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Abstract

In this paper we obtain some new Schwarz related inequalities in inner product
spaces over the real or complex number field. Applications for the generalized
triangle inequality are also given.
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Let (H;(-,-)) be an inner product space over the real or complex number field

K. One of the most important inequalities in inner product spaces with numer-

ous applications, is the Schwarz inequality; that may be written in two forms:

Ly W&y <l=l*lvl*, =.yeH  (quadratic form)
or, equivalently,
(1.2) (e < llzll Iyl =yeH  (simple form).

The case of equality holds id. (1) (or (1.2)) if and only if the vectors: andy
are linearly dependent.

In 1966, S. Kurepall4], gave the following refinement of the quadratic form
for the complexification of a real inner product space:

Theorem 1.1.Let (H; (-, -)) be a real Hilbert space andHc, (-, -)-) the com-
plexification ofH. Then for any pair of vectors € H, = € Hc
1 _
(1.3) (2 a)el” < 5 llall” (ll2lle + {2 2)el) < llall*[lz]e.-
In 1985, S.S. Dragomir, Theorem 2] obtained a refinement of the simple
form of the Schwarz inequality as follows:

Theorem 1.2. Let (H;(-,-)) be a real or complex inner product space and
x,y,e € H with ||e]| = 1. Then we have the inequality

(1.4) lzlHlyll = Kz, y) — (2, €) (e, y)| + [(z, €) (e, y)| = [{z, )] -
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For other similar results, se&][and [].
A refinement of thaveaker versiomf the Schwarz inequality, i.e.,

(1.5) Re (z,y) <[ llyll, =yecH

has been established in]]

Theorem 1.3. Let (H;(-,-)) be a real or complex inner product space and
z,y,e € Hwith|le]| =1. If 1,75 > 0andz,y € H are such that

A Potpourri of Schwarz Related

(L6) le =yl = 72 =71 2 lllzll = Iyl R G
then we have the following refinement of the weak Schwarz inequality S.S. Dragomir
1
(1.7) Izl lyll = Re (z,9) > 5 (5 =r1) ~ (20). Title Page
Contents
The constan§ is best possible in the sense that it cannot be replaced by a larger
quantity. <44 >
< >

For other recent results see the paper mentioned akdve, [
In practice, one may need reverses of the Schwarz inequality, namely, upper Go Back
bounds for the quantities

Close
2 2 2 .
2]l lyll = Re(@,y), [zl [ylI" — (Re (z,y)) Quit
and Page 4 of 34
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or the corresponding expressions whieg z, y) is replaced by eithéRe (x, y)|
or |{x,y)|, under suitable assumptions for the vecterg in an inner product
space(H; (-, -)) over the real or complex number fiekd

In this class of results, we mention the following recent reverses of the
Schwarz inequality due to the present author, that can be found, for instance,
in the book {], where more specific references are provided:

Theorem 1.4.Let(H; (-,-)) be an inner product space ov&r (K = C,R) . If
a,A € Kandzx,y € H are such that either

(1.8) Re (Ay — z,x — ay) > 0,
or, equivalently,

A+a

(1.9) ;

T — Y

1
< Sla-alll,

then the following reverse for the quadratic form of the Schwarz inequality

1200 (0 <) 2| llyl* = [z, )
a 2
HA=al Iyl = |22 lyll* — ()]
YA = al lylI* = lylI* Re (Ay — =,z — ay)

1
L 14— al Iyl

IN

holds.
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If in addition, we haveke (Aa) > 0, then

Re [(A +a) (x, A
iy el < 5 SUOEDEI D ey,
and
2 2 2 A— 2 2
@12 Ol Il -l < - i

Also, if (1.8) or (1.9) are valid andA # —a, then we have the reverse of the
simple form of the Schwarz inequality

A —
@13 O el Il - Lol < Bl = [Re | (]
A+ta 1 |JA—al*, .,
< - - _
< el Il - Re | 502 | < - 552

The multiplicative constantsand ; above are best possible.

For some classical results related to the Schwarz inequality,'$efl 1],
[15], [1€], [17] and the references therein.

The main aim of the present paper is to point out other results in connection
with both the quadratic and simple forms of the Schwarz inequality. As appli-
cations, some reverse results for the generalised triangle inequality, i.e., upper

bounds for the quantity

03 il -

n
PRE
i=1
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under various assumptions for the vectoyss H, i € {1,...,n}, are estab-
lished.
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The following result holds.

Proposition 2.1. Let (H; (-, -)) be an inner product space over the real or com-
plex number fiel&. The subsequent statements are equivalent.

(i) The following inequality holds

(2.1) ‘

z Y
ol S (=)
-yl H
(i) The following reverse (improvement) of Schwarz’s inequality holds

(2.2) [zl [yl = Re (z,y) < (=) %7’2 [yl -

The constan§ is best possible inX 2).

Proof. It is obvious by taking the square i&.¢) and performing the required
calculations. O

Remark 1. Since
iyl z = [zl yll = [yl (z —y) + Uyl = [|=]]) yll

< lylHlz =yl + [llyll = [l lyll
< 2yl lz =y

hence a sufficient condition fo? (1) to hold is

)
(2.3) o~y < 5 ]
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Remark 2. Utilising the Dunkl-Williams inequality 10]

b
24)  la=0l =3 (||a||+||b||)‘ Tl "ol a,b € H\ {0}
with equality if and only if eithefla|| = ||b]| or ||a|| + ||b]| = ||a — b , we can

state the following inequality

(2.5) ] [yl — Re (z, ) <9 <M> o,y € H\{0}.

]yl ]l + [l
Obviously, ifz,y € H\ {0} are such that
(2.6) [ =yl < n (=l +llyl),

with € (0, 1], then one has the following reverse of the Schwarz inequality

(2.7) [ llyll = Re (2, y) < 20 [l |ly]
that is similar to @.2).

The following result may be stated as well.
Proposition 2.2.If z,y € H\ {0} andp > 0 are such that

(2.8) =l < p,
Iyl =]
then we have the following reverse of Schwarz’s inequality
(2.9) O <) lzl N1yl = Kz, ] < Nzl Iyl — Re (2, )
1
<50 [l lyll-

The constan§ in (2.9) cannot be replaced by a smaller quantity.
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Proof. Taking the square ir2(8), we get

lz*  2Re(z.y)  llyl® _ »

(2.10) <
(7 7 1

Since, obviously

s

(2.11) < 5 5
177 ]

i itV i _ i i A Potpourri of Schwarz Related
ywth equality iff ||z|| = ||ly||, hence by 2.10 we deduce the second inequality mgqpuogfifé;g Schwarz Relate
n (2.9). [l Spaces (1)
Remark 3. In [13], Hile obtained the following inequality S.S. Dragomir

v v " = [lyl”*
providedv > 0 and|z|| # ||y||. Contents
If in (2.12 we choose = 1 and take the square, then we get pp D
4 4
2.13) =" = 2]lz]l lyll Re (=, 9) + llyll* < (=l + llyID* [l= = yl*. < >
Since, \ , - Go Back
>
lel* + llgl* > 2 2 Iyl o
hence, by%.13 we deduce .
Quit
1 200, o2
@) (02 ]yl - Re(o.y) < & - DAL he vl Page 10 of 34
2 [l[| [l
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The following inequality is due to Goldstein, Ryff and Clarke’[p. 309]:

Re (z,y)
2r 2r r r )
2.15) =)™ + lyl™ =2 /[=/" lvll" -
][ [yl
P e —yl* i r>1
<
2 e —yl* if r<1

providedr € R andz,y € H with ||z|| > |ly]| .
Utilising (2.15 we may state the following proposition containing a different
reverse of the Schwarz inequality in inner product spaces.

Proposition 2.3. Let(H; (-, -)) be an inner product space over the real or com-
plex number fiel&. If z,y € H\ {0} and||z|| > |ly||, then we have

(2.16) 0 < [lzll lyll = [{z, »)| < =l lyll = Re (z,y)

12 (el ! 5
b () oy i >,

IN

1—r
(B e i<

llll

Proof. It follows from (2.15), on dividing by/||z||" ||y||", that

B\, (lwl\" . Reley)
@17 (nyu) *(nxu) 2 Tl ol
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r2 Bl — | i >,
<
WE= o =yl i <L,
Since . .
(LY (1LY
1yl ]
hence’ byZl?) one has A Potpourri of Schwarz Related
o ”772 ” ”2 " | Inequalitiess in Inn(ilr)Product
Txr -y if r> ’ paces
R, Tyl
2—2- % S S.S. Dragomir
xXr r—2
Y bl |z —yI* i r <1
- o . . . Title Page
Dividing this inequality by 2 and multiplying withz|| ||y||, we deduce the
desired result inZ.16). O Contents
Another result providing a different additive reverse (refinement) of the Schwarz « dd
inequality may be stated. < >
Proposition 2.4. Letz,y € H withy # 0 andr > 0. The subsequent state- Go Back
ments are equivalent: Close
(i) The following inequality holds: Quit
Page 12 of 34
(2.18) Hx— <|:|C7\?|J2> yH < (>)r:
)
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(i) The following reverse (refinement) of the quadratic Schwarz inequality
holds:

(2.19) 2l lyll* — e, ) < (=) r*

The proof is obvious on taking the square #1118 and performing the cal-
culation.

Remark 4. Since

2 2 i
Iyl z = G )yl = [Nyl (@ = v) = = = yv.9) y N nedqualtics n ner Product
<lyl* lle = yll + [z = v, )| Iyl Spaces ()
<2z yll I,
hence a sufficient condition for the inequalif/18 to hold is that _
Title Page
,
(2.20) |z =yl < 9 Contents
The following proposition may give a complementary approach: <44 >
Proposition 2.5. Letx,y € H with (x,y) # 0 andp > 0. If < >
Go Back
@21) o=y <
(7, )] Close
then Quit
1
(2.22) O <) 2l lyll = Iz, 9)] < 507 Page 13 of 34
The multiplicative constarﬁ is best possible inA(22). 3. Ineq. Pure and Appl. Math. 6(3) Art. 59, 2005
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The proof is similar to the ones outlined above and we omit it.

For the case of complex inner product spaces, we may state the following

result.

Proposition 2.6. Let (H; (-, -)) be a complex inner product space and: C a
given complex number witRe o, Im o > 0. If x,y € H are such that

Ima

2.2 —
(2.23) Rea

X

yH <,

then we have the inequality

(2.24) (0 <) =l lyll = [z, ) < Nzl Hlyll = Re (2, 9)
1 Rea
< -,

=2 Ima
The equality holds in the second inequality thd4) if and only if the case of
equality holds in2.23 andRe « - ||z|| = Im« - ||y -

Proof. Observe that the conditio 23 is equivalent to

(2.25) [Rea)’||z|* + [Ima]®||ly||” < 2RealmaRe (z,y) + [Real*r2.

On the other hand, on utilising the elementary inequality

(2.26) 2Realma||z] [yl < [Real®||lz[* + [Tma]® [|y|*,

with equality if and only ifRe - ||z|| = Im - ||y|| , we deduce fromZ.25) that
(2.27)

giving the desired inequality2(24).
The case of equality follows from the above and we omit the details.[]

2ReaIma ||| ||y < 2RealmaRe (z,y) + 2 [Rea]?
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The following different reverse for the Schwarz inequality that holds for both
real and complex inner product spaces may be stated as well.

Theorem 2.7.Let (H; (-, -)) be an inner product space ové&, K = C,R. If

a € K\ {0}

(2.28)

where

(2.29) I :=

, then
0 < llell Il = Iz, )]
062
< llz|l Ilyll - Re {—2 <x,y>]
al
_ 1 [Realflz —yl + imal o + yI?
~ = P}
2 "
< L I?
- 2
max {[Real, [mal} (e — vl + [l + ) :
1
(Real” + [mal™)? (lz = yll? + [lz + y]1")

max {||lz —yll, [z + yll} ([Real + [Imal).

Proof. Observe, forx € K\ {0}, that

laz — ay||* = af* ||* — 2Re (az, ay) + |af* |ly|
= [af* (lz]” + lyll*) — 2Re [a® {z,9)] .

Y
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sincellz|* + [lyll* = 2 |lz[| ]|, hence

~ o?
@30) o~y > 2ol { ] Iy~ Re |- (r) | |
On the other hand, we have
(2.31) lax —ay|| = [[(Rea+iIma)z — (Rea —ilma) y|
= |Rea(z —y) +ilma(z +y)|
< |Re a| ||l‘ — y|| + |Im Oz| ||33 + y|| . A Potpourri of Schwarz Related
Inequalities in Inner Product
Utilising (2.30 and @.31) we deduce the third inequality i 29). SpEeEs )
For the last inequality we use the following elementary inequality S.S. Dragomir
max {a, §} (a + b)
(2.32) aa + Bb < ) ) Title Page
(af +p7)r (a? + b7, p>1, %‘Fé:l? Contents
provideda, 3,a,b > 0. O P >
The following result may be stated. < >
Proposition 2.8.Let(H; (-, -)) be aninner product oveK ande € H, |le|| = 1. e
If A€ (0,1), then
Close
(233) Re [<$a y> - <£C, 6> <67 y>] Quit
1 1 9 9
< Z.—— _JIIn 1—A — (A 1—A ) Page 16 of 34
< 3 oy e+ 0=l = 1ow+ (1= 0y e) ] 9
The Constang iS best pOSSib'G. J. Ineq. Pure and Appl. Math. 6(3) Art. 59, 2005
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Proof. Firstly, note that the following equality holds true
(r—(z,e)e,y —(y,e) e) = (z,y) — (z,€) (e, .
Utilising the elementary inequality
Re(z,w>§in+wH2, z,w e H
we have

Re <ZL’— <5U7€> €Yy — <y7€> €>

_ ﬁRe()\x— Az, e) e, (1= Ny — (1= ) y,e)e)
1 1 2 2
S AN Az + 1 =Nyl = [(Az+ (1= Ny.e)],
proving the desired inequality (33. O

Remark 5. For \ = %, we get the simpler inequality:

— ’6
2

that has been obtained iro[ p. 46], for which the sharpness of the inequality
was established.

Tr+y 2

2

(2.34) Re [(z,y) — (z,€) {e,y)] <

Y

The following result may be stated as well.
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Theorem 2.9.Let(H; (-,-)) be an inner product space ovErandp > 1. Then
foranyz,y € H we have

(2.35) 0 < [zl flyll = Kz, 9)]
< [lzll lyll = Re (=, )

1
[l + g™ = llz + wl ™),

1
< =X
T2 2 27 3
[HJJ - y” - |HxH - Hy”| p] F. A Potpourri of Schwarz Related
Inequalities in Inner Product
Proof. Firstly, observe that Spaces ()
2 2 S.S. Dragomir
2(Izll llyll = Re {z, 1)) = (<l + [lylD” = llz +ylI”
DenotingD := ||z|| ||y|| — Re (z,y) , then we have Title Page
(2.36) 2D + |z +y|* = (=] + lly])* Contents
L : . . 44 44
Taking in (2.36) the powerp > 1 and using the elementary inequality
< | 2
(2.37) (a+b)’ >a”+0; a,b>0,
Go Back
we have Close
(=l + 19ID)* = (2D + | + yl*)" > 22D + ||z + y[|*”, Qi
.. Page 18 of 34
giving
P 1 2p 2p
-D S an |:(H£U|| + ||yl|) - ”I’ + y” ] 9 J. Ineq. Pure and Appl. Math. 6(3) Art. 59, 2005
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which is clearly equivalent to the first branch of the third inequality2ir39).

With the above notation, we also have
(2.38) 2D + ([l = llyl)* = ll= = ylI*.
Taking the powep > 1 in (2.38 and using the inequality2(37) we deduce
lz =yl > 27 D7 + [||z|| — ||y |||,

from where we get the last part ¢f.G5.
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Before we point out other inequalities related to the Schwarz inequality, we
need the following identity that is interesting in itself.

Lemma 3.1. Let(H; (-, -)) be an inner product space over the real or complex
number fieldK, e € H, |le|| = 1, « € H and~,I" € K. Then we have the
identity:

B0l = I, e} = (ReT' — Re {z,€)) (Re (z, ) — Re) Ao aties e Pt
+ (ImI" — Im (z, e)) (Im (z,e) — Im~) Spaces (1)
2 .
v+ 1B 1 9 S.S. Dragomir
+ Hx € 1 | |
Proof. We start with the following known equality (see for instance ¢q. Title Page
(2.6)]) Contents
(3.2) [lal*~I{z, ) = Re [~ (z,)) (T2,6) — 7)] ~Re (Te — 2,2 7e) L
< >
holding forx € H,e € H, |le| = 1 andy,I" € K. Go Back
We also know that (see for instancg)[
Close
r* 1 i
(3.3) —Re(l'e —z, 2 — ve) = :1:—7_; e —Z|F—7|2. Quit

Page 20 of 34
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Since

(34) Re |~ (a.¢)) ({z,) = 7)]
= (ReI" = Re(z,¢)) (Re (z,e) — Re~)
+ (ImI —Im(x,e)) (Im (z,e) — Im~),

hence, by §.2) — (3.4), we deduce the desired identity.{). O]

The following general result providing a reverse of the Schwarz inequality R ———

may be stated. Inequalities in Inner Product
.. . Spaces (1)
Proposition 3.2. Let (H;(-,-)) be an inner product space ov&, ¢ € H,

le|| = 1, = € H and~,I" € K. Then we have the inequality: S:S. Dragomir
ro|? _
(3.5) 0 ) all* = (@, ) < o =TT~ Tile Page
Contents
The case of equality holds iB.6) if and only if
44 44
r r
(3.6) Re (x,e) = Re (%) : Im (x,e) = Im (%) : < >
Proof. Utilising the elementary inequality for real numbers CoEaes
1 ) Close
aﬁﬁz(oﬁLﬁ) ; o, f el Quit
with equality iff « = 3, we have Page 21 of 34
1
(37) (R,e I' — Re <I’, €>) (Re <I’, €> — Re ’7) S Z (Re I' — Re 7)2 J. Ineq. Pure and Appl. Math. 6(3) Art. 59, 2005
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and
(3.8) (ImI' — Im (z,¢e)) (Im (z,e) — Im~y) < 411 (ImI" — Im 7)2

with equality if and only if

Re (z,¢) = w and  Im(z,e) = w
Finally, on making use of3.7), (3.8) and the identity §.1), we deduce the
desired result3.5). O

The following result may be stated as well.

Proposition 3.3. Let (H;(-,-)) be an inner product space ov&, ¢ € H,
le] =1,z € Hand,I' €e K. If x € H is such that

(3.9 Rey < Re(z,e) < Rel and Imy <Im(x,e) <ImT,

then we have the inequality

y+T |

(3.10) .

1
ol = Iz, O = lo = L5 = {ir =

The case of equality holds i8.(L0) if and only if
Re (z,e) = Rel' or Re(z,e) = Revy

and
Im (z,e) =ImT or Im (x,e) = Im~.
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Proof. From the hypothesis we obviously have

(Re' = Re(z,e)) (Re (z,e) —Rey) >0
and

(ImI" — Im (2, e)) (Im (x,e) — Im~) > 0.

Utilising the identity 8.1) we deduce the desired resut {0. The case of
equality is obvious. ]

Further on, we can state the following reverse of the quadratic Schwarz in- .
A Potpourri of Schwarz Related

equality: Inequalities in Inner Product
S |
Proposition 3.4. Let (H;(-,-)) be an inner product space ov&, ¢ € H, paces O
le]| = 1. If v, T € Kandz € H are such that either =125 (P1ETall;
(3.11) Re (T'e —x,x —ve) > 0
. Title Page
or, equivalently,
4T Contents
Tri
(3.12) Hm H <3 T — 7], « b
then < >
(3.13) (0 <) ||lz||* = [(z, e)]? Go Back
< (ReT' — Re (x,e)) (Re(z,e) — Re®) Close
+ (ImI' —Im (x,e)) (Im (z,e) — Im~) Quit
1
< Z'P_W' Page 23 of 34

The case of equality holds iB.(L3) if it holds either in 8.11) or (3.12).

J. Ineq. Pure and Appl. Math. 6(3) Art. 59, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

The proof is obvious by Lemma 1 and we omit the details.

Remark 6. We remark that the inequalityd (13 may also be used to get, for

instance, the following result

1

< [(ReF —Re(z,e))*+ (ImT" — Im (x, 6))2} ’
x [(Re (z,€) — Rey)” +

(3.14) |lz|* — [{z,e)|”

N|—=

(Im (x,e) — Im~) }

that provides a different bound thgnT' — ~|” for the quantityl|z|* — |(z, €)|*.

The following result may be stated as well.

Theorem 3.5. Let (H; (-, -)) be an inner product space ov& anda,y > 0,

B e Kwith|3]* > ay. If ,a € H are such that, # 0 and

N |=

(3.15)

-
then we have the following reverses of Schwarz’s inequality
Ref-Re(x,a) + Imf - Im (z,a)

(3.16) ][ flall <

N
 18ll{z.a)]
< Ll

and

@1 09l alf - ol < 2 .
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Proof. Taking the square ir3(15), it becomes equivalent to

51"

I~ ‘6’2 —ay || ||2
a? a? i

2 —
l#* = = Re [3(z,a)] + = lla]* <

which is clearly equivalent to

3.18)  allz®+~al® < 2Re [3(x,q)]
=2[Ref-Re(x,a) + ImpF-Im (z,a)].

On the other hand’ since A Potpourri of Schwarz Related
9 9 Inequalities in Inner Product
(3.19) 2/ ||zl llal| < o |lz]* + 7 [lal, Spaces ()
hence by 8.18 and 3.19 we deduce the first inequality i3.(L6). S.S. Dragomir
The other inequalities are obvious. ]
Remark 7. The above inequality3(16) contains in particular the reversé (11) Title Page
of the Schwarz inequality. Indeed, if we assume that 1, 8 = %2 4§, A € SO

K, with v = Re(A%) > 0, then the conditions|> > v is equivalent to

16 + A]* > 4Re (A7) which is actually|]A — 6> > 0. With this assumption, “ dd
(3.195 becomes < >
x—5+2A-a §%|A—5|||a||, Go Back
which implies the reverse of the Schwarz inequality Close
ol ol < R LB )] _1A%AL ) o
2,/Re (A) 2,/Re (A5) Page 25 of 34
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The following particular case of Theore®b may be stated:

Corollary 3.6. Let (H;(-,-)) be an inner product space ové&t, ¢ € [0, 27),
0 € (0,2).1f z,a € H are such that # 0 and

(3.20) |z — (cosp +isiny)al < cosh|al,

then we have the reverses of the Schwarz inequality

cospRe (z,a) +sinpIm (x,a) A Potpourri of Schwarz Related
(3-21) HxH HGH < : sin 6 7 : Ingqpuoaljirt?eg in (I:nr\?:earrIZDroz:c?
Spaces (I)
In particular, if S.S. Dragomir
|z — al| < cost|lal,
then 1 Title Page
[z[| laf]] < snd Re (z,a); Contents
and if ' < Y
|z —ial| < cost |la]
< 4
then )
Go Back
Jalllall € < Tm (z,a)
Close
Quit
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In [7], the author obtained the following reverse result for the generalised trian-
gle inequality

(4.1) ol = D=,
=1 =1
providedz; € H,i € {1,...,n} are vectors in a real or complex inner product
(H; <', >) : A Potpourri of Schwarz Related
. Inequalities in Inner Product
Theorem 4.1. Lete,x; € H,i € {1,....,n} with |le|| = 1. If k; > 0,7 € Spaces (1)
{1,...,n} are such that 5., Dragomir
(4.2) (0 <) ||zl — Re (e, ) < k; for each ie{l,...,n},
then we have the inequality Title Page
n n n Contents
(4.3) (0<) z; il — 2;% < z;kz « NS
The equality holds in4.3) if and only if 4 d
n n Go Back
(4.4) Z lzill = Z ki Close
=1 =1
Quit

and

(4.5) Zx = (Z ;]| — Z k:) e.
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By utilising some of the results obtained in Sectigrwe point out several
reverses of the generalised triangle inequalityl)that are corollaries of Theo-
rem4.1L

Corollary 4.2. Lete, x; € H\{0},i € {1,...,n} with |le|| = 1. If

X

el

(4.6) ‘

—engi for each ie{l,...,n},

then

@7 0 |l -
=1
I ,

<52 lail
i=1

( 2 n
(112128%7“@') 2 llll;

n
>
i=1

AN
N | —
Q=

1
N (S) (Sha) s o gt

n
| 2
ggHﬂsz;n-
\

Proof. The first part follows from PropositioB.1 on choosingr = z;, y = e
and applying Theorem. 1 The last part is obvious by Holder’s inequalityl]
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Remark 8. One would obtain the same reverse inequality’) if one were to
use Theoremd.2. In this case, the assumptiofi.§) should be replaced by

ie{l,...,n}.

On utilising the inequalitiesZ5) and @.15 one may state the following
corollary of Theoremt. L

Corollary 4.3. Lete, z; € H\{0},7 € {1,...,
the inequality

4.8)  willz: — ell <7l for each

n} with ||e]| = 1. Then we have

< min{A, B},

(4.9) (0 <) Z || —

where
|:E, 6”)
=2 E X )

and

U ll + )% s — ef?

i1 ||

For vectors located outside the closed unit (D, 1) := {z € H||]z| < 1},
we may state the following result.

Corollary 4.4. Assume that; ¢ B (0,1),i € {1,...,n}ande € H, ||e|| = 1.
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Then we have the inequality:

(4.10) (0 <) Z ]| —

=1

1, o |
51?2 Sl [P s —el?, if p>1
=1
<
1> _ .
QZH%HI Pllog —e|®, if p<1.

The proof follows by Propositio.3and Theorend. L
For complex spaces one may state the following result as well.

Corollary 4.5. Let(H; (-, -)) be a complex inner product space amde C with
Rea, Ima; > 0,7 € {1,...,n}. Ifz;,e € Hyi € {1,...,n} with [le] =1

and
Imai .

. P — . < d;
(4.11) T Rea, el < d;, ie{l,...,n},
then
(4.12) (0 <)i||xi||— ix < lip‘eo‘z 2

B i=1 i=1 T2 i=1 Im o; l

The proof follows by Theorem3.6 and4.1 and the details are omitted.
Finally, by the use of Theoreh 9, we can state:
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Corollary 4.6. If z;,e € H,i € {1,...,n} with ||e|]| = 1 andp > 1, then we
have the inequalities:

n
PIE
i=1

1
i [(lill +1)* = llz; + el ],

(4.13) (0<) Z ]| —

(2

(VAN
DN —

” 2 21 =
[l = e[| = sl = 11777
i=1
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