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ABSTRACT. Inthis paper, we obtain a class of refined Carleman’s Inequalities with the arithmetic-
geometric mean inequality by decreasing their weight coefficient.
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1. INTRODUCTION

Let {a,} 7> be a non-negative sequence such that> "> a,, < +oc0, then, we have

“+o00 —+o00
(1.2) Z(alaz...an)l/n < eZan.
n=1 n=1

The equality in[(1.]1) holds if and only if, = 0,n = 1,2, .... the coefficient is optimal.
Inequality [1.1) is called Carleman’s inequality. For details please refer to [1, 2]. The Carle-
man’s inequality has found many applications in mathematics, and the study of the Carleman’s

inequality has a rich literature, for details, please refer'tol[3, 4]. Though the coeftiggeapti-
mal, we can refine its weight coefficient. In this article we give a class of improved Carleman’s
inequalities by decreasing the weight coefficient with the arithmetic-geometric mean inequality.

2. Two SPECIAL CASES

In this section, we give two special cases of refined Carleman’s inequality. First we prove
two lemmas.
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Lemma2.1l.Form = 1,2,..., the inequality

(2.1) <1+%)m§e(1— 1—mz/e)

holds, where the constait— % ~ 0.2642411 is best possible.

Proof. Inequality

(2.2) (1+%)m <e (1—%)

is equivalent tg? < m — 2 (1 + %)m

Let f(z) =1 — L (1 4+ )7,z € (0,1].

It is obvious that the functiofi is decreasing on the intenvdl, 1]. Consequently; = f(1) =
1 — 2 is the optimal value satisfying inequalify (2.2), $0 {2.1) holds. The proof of Le@a 2.1
follows.

Lemma2.2.Form =1,2,..., the inequality

(2.3) (1 + i) < ;11
ANTEES

holds, where the constaﬂlg — 1 2 0.442695 is the best possible.

Proof. Inequality

1\" e
(2.4) (1 s —) <
m (1+3)
is equivalent to
1
< .
“Cha+ry "
Let . .
= = 1].
1) In(l+z) = v€ (.1

Since the functiory is decreasing on the intervid, 1], o« = f(1) = 5 — 1 is the optimal value
satisfying inequality[(2]4), and thus (2.3) holds. The proof of Lerpmia 2.2 follows. O

Theorem 2.3.Let {a,},> be a non-negative sequence such that >~ a,, < +oc. Then
the following mequalltles hold:

<% 1-— 2/6
(25) Z(alag. l/n < e Z (1 — ) Ay
n=1
and
00 Y o0 a
(2.6) (araz...a,)"" <e - T
2o 2 (14 Lyms!

Proof. Let¢; > 0 (¢ = 1,2,...). According to the arithmetic-geometric mean inequality, we
have

1
1/n
(craicaas -+ - cpay,) n < - E Con G -
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Consequently,
&= o= C1a1C202 ChQ 1/n
e n _nfn
N
n=1 n=1
—+o00
= Z(CICQ e Cn)_l/n(01a102a2 e Cnan)l/n
n=1
“+00 1 n
< C109 - cy) M= Con O,
< 2l 2
“+oo “+oo 1
_ —1/n
= Crn Gy —(cico- - ¢y .
2 2 (e )
Letc,, = (mmj'% (m=1,2,...). Thencicy - - - ¢, = (n+1)", and
“+o00 “+oo
1 1 1 1
- R T VA - - =
— n(0102 cn) ; nn+1) m
Therefore
+o0 400 c +o0 1 m
27 coa) < Gy = 14+ — -
(2.7) ;(alag an) _mz:%ma mz:%(—i-m) a

According to Lemma 2|1 and 2.2, and substituting(for- 2)™ of inequality {2.7), so[(2]5)
and [2.6) follow from Lemmas 2.1 apd 2.2.
The proof is complete. !

3. A CLASS OF REFINED CARLEMAN 'S INEQUALITIES
In this section we give a class of refined Carleman’s inequalities. First we have the following
inequality
Lemma 3.1. Form = 1,2, ..., the inequality
1\" e(1-2
3.1) (1+1) <ellmu),
m (1+3)
holds, wherd) < a < 5 — 1,0 < <1 — 2, andef + 27 =e.

Proof. Inequality [3.1) is equivalent to

m—+ao
(3.2) ﬁgm—m(1+l> .

€ m

If
1 1 1 1
=———(1 Ehl ,0<a< — —1,
fa) === —(1+a)" ze (01, 0<a < —
then f is decreasing on intervaD, 1]. Consequentlyp = f(1) = 1 — 12'*“ is the optimal
value satisfying inequality (3,2). Moreoveér< 3 < 1— 2, andef + 2'** = ¢. So (3.1) holds,
The proof is complete. O
Remark 3.2. If & = 0, theng = 1 — 2, and we obtain Lemnfa 2.1; if = 0, thena = 15 — 1,
and we obtain Lemma2.2.
Similar to Theorem 2|3, according to Lemima]3.1, we have
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Theorem 3.3.Leta, >0 (n=1,2,...), 0 <> "% a, < +oo, then

400 y +o0 (1_ﬁ)
ceap) "t < T Uy,
nz:l(alaQ ap) emZ:l (1+ %> a

wherea, g satisfy0 <o < &5 —1,0< 3 <1—2,andef + 2" =e.

Remark 3.4. Theoren] 2.8 gives two special cases of Thedrerh 3.3.40, = 1 — 2, and

a =5 — 1,8 = 0, we can obtain (2|5) anfl (2.6) in Theorem|2.3 respectively.
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