineq. Pure and Appl. Math. 3(5) Art. 80, 2002
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and so

T T t 1 -2 1 )
/ |un (0, 1)]dt < / (/ e =9 ewds) dt
0 0 0o Vt—s Vs
T T -2
(/ 1 TA(t—s) dt) ie_ids
s Vt—s NG

Reverse Convolution

T = O
1 _»»2 Inequalities and Applications to
= Qﬁ/ _776 an d77- Inverse Heat Source Problems
0
Saburou Saitoh, Vii Kim Tuan and
Next Masahiro Yamamoto
T N nT »
fat)Pdt = Wl/ e 2dn
0 0 Title Page
Therefore, for anyy € (0,1), we have Contents
1 1
(fOT fn(t)pdt> p néii (fonT eign_%dn) p 44 4 2
- 5 > pe - —— 00 asn — oo < >
L —_—
(fo n (0, t)dt) (2\/Tf0 vit dﬁ) Go Back
by p > 2. Hence the stability of the typé (4) is impossible fop > 2. Close
Remark4.4. For our stability, the finiteness of changes of signs is essential. In Quit

fact, we take Page 16 of 24

(4.18) fu(t) = cosnt, 0<t<T,neN.
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Then f,, oscillates very frequently and we cannot take any finite partition of
(0, T) where the condition on signs id (1) holds true. We note that we can

take M = 1, thatis,|| f, | cpo,m < 1 for n € N. We denote the solution tei (1)
—@.2for f = f, byu,(x,t). Then

MMﬁzéuﬁ%@h@%
=Aum@nu—@%

t t
= cos nt/ o (S) cOs nsds — sin nt/ o (8) sinnsds.
0 0

BY 1., € L1(0,T), the Riemann-Lebesgue lemma yields,, .. u,(zo,t) =0
forall t € [0,T + 0]. Moreover we readily see that

T+6
|t (20, 1) < / o (S)ds < 00, neN 0<t<T+0.
0

Therefore, by the Lebesgue convergence theorem, we can conclude that
Tim [ (20, )12, 0.7+ = 0.
Forn = 1, we can choosg = 2 in Theorem4.1. We have

T .
T sin2nT
(H)dt = — ,

so thatlimy, . || fa|| o0,y # 0. Thus any stability cannot hold fgf,, n € N.
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4.1

Suppose thaf changes the signs at< ¢t; <ty < ... <t; =T,1 < N.
Without loss of generality, we may assume tliat 0 on (0,¢,). Sincef € U,
we see thaf satisfies 8.1). Meanwhile since.,,(t) is positive and bounded,
for some constanB > 0, Bpu,,(t) satisfies 8.1). We apply Theoren3.1 on
(0,4), settinga = 0 andg(t) = B, (t). SettingCy = B ||ty ||, (00)
(C1 > 0), we obtain

g 222 1
(5.1) [ flzp00) < Cf MU [fu(zo, ')||zl(o,t1+5)‘

Next we will prove

(5.2) |u($07 t1>| S CQHU(QTO; ')||[E/1(07t1+5)7

where the constant’;, > 0 depends onp, T, 4, p. Henceforth the constants
C; > 0,7 > 2, are independent of the choicek t; < t; < --- <ty <T.

Proof of 6.2). Let Ly(R™) be the usual,-space with the normy- || and let— A
be the operator defined by

(5.3) (—Au)(z) = Au(z), =z €R", D(A) = H*(R™).
Then—A generates an analytic semigroup?, ¢ > 0 and, by the definition of
H?*(R"™) and the interpolation inequality (e.g., Lions and Magengs jve see
that

(DA") = H*(R™),

ull 2eeny < C3(O)|A%ull,  u € D(A).
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Moreover
(5.4) ||A‘e‘“‘|| < 03(6)75‘5
and

(5.5) u(t) = u(-,t) = /0 e DA £ (5)p(-)ds, t>0

(e.g., Pazy [1]). By the Sobolev inequalityH*(R") C L>®(R") if 4¢ > n
(e.g., Adams[]), we haveD(A*) c L>*(R") and

(5.6) lull(ny < Ca(O)|A%ull,  w € D(A).
Case:n < 3.

We can take

(5.7) (= % +¢e9 <1 with a sufficiently smalk, > 0.

Letq > 1 satisfy; + = 1. Sincep > T, we havey < 2, therefore we can
choose:sy > 0 suﬁiciently small such that

(5.8) ql < 1.

Hence, by 5.4), (5.5 and the Hélder inequality, we obtain
t1

69 Aul < [ Ife]lae s
0

< / (1 — ) f(s)]ds

o[- s>-q€ds); ([ \f(s)!”dsf

Reverse Convolution
Inequalities and Applications to
Inverse Heat Source Problems

Saburou Saitoh, Vi Kim Tuan and
Masahiro Yamamoto

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 19 of 24

J. Ineq. Pure and Appl. Math. 3(5) Art. 80, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ssaitoh@math.sci.gunma-u.ac.jp
mailto:vu@mcc.sci.kuniv.edu.kw
mailto:myama@ms.u-tokyo.ac.jp
http://jipam.vu.edu.au/

Consequently, by5(8), we have

1
g i) ry
lA ()] = Cs | 1= ” 1z, 0,) < Cs T—qt [ f 1 zp00.80)-

Therefore $.1) and £.6) yield (5.2).
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Case:n > 4.

By ¢ € C5°(R"), we havep € D(AY) for ¢ € N. Therefore the estimate of

| Afu(t)]| is simpler than in 5.9):

HAE (t1)| —(ta— SAAegpds

< / F(s)llle™ 4] A ds
< Cell fllea.) < Coll fllz,00)-
Thus 6.1) and 6.6) complete the proof ofH.2).

Next we will estimate| f{| 1, +,)- By (4.8), we have

(5.10) —u(zo,t) =

t1

Takinga = t{, T =ty iIn Theorem3.1, we obtain

2p_2 ta+d %
(611) ||y < M5O (/ |—u<xo,t>+u<xo,t1>|dt)

t1

2p—2 1
<M pp Cfl("u(‘x07 ‘>‘|L1(t1,t2+5) + T|u($0,t1)|)17.

Therefore we applyH.2), and

_ 2p—2 1
(5:-12)  [Ifllzper.e) < MM (o, L, 0 avs)

+ oM

p—2_1 1 p%
P TPOQ ||u(l’0, ')||L1(0,t1+5)

—u(zo,t1) + /t oo (t—8)(—f(5))ds, t1 <t <ty
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<CIMTT s ;
< 7 4 Ju(zo, ')|‘L1(t1,t2+6)Hu($0’ -)”Ll(tl,t2+6)
L1 =
+ T CY |Ju(wo, ')||Zl(o,t1+6)}

2p—2 p—1 L

11 =
< CTTM T (TM) 7 +TrCF)[ulwo, 2 (0.016)-

Here, sinceu(x, t) is bounded, we take a positivé’ such thatu(zg,t)| < M’.
By (5.1) and 6.12), we can estimatgf|| ., o,)- Continuing this argument until
t; =T, we can complete the proof of Theorehi.
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