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Abstract

Inequalities are obtained using Fy-simple functionals. Applications to Lips-
chitzian mappings are given.
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Let I be a bounded interval of the real axis. We denoté3§y) the set of all
functions which are bounded o, b].

Let A be a positive linear functional : B(/) — R, such thatA(e;) = 1,
wheree; : [ — R, ¢;(x) =2, Ve eI, i € N.

The following inequality is known in literature as the Griss inequality for

the functionalA.

Theorem 1.1.Let f,g : I — R be two bounded functions such that <
f(z) < My andmy < g(x) < M, forall x € I, my, My, my and M, are
constants. Then the inequality:

(1.2) |A(fg) — A(S)A(g)] <
holds.

(My —mq)(Ma — my)

A

In 1938 Ostrowski (cf. for example’[ p. 468]) proved the following result:

Theorem 1.2.Let f : I — R be continuous oria, b) whose derivative/’ :
(a,b) — R is bounded orfa, b), i.e.

[f'lleo := sup [f(t)] < oc.
te(a,b)
Then
( _ atb
2

W] (b= a)|lf lloo

1 b 1
Hdt] < | =
b—a/af() ‘_ 4+

for all z € [a,b]. The constant is best.

(1.2) ‘f(w) -
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In the recent paper/] S.S. Dragomir and S. Wang proved the following
version of Ostrowski’s inequality.

Theorem 1.3.Let f : I — R be a differentiable mapping in the interior of
I'anda,b € int(I) witha < b. If f' € Ly[a,b] andy < f'(z) < I for all
x € [a, b] then we have the following inequality:
(1.3)
B B f( ) _a+b i
R i e e Ry | EE T

a

for all z € [a, b].

The following inequality for mappings with bounded variation can be found
in[1]:
Theorem 1.4.Let f : [ — R be a mapping of bounded variation. Then for all
x € |a, b] we have the inequality

/f tydt — f(x)(b—a)| <

Where\/ f denotes the total variation gf.

(1.4)

< B(b—a) +

b
x—a;—bu\/f,

The constang is the best possible one.
In [2] S.S. Dragomir gave the following result for Lipschitzian mappings:

Theorem 1.5.Let f : [a,b] — R be anL-Lipschitzian mapping ofu, b], i.e.
f(x) = ()| < Llz — yl. forall z,y € [a,1].

Ostrowski Type Inequalities
from a Linear Functional
Point of View

Bogdan Gavrea and loan Gavrea

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 4 of 20

J. Ineq. Pure and Appl. Math. 1(2) Art. 11, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:gb7581@math.ubbcluj.ro
mailto:Ioan.Gavrea@math.utcluj.ro
http://jipam.vu.edu.au/

Then we have the inequality

(15) / Ft)dt — f(x)(b— a)| < L(b— a)?

4

for all z € [a, b].
The constanﬁ is the best possible one.

S.S. Dragomir, P. Cerone, J. Roumeliotis and S. Wang:Jrpfoved the
following theorem:

Theorem 1.6.Let f,w : (a,b) C R — R be so thatu(s) > 0 on (a,b), wis
integrable on(a, b) andffw(s)ds > 0, f is of r-Holder type, i.e.

(1.6) |f(x) = f(y)| < H|z —y|", forall z,y € (a,b)

whereH > 0 andr € (0, 1] are given. Ifw, f € Ly(a,b), then we have the
inequality:

m / w(s)f(s)ds

forall z € (a,b).

L.7) | f(z) -

1 b
<H—3—— / |z — s|"w(s)ds
[ w(s)ds Ja

The constant factor 1 in the right hand side cannot be replaced by a smaller

one.

The aim of this paper is to improve the results from Theorérhs 1.6 using
a unitary method.
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Let X = (X, d) be a compact metric space afiX ) the Banach lattice of real-
valued continuous functions on the compact metric spaee (X, d), endowed
with the max norn| - || x.

For a functionf € C(X), the modulus of continuity (with respect to the
metricd) is defined by:

w(f;t) =wa(f;t) = sup [f(z)— f(y)l,

d(z,y)<t

t>0.

The least concave majorant of this modulus with respect to the vatiable
given by

sup (t*w)w(f;y)Jr;y*t)w(f;w) foro<t< d(X);

0<a<t<y v

Wiy =9
w(f;d(X))
whered(X) < oo is the diameter of the compact spake
We denote bylipy,a = Lipy (o; X) the set of all Lipschitzian functions of

ordera, a € [0, 1] having the same Lipschitz constant. Thatisf € Lipy«
iff forall z,y € X

fort > d(X),

|f(z) = f(y)| < Md*(z,y).
We see that

Lipy(o; X) ={g € C(X) : w(g;t) < Mt}
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Let I = [a,b] be a compact interval of the real axi$,a subspace af'(]),
and A a linear functional defined ofi. The following definition was given by
T. Popoviciu in f].

Definition 2.1. The linear functionald defined on the subspaéewhich con-
tains all polynomials i,-simple(n > —1) if
() Aent1) #0

(i) for everyf € S there are the distinct points, o, . .., t,.2 in [a, b] such
that
A(f) = Alens1)[t1, tas - - - s tnsa; £,
wherelt,, to, ..., t,12; f] is the divided difference of the functighon the
pointsty, to, ..., t,io.

In [5] the following result is proved. The proof is reproduced here for com-
pleteness.

Theorem 2.1.Let A be a bounded linear functional : C'(I) — R. If Ais
Py-simple then for allf € C(I) we have

AL ( ;. 21ACe0)
1) )< 1505 (52550,

Proof. Forg € C*(I) we have

[ AN [A(f = 9) + Alg) < [IA[lIlf — gll + 1A(g)]
< [AJlllf = gl + [Alen)llg'll
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From this inequality we obtain

AN dnf (AN = gll + [AlenlllgT)

and using the following result (see(])

inf (Hf—gu ; gng'u) ~ L3, 120

geC1(I) 2
we obtain the relation(1). O

The following result was proved by I. Rasd[

Theorem 2.2. Let k be a natural number such th&t < £ < n and A :
C®™a,b] — R a bounded linear functionald # 0, A(e;) = 0 fori =
0,1,...,nsuch that for every € C*)[a,b] P,-nonconcavel(f) > 0. ThenA
is P,-simple.

A function f € C®][a,b] is called Py-nonconcave if for any. + 2 points
t1,ta, ..., thio € [a,b] the inequality

[t17t27"'7tn+2;f} 20

holds.

Another criterion forP,-simple functionals was given by A. Lupas ia][
He proved that a bounded linear functioatl Ca, b] — R for which A(e;) =
0, k=0,1,...,nandA(e,.1) # 0is P,-simple if and only ifA is P,-simple
on C"+V1a, b).

Now we can prove the following result (see als§){
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Theorem 2.3.Let A be a bounded linear functionall : C'(I) — R. If A(e;) #
0 and the inequalityZ.1) holds for anyf € C'(I) thenA is Fy-simple.

Proof. We can assume thal(e;) > 0. Combining the results of I. Rasa and A.
Lupas, it is sufficient, for the proof of the theorem, to show that

(2.2) A(f) >0

for every nondecreasing differentiable functipelefined on/.
For such a function we have Ostrowski Type Inequalities

from a Linear Functional
JA(F)] < Ale) I £]]-

Point of View
Bogdan Gavrea and loan Gavrea
Let B be the linear functional defined by

A(F) Title Page
B(f) - A(el)’ Contents
where t 4« dd
F(t) = [ fdu, fech I
0
. . Go Back
The functionalB is bounded and for any € C'(I) we have o
ose
> Quit
[B(HI <[]
with B(eg) = 1. Page 9 of 20
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From the inequalities

f

OSB()——<1

I

o)

These inequalities imply that

we obtain

(2.3) B(f) > 0. Ostrowski Type Inequalities
from a Linear Functional
Point of View

Further, letf be a differentiable function ohsuch thatf” > 0, then, from 2.3
we obtain Bogdan Gavrea and loan Gavrea

B(f) = 0.

SinceB(f") = A(f), the inequality 2.2) is thus proved. O Tite Page
Contents
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The following inequality of Ostrowski type holds.

Theorem 3.1. Let f be a continuous function dn, b] andw : (a,b) — R, an
integrable function ora, b) such thatfabw(s)ds = 1. Then for any continuous
function f the following inequality:

< (w0 B (7 2220

(3.1)
‘ﬂ@—Lz@ﬁ@w

holds, wherer is a fixed pointin(a, b).
Proof. From Theoren?.3we get that the linear functionals

Ay Cla,z] = R, Ay:Clz,b] - R

defined by i i

M) = @) [ wioie- [ pouta
and ' , ab

) = £(@) [ wat— [ petar
are Py-simple. ) )
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It is easy to see that:

T b
|]A1||:2/ w(t)dt  and ||A2||:2/ w(t)dt.

From the inequality:

\f@s) -/ " w(s) F(s)ds

< ([ wom)a (i) + ([ wom)= (20

and from the results

)

]Al(el)|:/xw(t)(x—t)dt and ]A2(61)|:/ w(t)(t — 2)dt,

(3.1 follows.

Corollary 3.2. Let f be a continuous function dn, b], such that

f € Lipy, (a, [a,
(3.2)
b

1) [ uorreias

oo
e

x])and f € Lipy, (B; [z, b]). Then

)

)

1—

e

B

]
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Proof. The proof follows from the inequality3(1) and the fact that
wi(g;t) < Mt

for any functiong, g € Lipy(, [c, d]), wherew, is taken on the intervat, d].
0

Corollary3.2is an improvement of the result of Theordnt.

Remark3.1 In the particular case whem(t) = ﬁ the inequality 8.2) be-
comes:

Ji f(s)ds (z — a)*+! (b—2)1 1
(8.3)|f(x) — ES— < |:Ml o + M, 25 ] —
< max(M;, M,) 1+(x_—%bz (b—a)
> 1 2 4 <b — CL)2 .

Inequality @.3) improves the inequalityl(5).

Corollary 3.3. Let f : [a,b] — R be continuous orta, b), whose derivative
f': (a,b) — R is bounded orja, b) andw a function as in Theorerd.1. Then
we have the following inequality:

(3.4)

'f(x) -/ " w(s) f(s)ds| < [ [ e —na+ [ ()i - x)dt] .

Proof. The above inequality is a consequence of the inequaliy &nd the fact
that

w(f;t) < [ f'oot-
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The inequality of Ostrowski follows fronB3(4) if we consider

w(t) = t € la,bl.

]

Corollary 3.4. Let f : I — R be a mapping with bounded variation anda
function as in Theorer@.1. Then for allz € [a, b] we have the inequalities

(3.5) ‘f(@/a 5)ds \/f/ dt+\/f/

< |5+

(3.6) ‘f(fv) -/ " () F(s)ds

Proof. It is clear that

(3.7) a[a,x](f;t)g\7f and B[z, b)(f.t) < \/ f

for every positive number.

Thus, inequality §.5) follows from (3.7).

For the proof of the inequality3(6) we note that, if we suppos,é t)dt <
L then [” w(t)dt > 1 and vice versa.
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For definiteness we assume that

/:w(t)dt < and /:w(t)dt >

We then have

\/f/ dt+\/f/ < %\i/f+\i/f/
([

1
5

N —

- rvi(f dt——)
and so ’ ’ Bogdan Gavrea and loan Gavrea
(3.8)

\/f/ dt+\/f/ dt<<——|—fz ()dt— >\/f Title Page
Contents
From the inequalities3(5) and (3.8), the inequality 8.6) follows. N <« >
Remark3.2 The inequality from Theorerh.4 follows if we take in (8.6) < >
w<t):b 1a. Go Back
Close
Theorem 3.5. Let g be a continuous differentiable function @n b] such that Quit

g(a) = g(b) = 0. Then the inequality
(3.9) Page 15 of 20
glz) 1 [ (#—a) +(b—2) [ 2(@—a)+(y b
257 - 5 [ | < = e (v = =)
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holds, wherer is an arbitrary point in(a, b).

Proof. The following functionalA defined onC'a, b] by

A(f)—bia/ab (t—a;b) f(t)dt

is a linear bounded functional having its norm equékté. For every increasing
function f we have:

A(f) = 0.
Using Theoren®.3, we deduce that the functiondlis F,-simple with

(b—a)?
12

Aler) =

From Theoren?®.1, we obtain the following inequality:

1t a+b b—a_(,2
[ — < - —(ph — .
b—a/a (t 2 )f(t)dt‘— 8 “’(f’i%(b “))
Inequality 3.10 holds for every continuous functiofl

Let us suppose that is differentiable orja, b]. From the inequality.10
(written for f”) we obtain the following inequality:

(3.11) 'ﬁ/abf(t)dt—f(“)”(b)’ < b;“a (f’;;(b—a)).

(3.10)

2
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Now, we can prove the inequalit$.©). We have the following identity:

(3.12) b .
_¥+bia/ag(t)dt:§:2<xia/a g(t)dt_w)

+I;:z (bix/abg(t)dt_g(b)zg(w))‘

Using the relations3.11) and (3.12) we obtain

(3.13) ‘@—ﬁ bg(t)dt‘

< éggb__aija (g’; g(x - a)) + gzb__x();& (g’; ;(b - :z:)) .

As the functionw(g’; -), is concave, then from3(13 and using Jensen’s in-

equality, we obtain the inequality (9).

Corollary 3.6. Let g be a continuous differentiable function én b] such that

g(a) = g(b) = 0, then the following inequality

(3.14) ‘@ - ﬁ/bg(t)dt‘ <

a+b

§+—(§(;_Ta>) ] (b~ )l

is valid for all z € [a, b].
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Proof. It is well known that
(3.15) @(g';t) < 2|9 lloos

for every positive number.
The inequality 8.15 then readily follows from the inequality3(14). ]

Remarl3.3. The result from the Theorei3can be written in terms a@f using
the inequality 8.13 for the function

r—a b—=x

o) = () = T f ) = T

In [5] the following result was proved:

Let A be a linear positive functional : C[0,1] — R, A(ey) = 1 andyp, ¢ :
[0, 1] — Racontinuous increasing function such tHae, o) — A(e;) A(p) > 0.
Then the following Gruss type inequality

f(a).

(3.16)
1A(ef) - Aty < Ale = Al ( B 2<A<3(s‘o; - i((e;;‘z;mo»)
holds.

We are interested in the following open problem:

Open problem. Let A be a linear positive functional defined 60, 1] and
f, g be two continuous functions. Do positive numbéys= §,(f) < 1 and
dy = 62(f) < 1 exist such that

|A(fg) = A(f)Ag)| < 7w(f;01)@(f,62)7

| =
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