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Abstract

The general Euler two-point formulae are used with functions possessing var-
ious convexity and concavity properties to derive inequalities pertinent to nu-
merical integration.
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One of the cornerstones of nonlinear analysis is the Hadamard inequality, which
states that ifa,b] (¢ < b) is a real interval andf : [a,b] — R is a convex
function, then

(1.1) f (a;rb> < bia/ Ft)dt < M

Recently, SS D_ragomi_r and R.P. Agarwa]l {:onsider_ed the trapezoid_for- Note on Dragomir-Agarwal
mula for numerical integration of functiorfssuch that /’|* is a convex function Inequalities, the General Euler
for someg > 1. Their_approach was ba_seql on estimating the differer_lce between TW‘EEﬁL’:XF;’:;‘C‘{'SﬁS""”d
the two sides of the right-hand inequality ih {). Improvements of their results

were obtained inq]. In particular, the following tool was established. A Vukelie
Suppose : I° C R — Ris differentiable o’ and such thaltf’|? is convex
on[a, b] for someg > 1, wherea, b € I°(a < b). Then Title Page
Contents
1z |[f@+10) f ot @I+ 1 G)

' 2 b —a 2 ' <4 >
Some generalizations to hlgher-order convexity and applications of these results 4 >
are given in []. Related results for Euler midpoint, Euler-Simpson, Euler two- Go Back
point, dual Euler-Simpson, Euler-Simpssf8 and Euler-Maclaurin formulae
were considered in/] and for Euler two-point formulae irf] (see also §] and Close
[2)). S Quit

In the paper4] Dah-Yan Hwang procured some new inequalities of this type Page 3 of 23

and he applied the result to obtain a better estimate of the error in the trapezoidal
formula.
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In this paper we consider some related results using the general Euler two-
point formulae. We will use the intervé, 1] because of simplicity and since it
involves no loss in generality.
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In the recent paper] the following identities, named the general Euler two-
point formulae, have been proved. Lgte C"([0,1],R) for somen > 3 and
letz € [0,1/2]. If n=2r — 1, r > 2, then

(2.1) /f _

while forn = 2r, r > 2 we have

[f (@) + (1 =2)] = Ta(f)

l\:JIn—l

1 1
— Cr=D(FE_ | (t)dt
3 | IR

@2 [ =515+ (-] =T
AL

and

@3 [ =50+ 7 (-0~ 1)

g, 170G 0

Here we defind;(f) = 0 and forl <m < |n/2|

Tu(f) = ; Békk(;) [FeF=1(1) —

FED0)]
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Gi(t)=B:(z—t)+ B (1—x—1t)
and
Frt)=Bi(r—t)+B:(1—x—1t)— By(x) — B,(1 — 2),

where Bi(-), k > 0, is the k-th Bernoulli polynomial andB;, = B;(0) =
Bi(1)(k > 0) the k-th Bernoulli number. ByB;(-)(k > 0) we denote the
function of period one such thét(z) = By(z) for0 <z < 1.

It was proved in §] that F*(1 — ¢) = (=1)"F*(t), (-1)"'Fg._,(t) > 0,
(—1)"Fig.(t) > 0forz € [0 T - ) andt € [0,1/2],and(—1)"F5._,(t) > 0,

1
ENES
(=) 'F5(t) > 0forz e (Lf %} andt € [0,1/2]. Also
2

! 1
/ |F5_ ()] dt = ’BQT (5 — :r;) — Bo,(1)
0

/0 \F2.(1)] dt = 2| By ()]

Y

and .
| 165, 01dt < 4iBata))
0

With integration by parts, we have that the following identities hold:

® - [ R (D)
[ B (=2 -5 ()]
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2) Ca(x) = / g (Y)dy

1
x Yy Note on D ir-A I
(3) 03(3:) = / (1 - y)Funl (5) dy Ineguzlgir:es,r&%oggne?;ngaer
0 Two-Point Formulae and
1 y Convex Functions
—— | -y Fr (1——)d
/o 1= 9)Fs 2) Y A. Vukelic
2
= _B2T(x)7
Title Page
. ) Contents
@ o) = [ (3 dy= [ B (1-3) dy=-2Bula) «  »
0 0
4 >
1
© o) = [ urs (3)dy SOLEEE
0 Close
! y
= / yFs, (1 - 5) dy Quit
0
8 B B 1 B Page 7 of 23
- Gy B - Bea (52| - Bt

J. Ineq. Pure and Appl. Math. 6(1) Art. 19, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:avukelic@pbf.hr
http://jipam.vu.edu.au/

6) Col) = / =y (5)dv

= [(a-wr (- Y)ay

- iz [P (3 7) ~ Bote)] - Bute)

(7) Crlo) = | G5 (L) dy - / o (1Y) ay o,

|8  Cslo)= /0 s, (1) dy
Z/OlyG% (1—%) dy
-/ - (L)
= [l (1-4)ay

T (2 1;8(27“ +2) [B””(I) ~ Baree (% B x)} ’

Theorem 2.1. Supposef : [0,1] — R is n-times differentiable and: <

1 1 1 1
0.3 -75) v (a3
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(a) If | f(|"is convex for some > 1, then forn = 2r — 1, r > 2, we have

(2.4)

/0 Ot — 21 (@) + f(1— @)+ Ty (1)

2
2 1 -
< —|B [ - B r
< P (3-7) ~ B
J[rey) @I e
973 2 Note on Dragomir-Agarwal
Inequalities, the General Euler
r 1\ |9 % Two-Point Formulae and
+ ‘502(1,)‘ . ‘f(?r—l) (§> :| Convex Functions
A. Vukelic
If n =2r, r > 2,then
1 Title Page
1
(2.5) / f&)dt — 5[]“(:1:) + f(1—a)]+ Tr_l(f)' Contents
0
_1
< Ba@Tr (11 T EOF + W] “«  o»
= (2r)! 2° 2 < >
1 (2r) 1\ |? 7 Go Back
+[esea] 12 (3)]
and we also have Quit
1 1 Page 9 of 23
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SmB@grﬁ{F

[ o ()

(b) If | f™|"is concave, then for = 2r — 1, r > 2, we have

@7) | [ =5l + F1 =] + T ()

gl [ ()

+

If n =2r, r>2,then

@8) | [ = 5l + 0= ]+ Tr)

)

_|_

q+ﬁ®Mﬂﬂ]

(2r—1) |C’3(x +%CQ(33)‘
4 ( Ci()] )“‘

|C6 + 5C5(x )‘
~ ( Ci(w)] )“‘

Q=

Note on Dragomir-Agarwal
Inequalities, the General Euler
Two-Point Formulae and
Convex Functions

A. Vukelic

Title Page

Contents
44 4 4
| | 2
Go Back
Close
Quit
Page 10 of 23

J. Ineq. Pure and Appl. Math. 6(1) Art. 19, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:avukelic@pbf.hr
http://jipam.vu.edu.au/

Proof. First, letn = 2r — 1 for somer > 2. Then by Hoélder’s inequality

R <>+fu—xﬂ+ﬂluﬂ
< Qr_l /\F | eI | dt
SQE;E;ﬁ(A V§4@ﬂﬁ)ké(AwFﬁqﬁﬂﬂﬂ%*Kﬂqﬁ>;
ot (e (b))

: :
x | g(2r—1) q
([ 1l ) )

Now, by the convexity of f?"~1|7 we have
/\@;1 £ de
=/\@q®wuwﬂwﬁﬁ+/u@1|\ﬂ””ﬂwt
0
_ 1 ' x Y (2r—1) 1\ |
—5/0 F2r1(§)"f ((1_9)'0+y'§)

dy
1! y 1
- T _ 2. |f@r-1) — ). .z
+2/0 F5 4 (1 2)‘ 'f <(1 ?J) I+y 2>

q

dy
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o 2(2r — 1)

1
<
-2

|

/ -z () dy‘ e Do)

1
e (YN gul g0 (L

w| [ (8) a0 (3)

1 . y
+ /(1—9)Fzr—1(1_§

0

! ) (2r—1) 1
+ /0 yFo._y (1—5)0@”]“ (§>

q

)]

|

On the other hand, iff*"~|" is concave, then

2(2r — 1)! /‘2“

1

2(2r — 1)

>[A1F

Fe_ (1 -

1

1
/
0

T
2r—1

Y

<_

2

f ﬁ——()+f@—whﬂkﬂﬁ‘

2r 1) }dt

)| ‘f@rl) ((1

g)) : ‘f@”) ((1 —y)-

1/2 1
Fy | f@r=1) d FZ | .| f2r=1) d
)[A Fa )5 s [ R 0] s @|4

1
—y)-0+y-—>‘dy

2

1
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1 1 Y
S| N OL
< s || 75 ()
1 x
Jo B (3) (1 =) -0+ - D)y
% f(2r—1) :
o B (2) dy
1
+ / P (1-9) dy‘
0 2
L N D ir-A |
oy (1 ER 0= (1= 9) 14y Dy
X f 1 ) Two-Point Formulae and
‘fo Fy (1 — %) dy‘ Convex Functions
so the inequalityZ.4) and @.7) are completely proved. A Vel
The proofs of the inequalitie2 (5), (2.8) and @.6) are similar. O
Title Page
Remark 1. For (2.7) to be satisfied it is enough to suppose that™ | is a ?
concave function. For ifg|? is concave ando, 1] for someg > 1, then for Contents
z,y € [0,1] andA € [0, 1] « >
lg(Az+ (1= Ny)|? = Alg()|” + (1 = N]gW)|* = (Alg(z)[ + (1 = M]g(y))?, < >
by the power-mean inequality. Therefogeis also concave ofv, 1]. Go Back
Remark 2. If in Theorem2.1 we choser = 0,1/2,1/3, we get generaliza- Close
tions of the Dragomir-Agarwal inequality for Euler trapezoid (s€d | Euler Quit

midpoint and Euler two-point Newton-Cotes formulae respectively.

. - Page 13 of 23
The resultant formulae in Theoreinl whenr = 2 are of special interest, so J

we isolate it as corollary.
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Corollary 2.2. Supposef : [0,1] — R is 4-times differentiable and: €

1 1 1 1
0.3 -75) (a3

(@) If | | is convex for some > 1, then

1
e = J17 @)+ (1= 2]+ 17 - 0]
0
1 3 1]"a Note on D ir-Agarwal
< 55 (220 -5t o Inequalitis, the General Euler
Two-Point Formulae and
Convex Functions
i o8 OO + [P
X [:c 20° + ’ 5 A. Vukelié
oF
o Title Page
|t 24on (3)] :
Contents
and if | f*)|? is convex for some > 1, then «“ Y
pwd - @+ ra - o+ L ) - £ 2
0 2 12 Go Back
1 11-a |
< - _ 9,3 n 2 Close
24 |" 30 p——
X[%x"’_x4+$3_ ’\f ;\f 1) Page 14 of 23
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1
1 1
e S 17 @)+ (1= 2]+ 517 - 0]
0
‘—5(34 + i Note on Dragomir-Agarwal
< i 203 2+ i f(3) 2 240 Inequalities, the General Euler
— 24 2 16 ‘—41:3 4+ 322 -1 Two-Point Formulae and
8 Convex Functions
x4 5a2 23 »
N f(3) 5 = 213 + T 180 A. Vukelic
T _
Title Page
and if | /] is concave, then Contents
1 1 1 / 44 44
[t =31f @)+ 10 - 0]+ 5170 - FO) T
1 U] ] ‘—%Jr?ﬂf?’—%Jr%
< — |zt =223+ a? — —
48 30| || | —dat + 823 — 42 + 2|
Quit

E_ 4 3 11z | 7
22° + 3z 5 +160

Page 15 of 23
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Close
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Now, we will give some results of the same type in the case when.

Theorem 2.3. Suppos¢ : [0, 1] — R is 2-times differentiable.

(@) If | f'|? is convex for some > 1, then forz € [0, 1/2] we have

| s =3l + 1 -

1-1
< |8I2 — 4z + 1| ! . 2x2 —2r + 2 |f/(0)|q + |f,<1)‘q Note on Dragomir-Agarwal
>~ A 3 9 Inequalities, the General Euler
Two-Point Formulae and
1 1 q % Convex Functions
2 !
+ ’_255 +2z+ g‘ f (5) ] A. Vukelié
q >
If | f”| is convex for some > 1 andz € [0, 1/4], then Title Page
1 1 Contents
| =5 + 1 - o)
0 44 44
1—1
—6224+6z—1 201 _ 3/2 a <4 >
B R e YI@E L
- 4 i 8 2 Go Back
1
5 1\ "]« Close
el I
24 2 Quit
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while forz € [1/4,1/2] we have

[ stoyie= 315w + 50— )

1

62?1 60_1| 9

6x°46x—1
3

<2 [ - é’ 7O 1
+ |—2x2 + 2z — %' f (%) q} ! .

(b) If | f’| is concave for some > 1, then forz € [0, 1/2] we have
| s =5l + 1 - a)

<sllr (= eeral) [+ (

If |f”| is concave for some > 1 andz € [0,1/2], then

| s =5l + 1 -a)

1 |—2x2+2x—i
< =3 43z —<| || f” 2
= ‘ e 3Hf |62 + 62 — 2|

ol

+

5
2_ —
T x—i—6DH

" ‘—2x2+2x— i—é
d | =322 + 3z — 1| ‘
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Proof. It was proved in §] that forz € [0,1/2]

8r2 —4dxr +1

1
| Fr i = ==,
forx € [0,1/4]

—6224+6xr—1 2

1
| 1B olar = =R 2 -
0

w

and forz € [1/4,1/2]

—622 4+ 62 — 1

1
Fy(t)|dt =
| s '

So, using identitiesA 1) and @.2) with calculation of Cy(z), Cs(z), Cs(x),
Cy(x), Cs(x) andCs(x) similar to that in Theoren2.1 we get the inequalities
in (a) and (b). O]

Remark 3. For z = 0 in the above theorem we have the trapezoid formula and
for | f”|9 a convex function anflf”| a concave function we get the results from

[4].

If | /|7 is convex for some > 1, then

1

O+ £ (3) 11+ LF )] °

N

w

[ s 5+ ] < 5 [
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and if | f'| is concave, then

[ o= Js0+ s < 5 |

@G

For = = 1/4 we get two-point Maclaurin formula and then|jf |7 is convex
for someg > 1, then

! 1 1 3 .
_ _ _ —_ N Di -A |
[ swa3r (5) + (3)
1 Two-Point Formul_ae and
1 [7|f’(0)\q + 34| f (%) 7+ 7|f/(1)‘q] a Convex Functions
<= y
-8 24 A. Vukelic
and if| f”|? is convex for some > 1, then Title Page
Contents
! 1 1 3
Joa=g]r(5)+1(3)] “« | »
1
_ L [BlOl 1617 (5) 17 4 317 )] 4 g
~ 96 4 ) Go Back
Cl
If | f'| is concave, then 058
Quit
! 1 1 3 1 17 31
t)dt — — - - <= == Page 19 of 23
frrem=3 @)= @] =5 [ @) G
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and if | f”| is concave for some > 1, then

Jroon=3 e (&) s Ol = [ ()l ()]

For x = 1/3 we get two-point Newton-Cotes formula and theffif? is
convex for some > 1, then

/Olf(t)dt—% {f (%) +f (g)” < 35_6 [\f’(())\uﬂf/ éé) - fl(l)“]é

and if | f”|7 is convex for some > 1, then

[roow=3ls(G)+sG)]

1 [7!f”(0)\q + 3417 (3) 11+ 7rf”<1>\q] 3

6 16

If | /| is concave, then

RSIORIE) B

and if | f”| is concave for some > 1, then

[roow=3le(G)+s ()] <5

i
f(ﬁ)\*
ey
d (@)’*

)
(@)
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For x = 1/2 we get midpoint formula and thenl|if’|? is convex for some
q > 1, then

i (%)' <3 [’f/(())’q F101f (3) |7+ \f’(l)\"] q

12

and if | f”|7 is convex for some > 1, then

o Note on D ir-Agarwal
Nd 3| f7(0)]7 + 14] £ () |7+ 3| f"(1)]7 Inequalities, the General Euler
f t— = 24 ] Two-Point Formulae and
Convex Functions
If | /| is concave, then A Vukelic
1 5 7 i
 roas (3)] = ¢ [ (o)l + b (35)
Contents
and if | f”| is concave for some > 1, then <« >
5 7 13 < >
[ s (3)] = 5 [ ()| + | ()]
Close
Quit
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