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Abstract

A general Ostrowski-Griiss type inequality in two dimensions is established. A
particular inequality of the same type is also given.
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In 1938 A. Ostrowski proved the following integral inequality ] or [16, p.
468])).

Theorem 1.1.Let f : I — R, where/ C R is an interval, be a mapping
differentiable in the interiodnt I of I, and leta,b € Int I, a < b. If |f'(t)] <
M, V¥t € [a,b], then we have

(1.1) 'f - —/ f(t dt‘ PGt v (b—a)M,
( ) Ostrowski-Griss type
for x & [a b] Inequalities in Two Dimensions
The first (direct) generalization of Ostrowski’s inequality was given by G.V. Nenad Ujevic

Milovanovic and J. Péaric in [14]. In recent years a number of authors have
written about generalizations of Ostrowski’s inequality. For example, this topic
is considered in4], [4], [6], [9] and [14]. In this way, some new types of in-
equalities have been formed, such as inequalities of Ostrowski-Gruss type, in- Contents
equalities of Ostrowski-Chebyshev type, etc. The first inequality of Ostrowski-

Title Page

Gruss type was given by S.S. Dragomir and S. Wang]inlf was generalized « ad
and improved in{]. X.L. Cheng gave a sharp version of the mentioned inequal- 4 >
ity in [4]. The first multivariate version of Ostrowski’s inequality was given by Go Back
G.V. Milovanovi in [17] (see also [3] and [16, p. 468]). Multivariate ver- Close

sions of Ostrowski’'s inequality were also considereddp [7] and [L1]. In
this paper we give a general two-dimensional Ostrowski-Griss inequality. For Quit
that purpose, we introduce specially defined polynomials, which can be consid-
ered as harmonic or Appell-like polynomials in two dimensions. In Se@&ion
we use the mentioned general inequality to obtain a particular two-dimensional

. .. . . J. Ineq. Pure and Appl. Math. 4(5) Art. 101, 2003
Ostrowski-Gruss type inequality. http://jipam.vu.edu.au
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Let2 = [a,b] x [a,b] and letf : 2 — R be a given function. Here we suppose
thatf € C?"(Q). Let P,(s) andQ,.(t) be harmonic or Appell-like polynomials,

i.e.
(2.1) Pl(s) = Py_1(s) andQ,.(t) = Qr_1(t), k=1,2,...,n+1,
with

(2.2) Py(s) = Qo(t) = 1.

We also define

(23) Rk(S,t):Pk(S)Qk(t), k:O,l,Z,,n+1

Lemma 2.1. Let Ry (s, t) be defined byA.3). Then we have
O? Ry (s, 1) B

(24) W = Rk_l(s, t)

fork=1,2....,n+1.
Proof. From 2.1) — (2.3 it follows that
O?Ry(s,t) 0 <8Rk(s,t)>

dsot Ot 0s
0
= 2 (PUs)Qul)

= Pia(s)Q%(t)
= Pp-1(8)Qr-1(t) = Ry—1(s,1).
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We now define

b (92k_1f(b, t) aZk—lf(a’ t)
(25) Jk = /a |:Rk(b, t)W - Rk(a7t> 05’“*1—815’6 :| dta

O f(b,t "1 f(a,t
(26) Upe— 1(t> %, Uk_l(t) = %,
fork=1,2,...,n. We also define
b 82k71 b,t b
(2.7) Ik =/ Ry (b, t)ask_—{(atk)dt:&(b)/ Qu(t)ul?, (t)dt

and

b 82k 1 a, t
(28) Jkgz/ Rk(CL,t) Js kfl(atk dt = Pk /Qk Uk 1 dt

such that
(2.9) Je = Jp1 — I
Lemma 2.2. Let J; ; be defined byA.7). Then we have

Mw

(220) Jis = B(®) D (=17 [Q,(0)uf 5" () - Qs(a)uf " (a)]

J=1

(=1 P(b) / ()t

fork=1,2,...,n
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Proof. We introduce the notation

Up(ug—1) :/ Qk(t)ulik_)l(t)dt

(—1) Ui (tp) = (~1)" / Qu(tyul®, (1)t
= (-1)* [@ub)uﬁf 3 0) - Qula)u ()]
“/@m a5 @)t

We can write the above relation in the form

Then we have

(—1)* U (ug—1)

= (D" | Q) ) = Qul@uf" (@] + (=) Ui ).

In a similar way we get

(D) = (0 [ Qe e
= (1" Qe (0)u (1) — Qe-a(@)uf P (@)

)t-2 / Qua(tyu 2 (t)dt

Ostrowski-Griss type
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or

(=) " Up—1 (1)
= (=" [ Qea0)ul7 (1) = Qu-a(a)uf (@)
+ (=) 2Up o (up—1).
If we continue the above procedure then we obtain

(—1)*Us(tg—1)

(=1 (i) () = Qs(@)uf " (0)| + Uolunr)

<.
Il
—

I
Mw

17 (@000 - Q@] + [ ua e

<.
Il
—

Note now that
Jea = Pr(b)Uk(up—1)

such that2.10 holds. O
Lemma 2.3. Let J; » be defined byA.8). Then we have

k

(211) Jiz = Pila) (=1 [ @005 () — Qs(a)ef (@)

j=1

b
+ (—1)kPk(a)/ Uk_l(t)dt7
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fork=1,2,...,n.
Proof. The proof is almost identical to that of Lemr&.

We now define

(2.12) K= /b {aRk(s,b) O 2f(s,b)  ORk(s,a) ***f(s,a)

0s Osk—10tk—1 0s Osk—10tk—1
fork=2,...,n,
O 1f(s,b 0" 1f(s,a
(213) .Tk_l(S) = %, yk_l(s) = %
and
b b
(2.14) K= @) [ ao(s)ds = Qi) [ mls)ds
We also define
" ORy(s,b) 0% f(s,b)
(2.15) Ky = /a 5 e ds
b
- Qk(b)/ Pk_l(s)x,(!:l)(s)ds
and
" ORy(s,a) 0% 2f(s,a)
(2.16) Ko = /a B v ds

b
— Qula) / Poa(5)y®30 (s)ds

J s
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such that
(217) Kk:Kk’l—Kk,g,/{?: 1,2,...,71.
Lemma 2.4. Let K, ; be defined byA.15. Then we have

(218) Ky = Qu(b) Y (~1)" 7 [ Pa(b)af P (6) = (@) (@)

+ (=11 Qu(b) / 251 ()ds,

fork=2 ... ,n.

Proof. We introduce the notation

b
U 1(251) = / Pe ()20 (s)ds.

Then we have

() s (wpm) = (1) / Pia(s)zy " (s)ds

a

= (=" [Pea®)a70) = Peal@)z (@)

b
+ (—1)k_2/ Pro(s)z 2 (5)ds.
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We can write the above relation in the form

(=1 U (1)
= (-1 | Pea®)a 2 0) = Peala)rf 2 (@)

+ (—1)k_2Uk_2(£Ek_1).

In a similar way we get

=

= (1) | Pea(0)a () = Prosfa)f (@)

+ (=) PUp_s(zp1).

If we continue the above procedure then we get

(=) 'Up_i (zp-1)
k

(=17 [Pra®als () = Proa(@)af P (@)] + Up(an)

j=2
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>y a2 () = Pra(@)af ()| + / oyt

=2

Note now that
Kk,l = Qk(b)qu(%A)
such that2.18 holds. O

Lemma 2.5. Let K, , be defined byA.16). Then we have

k
219) Kiz = Qula) S (-1 [P0 0) = Prala)y @)

Jj=2

T+ (~1F'Qula) / Yor(s)ds,

fork=2....n
Proof. The proof is almost identical to that of Lemraal. O

Let (X, (-,-)) be a real inner product space ande X, |le| = 1. Let
v, o, ', ® be real numbers and y € X such that the conditions

(2.20) (Pe —z,x — pe) > 0and(I'e —y,y —ve) >0

hold. In [5] we can find the inequality

(2.21) 7,9} — €} ()] < 71 — ol [T~ 1.
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We also have

(222) o) — (@.0) (.0 < (2 — (0. e))* (Il — {e.v)?)*
Let X = Ly(Q2) ande = 1/(b — a). If we define

(ST

(2.23) T(f.g) = //fts (t, s)dtds

— — a / / f t S dtdS/ / t S dtds Os_t_row_ski-GrUs_s type

Inequalities in Two Dimensions
then from @.20 and @.21) we obtaln the Gruss inequality i, (),

Nenad Ujevic

1
(2.24) 7(f,9)l = 7T =7)(2 — o),
Title Page
if
Contents
v< fz,y) ST, o <g(z,y) <P, (,y) € Q
From (.22, we have the pre-Gruss inequality 4« dd
< >
(2.25) T(f,9)* <T(f,/)T(g,9)-
We now define Go Back
agnf 5 t) Close
(2.26) I, = / / ~Hangpn st Quit
and Page 12 of 26
2n
(227) Sn / / 8 f S t d dt J. Ineq. Pure and Appl. Math. 4(5) Art. 101, 2003
asnotn http://jipam.vu.edu.au
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Lemma 2.6. Let I, and S,, be defined byA.26) and 2.27), respectively. Then

we have the inequality

M _
(2.28) I, — S| < Q”Tm?”()(b —a)?,
where 07" (5, 1) 57" (5.1)
"f(s,t "fis. t
M. n — —’1 n — in ———~
2= NG oo T T hen dsrorn
and

(2.29) C = {ﬁ / " ()2 /  0u(dt
1

o </b P (s)ds /ab Qn(t)dtf}é.

Proof. From 2.23, (2.26 and @.27) we see that

I, — S, = (b—a)*T (Rn(s,t), 8287;{—(8??> .

Then from @.25 we get

G e ()2 3
[In = Sl < (b= a)*T (Rn(s,1), Bu(s,t)) T( dsnorn  Dsnotr

From 2.24) we have

(Sl 97 (s
osnotr T Osnotn

[N

S M2n — Man
2

0% f(s,1) a?”f(at))%

Ostrowski-Griss type
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We also have

T (Ro(s,), Bu(s, 1)) = (b_la / ds/ Qu(t)

- (l ‘“/1Q" “)'

From the last three relations we see ttfaPg holds. O

. . Ostrowski-Griss type
Theorem 2.7.Let{) = [a,b] X [a, b] and letf : QO — R be a given function such Inequalities in Two Dimensions

that f € C*"(Q). Let the conditions of Lemna6 hold. If .J,, K are given by
(2.9, (2.17, whereJy 1, Jy2, Ki1, Ki o are given by Lemma3.2 — 2.5, then
we have the inequality

Nenad Ujevic

Title Page
[ Y " Contents
(2.30) JRCEIED S 3
a a —1 Pt ‘4 ’>
< wcw . a)2, P 3
Go Back
where
Close
1 .
(2.31) S, = b ap [Prs1(b) = Poya(a)] [Qnir (b) = Quya(a)] p—
X [v(b,b) — v(b,a) — v(a,b) + v(a,a)], Page 14 of 26
andv(s, 1) = gt e e
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Proof. We have

(2.32) / / R a;nf ;tnt)d dt

/ it / [a;"snl{gjﬁ] ds

_ / [Rn(b,t)w Rn(a,t)w} dt

dsn—1otn dsn—1otn
OR,(s,t) "1 f(s,1)
/ / 95 osigm

=J,— Ly,

where

2n—1
L _//aR (s.1) 0" (1) |

Sn 1atn

We also have
OR,( 0?2 f(s,1)
Ln / / 85 {83” Lotn= 1} at

_/ OR,(s,b) 0?"~ 2f(s b)  ORu(s,a) 0> *f(s,a) p
“ )T as asitomt ds  osntom1 |7

aZn 2f(3 t)
T

= Kn — In—1-
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Hence, we have
I,=J,— K,+1,_1.

In a similar way we obtain

In—l = Jn—l - Kn—l + ]n—2-

If we continue this procedure then we get

- u Ostrowski-Gri
(2.33) L, = Z i — Z Ky + [O: Inequaﬁtirg\sN; I'I'W(r)ulgisrr?(/e?\esi0ns
- - Nenad Ujevic
where
b b Title Page
(2.34) Iy = / / f(s,t)dsdt.
a Ja Contents
We now consider the term 4« »»
a2nf 3 t 4 ’
2.35 S, = t)dsdt d dt.
( ) b —a)? / / (s, t)ds / / asmot™ Go Back
We have Close
b b b b Quit
/a / Ro(s, t)dsdt — / Py (s)ds / Qu(t)dt page 16 of 26

= [Pot1(b) = Poy1(a)] [Qny1(D) — Qnyi(a)]
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0% f(s,t)
// osnot™ ddt
a?n lf 8 If)
/dt/ 83{ dsn—1otn ]ds
:/ [027@ 1f b t) 8211 1f(a t):| o

dsn=1otn dsm=otn
B 82n_2f(b, b) B 82n_2f(b, (1) B 82”_1f(a, b) aQn—lf(a’ CL)

T 9slort | 9ol | dslorl | fs 1ol
= [U(bv b) - U<b’ a’) - ’U(CL7 b) + U((l, CL)] ’

Thus @.31) holds. From 2.33 — (2.35 we see that

b b n n
[n_Sn:/ / f(S,t)det+ZJk—ZKk—S
a Ja k=1 k=1

Then from Lemm&.6we conclude that4.30 holds.
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Here we use the notations introduced in Secfiomn Theorem2.7 we proved

a general inequality of Ostrowski-Gruss type. Many particular inequalities can
be obtained if we choose specific harmonic or Appell-like polynomials),
Qx(t) in (2.30. For example, in{] we can find the following harmonic poly-
nomials

1
Pi(s) = (s —a)",
| N IO o
Pi(s)=—=[s— i
F k! 2 ’ Nenad Ujevic
b—a)k —
Pk(s) — ( |a) Bk (S a) ’
k! b—a Title Page
Y _
Pi(s) = (b kla) E, <Z a) 7 Contents
. —a
. . . 44 44
whereBy(s) and Ej(s) are Bernoulli and Euler polynomials, respectively. We
shall not consider all possible combinations of these polynomials. Here we 4 >
choose the following combination Go Back
(3.1) Pi(s) = (b 7{ a)* By (Z _ a) : Close
0 ' ) ; —a Quit
—a —a
t B .
Qu(t) = =D (b—a,) Page 18 of 26
We now substitute the above polynomials ih10), (2.11), (2.18, (2.19 to . T T e i ) A P A

obtain http://jipam.vu.edu.au
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x [Bju)u%:f)(b) - B; <o>u§3 V)]

k b
+(—1)’“Bk(1)(b 2 /uk_l(t)dt,

(3.4) Kii = K1

(b—a & k +1
By(1 Z i
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and

(3.5) Kio = Kjo

_(b—a)* . hj1 (b —a)!
= Ll Bk(o) ;(_1) (]_ 1)!
X [Bj_1(1)y§jf)(b) - Bj_l(O)y;§{12)(a)]

b
0 50 [ s

We have
(36) Jk:jk:jk,l_jk,%k: 1,2,...7717
(37) Kk:Kk:Kk,l_Kk,Qy k:2,...,n
and

3 b—a b b
(3.8) K, = 5 [/ xo(s)ds—l—/ yo(s)dsl,

whereJy 1, Ji.2, K1, K}, » are defined byd.2) — (3.5), respectively.
Basic properties of Bernoulli polynomials can be found 1h [Here we
emphasize the following properties:

1
(3.9) / Bi(s)ds =0, k=1,2,...
0
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and

! k5!
o k—1 ) .
(3.10) / Bu(=)By(a)ds = (-1 =B, k=120,
where
(3.11) By = By(0),k=0,1,2,...

are Bernoulli numbers. We also have

(312) BQZ'+1 :O,Z: 1,2,...7

(3.13) Br(0) = By(1) = By, k= 0,2,3,4, ...,

and, in particular,

Bu(0) = 5, Bill) = 5

From 3.2) — (3.8) and 3.12 we see that

(3.14)

(315) jzi_l’_l = Kgi_,_l = 0, 1= 1, 2, o, n.

Note also that sums ir8(2) — (3.5) have only even-indexed terms and the term
for j =1 (j = 2) is non-zero.
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Theorem 3.1. Under the assumptions of Theorén7 we have

b b n n
fls,t)dsdt + Y T — Y K,
a k=1 k=1
< M2n — Moy . |BQn|
- 2 (2n)!

(3.16)

where B, are Bernoulli numbers andj, K, are given by §.6), (3.7), respec-
tively.

Proof. The proof follows from the proof of Theoreth7, since the following is
valid. Let P, and@,, be defined by{.1), for &£ = n.
Firstly, we have

0% f(s,t)
Sh b—a // stdsdt// 8”8t”ddt70’

/ab a:(s,t)dsdt:/:Pn(s)ds/aan(t)dt

since
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because 0f3.9).
Secondly, we have

o~ {a [ 7 ds/ %

N (/ ds/ e dt)}

[(b—av/bpn dS/Q" }

1 b
= b—a/a P, (s)*ds

1 b_a2n+1 1 )
_b_a_( (n';Q /OB,L(S) ds

G- P [Bul,

e @y P = O

since (¢.10 holds.
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