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Abstract

A variant of Jensen-Steffensen’s inequality is considered for convex and for
superquadratic functions. Consequently, inequalities for power means involving
not only positive weights have been established.
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Let I be an interval inR and f : I — R a convex function onl. If £ =
(&,...,&) is anym-tuple in I™ andp = (pi,...,p,) any nonnegativen-
tuple such thad~"  p; > 0, then the well known Jensen’s inequality (see for
example [, p. 43])

(1.1) f (PL Zpifi) < PLZpif(fi)
moi=1 moi=1

holds, whereP,, = > | p;.
If fis strictly convex, theiil.1) is strictunless; = cforalli € {j : p; > 0}.
It is well known that the assumptiomp“is a nonnegativen-tuple” can be
relaxed at the expense of more restrictions onvitheiple £.
If p is a realm-tuple such that

(1.2) 0<P,<P,,j=1,....,m, P,>0,

whereP; = ZZ 1 pi ,» then for any monotonig:-tuple§ (increasing or decreas-

ing) in Im we get
1 m
- —§ : &€ 1,

and for any functiory convex on/ (1.1) still holds. Inequality(1.1) considered
under condition$1.2) is known as the Jensen-Steffensen’s inequality[ 57]
for convex functions.

In his paper §] A. McD. Mercer considered some monotonicity properties
of power means. He proved the following theorem:
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Theorem A. Suppose thal < a < banda < z; < 23 < --- < 2, < b hold
with at least one of the,, satisfyinga < =, < b. If w = (wy,...,w,) IS a
positiven-tuple with} " | w; = 1and—oco < r < s < 400, then

a <@ (a,b;x) <Qs(abyx) <b,

where

1

Qi (a,b;x) = (at + b — Z wmﬁ)
i=1

for all real t # 0, and

A Variant of
Jensen-Steffensen’s Inequality
for Convex and Superquadratic

Functions
ab -
: = _ = Wi S. Abramovich, M. Klari¢i¢ Bakula
QO (a7 b7 33) o G ’ G l_Il Ti and S. Bani¢
In his next paper{], Mercer gave a variant of Jensen’s inequality for which Title Page
Witkowski presented in] a shorter proof. This is stated in the following theo- J
rem: Contents
Theorem B. If f is a convex function on an interval containing artuple <44 >»
x = (r1,...,x,)suchtha) < z; < ay <--- <z, andw = (wy,...,w,) IS < >
a positiven-tuple with) """ | w; = 1, then
Go Back
f <:v1 + Ty — Zm%) < flz) + f(2n) sz ;). Close
i=1 Quit
This theorem is a special case of the following theorem proved]ify Page 4 of 27
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Theorem C ([4, Th. 2]). Let f : I — R, wherel is an interval inR and
let [a,b] € I,a < b. Let & = (z4,...,z,) be a monotonia-tuple in[a, b]"
andv = (vy,...,v,) a real n—tuple such thatv; # 0,7 = 1,...,n, and
0<V; <Vp,j=1,...,n,V, >0, whereV; = >7_ v If fis convexon,
then

(1.3) f<a+b_Vin;Uixi> Sf(a)+f(b)—vin;vif(%)-

In casef is strictly convex, the equality holds it.@) iff one of the following
two cases occurs:
1. eitherr =aorz = b,

2. there exists € {2,...,n — 1} such thatz = z; + x,, — x; and
ry=a, x,=bo0r r; =0, x, = a,

(14) VJ (xj_l—a:j) :O,j:2,...7l,
V;' (l’j—ﬂfj+1):O,j:l,...,n—1,

whereV,; =>"" v, j=1,...,nandz = (1/V,) > o Vi

=]

In the special case whenre > 0 and f is strictly convex, the equality holds
in(14iffx;=a,i=1,...,n,0rx; =b,i=1,...,n.

Here, as in the rest of the paper, when we say that-tuple £ is increasing
(decreasing) we meanthgt< & < --- <&, (& > & > --- > &,). Similarly,
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when we say that a functiofi: I — R is increasing (decreasing) drwe mean
that for allu,v € I we haveu < v = f(u) < f(v) (u <v= f(u) > f(v)).

In Section2 we refine Theorem&, B, andC. These refinements are achieved
by superquadratic functions which were introduced!irgnd [~].

As Jensen’s inequality for convex functions is a generalization of Holder’s
inequality for f (z) = 2P, p > 1, so the inequalities satisfied by superquadratic
functions are generalizations of the inequalities satisfied by the superquadratic
functionsf (z) = 2P, p > 2 (see [I], [2]).

First we quote some definitions and state a list of basic properties of su-
perquadratic functions.

Definition 1.1. A functionf : [0, 00) — R is superquadratic provided that for
all x > 0 there exists a constadt(z) € R such that

(1.5) f@)—f(x)—f(ly—=]) >C(2)(y — )
forall y > 0.

Definition 1.2. A functionf : [0,00) — R is said to be strictly superquadratic
if (1.5) is strict for all x # y wherezy # 0.

LemmaA ([2, Lemma 2.3]). Suppose thaf is superquadratic. Lef; > 0, i =
1,...,m,andlet = > " p&, wherep, > 0,i=1,...,m,and}_ " p; = 1.

Then .
sz‘f (&) — ZPZ f(& -
i=1

Lemma B ([1, Lemma 2.2]). Let f be superquadratic function withi(z) as in
Definition1.1 Then:
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(i) f(0) <0
(i) if f(0) = f'(0) = 0thenC(x) = f'(x) wheneverf is differentiable at
x>0,

(iii) if f > 0, thenf is convex and’(0) = f/(0) = 0.

In [3] the following refinement of Jensen’s Steffensen’s type inequality for
nonnegative superquadratic functions was proved:

Theorem D ([3, Th. 1]). Let f : [0,00) — [0,00) be a differentiable and
superquadratic function, le¢ be a nonnegative monotonie-tuple inR™ and

p arealm-tuple,m > 3, satisfying
0<P <P, j=1,....m, P,>0.

Leté be defined as
-1 &
£ = P_m izlpifz

Then

(1.6) Zpif (&) = Puf (€)
k—
Z €z+1 52 + Pkf (5 fk)

+ P f (&1 —€) Z Pif (& —&-1)
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v

k m =
- > i1 Pi |§ - gz‘ >
P + P\ f —
z'zzl: izk-;l ] (Zf:l P+ Zi:kJrl P;
D i1 Pi |E_£z‘)

ey (Een

whereP; = Y™ p; andk € {1,...,m — 1} satisfies

fk < g < §k+1~ A Variant of
Jensen-Steffensen’s Inequality
In casef is also strictly superquadratic, inequality for Convex Igzgciléﬁzfquadraﬂc
e — Znil Di (‘fz - ED S. Abramovich, M. Klari¢ic Bakula
pif (&) — Puf (§) > (m —1)Pyf — d S. Bani¢
; ( ) (m . 1) Pm an anic
holds for¢ > 0 unless one of the following two cases occurs: Title Page
1. eitheré = &, or € = &, Contents
2. there exists: € {3,..., m — 2} such thatt = ¢, and <4< >
(1.7) -5 . Go Back
Pj(fj_éj—l):()g ] :k:—l-l,...,m.
Cl
In these two cases 08¢
m Quit
Zpif (&) — Puf (E) =0. Page 8 of 27
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In Section2 we refine TheorenB and TheorenC for functions which are
superquadratic and positive. One of the refinements is derived easily from The-
oremD.

We use in SectioB the following theorem{, p. 323] to give an alternative
proof of TheorenB.

Theorem E. Let [ be an interval inR, and§&, i two decreasingn-tuples such
that¢, n € I™. Letp be a realm-tuple such that

k k A Variant of
Jensen-Steffensen’s Inequality
(1.8) Z pi&i < Z bini for Convex and Superquadratic
i=1 i=1 Functions
_ . S. Abramovich, M. Klari€i¢ Bakula
fork=1,2,....,m—1,and by ki
m m
(1.9) szfi = Zpﬂ% : Title Page
i=1 =1
Contents
Then for every continuous convex functipn/ — R we have » N
(1.10) S pif (&) <D pif (mi).
=1 =1 Go Back
Close
Quit
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In this section we refine in two ways Theorebnfor functions which are su-
perquadratic and positive. The refinement in Theogeirfollows by showing
that it is a special case of Theordinfor specificp. The refinement in The-
orem 2.2 follows the steps in the proof of Theorelngiven by Witkowski in
[2]. Therefore the second refinement is confined only to the specdieen in

TheoremB, which means that what we get is a variant of Jensen’s inequality A Variant of
d fth 1J Steff _ lit Jensen-Steffensen’s Inequality
and not of the more general Jensen-Steffensen’s inequality. o5 ORI E AT SR EE e e

Functions

Theorem 2.1.Let f : [0,00) — [0,00) and let[a,b] C [0,00). Letx =
(x1,...,x,) be a monotonia—tuple in|a,b]” andv = (vy,...,v,) arealn-
tuple suchthat; #0,i=1,...,n,0<V; <V, j=1,...,n,andV, > 0,
whereV; = Y7_, v;. If f is differentiable and superquadratic, then

S. Abramovich, M. Klari¢ic Bakula
and S. Bani¢

Title Page
1 <& 1 & Contents
21) f(a)+f(0)— > vif(w)—fla+tb— ) vz
Vi ; Vi ; « »»
N X b—a—VLnZ?:ﬂJia+b—$i—v%lz;l:10j$j < 4
_(n+ )f n4+1 ’ Go Back
Close
In casef is also strictly superquadratic and > 0, inequality @.1) is strict Quit

unless one of the following two cases occurs:
Page 10 of 27
1. eitherz =aorz =,
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2. there exists € {2,...,n — 1} such thatt = z; + z, — x; and
rn=a, x,=bor x1=>0, x, =a
(22) Vj(.fj_l—il?j):o,j:Q,...,l,

V}'(ZL’J'—LE]'JA):O,j:l,...,n—l,

whereV; = 377 v, j =1,
In these two cases we have

fla) + ——Zv@ ) <a+b——zlez>_o

In the special case where > 0 and f is also strictly superquadratic, the
equality holds in2.) iff x; =a, i=1,...,n,0rz; =b,i=1,...,n

— 1 n
,n, andT = ¢~ Yo Ui

Proof. Suppose that is an increasing-tuple in|a, b]" . The proof of the theo-
rem is an immediate result of Theordm by defining the(n + 2)-tuples¢ and
pas

glzaa €i+1:xi7i:1>"'7n7 5n+2:b
b, = 17 Pit1 = —Ui/vn, 1= 1,...,”, Pnt2 = L.

Then we getZ.1) from the last inequality in1.6) and from the fact that in
our special case we have

k n+2
P+ Y Pi<n+l,
i=1 i=k+1
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The proof of the equality case and the special case winerd follows also
from TheorenD.

We have

V.
PJZVJ7 jzlv"'7n7 PTL+1:07 P”“‘Q:l’

Vi

?1:1, FQZO, ?j: ,n+2
Obviously,é = ¢, is equivalent taz = b andé = &, iS equivalent tat = a.
Also, the existence of some € {3,...,m — 2} such thatt = &, and that
(1.7) holds is equivalent to the existence of soime {2,...,n — 1} such that
T =11 +x,—x; = a+b—x;and that2.2) holds. Therefore, applying Theorem
D we get the desired conclusions. In the case whéndecreasing we simply
replacer andv with = (z,,,...,z;) andv = (v,,...,v;), respectively, and
then argue in the same manner.

In the special case that > 0 also,V; > 0 andV; > 0,7 = 1,...,n, and
therefore according t@.2) equality holds in2.1) only when either; = - - - =
T,=a O 1 =---=x, =b. O

In the following theorem we will prove a refinement of TheorBmWithout
loss of generality we assume tha}’_, v; = 1.
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Theorem 2.2.Let f : [0,00) — [0,00) and let[a,b] C [0,00), a < b. Let
x = (r1,...,7,) be ann-tuple infa,b]" andv = (v, ...,v,) a real n-tuple
such thatw > 0and)_; , v; = 1. If f is superquadratic we have

f(a)+f(b)_zvz’f($i) —f <a+b—zvi$i>

E :vjxj

7=1

(2.3) >sz ( )—%—221}1 ( 'b_)(ab x))

If f is strictly superquadratic and > 0 equality holds in 2.3) iff z; = «a,
i=1,...,n,0rx; =bi=1,....n

Proof. The proof follows the technique ir] and refines the result to positive
superquadratic functions. From Lemrhave know that for any\ € [0, 1] the
following holds:

Af(a) + (1 =A) f(b) = fAa+(1=A)b)
ZAf(la=Aa—= (1 =X0b)) + (1 =A) f([b—Aa—(1-A)b])
=A@ =) (@=b))+ T =2 F(A(b—a)])

24)  =A((A=XN0l-a)+{1A=XFAb-a)).
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Also, for anyx; € [a,b] there exists a uniqug; € [0, 1] such thate; = \a +

(1 —X\;)b. We have
(2.5) f (a sz ) =

Applying (2.4) on everyz; = A\a + (1 — A;) bin (2.5) we obtain

- Z vi f ()

—|—Zvl —(1=X) f(b)
+ N (1= »)(b—a)) +(1=XN)f(X(b—a))]
(2.6) ZUZ (1= X;) f(a) + NS (b)]
3wl Ai) (b—a))+ (1= N) f (N (b—a))].

=1
Applying again(2.4) on (2.6) we get

n

(2.7) f(a )= uif () >szf (1= X;)a+ \b)
=1

=1

+ 221% Aif (1= X) (0= a)) + (1= A) f (A (b —a))].

—Zvif(Aiﬁu—Ai)b).
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Applying again Lemmah on (2.7) we obtain

- Z%‘f €

i) a+Aib— Zv] ) a+ Al

)

+ QZvi (L =) fF i (b—a))+Xf((1=X)(b—a))

)

bh—
(2.8) —I—2Zvl{b_a b—xi)+b_af(xi—a)},

UJ Tj— Li

and this is the first inequality if2.3).
Sincef is a honnegative superquadratic function, from Lentnae know
that it is also convex, so frorf2.8) we have

n

ivi ﬁ;‘__;f(b _z)+ bb__zif (i — a)] >3 vt (2 G _Z’E(‘r" - a)) ,

X X a
=1 =1

hence, the second inequality i&.8) is proved.
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For the case whejiis strictly superquadratic angd> 0 we may deduce that
inequalities(2.6) and(2.7) become equalities iff each of the, i = 1,...,n,
is either equal to 1 or equal to O, which means that {a,b}, i =1,...,n.
However, since we also have

n

E vir; —r; =0, 1=1,...,n,

7j=1
we deduce that; =a,i=1,...,n,0rx; =b,i=1,...,n. A Variant of _
This completes the proof of the theorem. O S AR WLy
perquadratic
Functi
Corollary 2.3. Letv = (vy,. .., v,)be areal-tuple suchthat > 0,>"" v, = Jnetons
1 and letx = (x1,...,x,) be ann-tuple in[a,b]”, 0 < a < b. Then for any = Abfamogilcdhstégr!?giéié ERlule
real numbers- ands such that® > 2 we have '
(QS (a,b; ) ) ° . Title Page
Q- (a,b; ) Contents
1 S i «“ 3
e = DI M
Qr(a,b;2)" | | < >
u xr—a” s b —af s Go Back
(2.9) —l—QZvi ( Z - (0" —al)" + - ; (2} — a'f‘)r)
— br —a b —a Close
n n B Quit
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g (=]

whereQ, (a,b; ) = (a? + b — 3" v;z;)7, p € R\ {0}
If > > 2andv > 0, the equalities hold in(2.9) iff z; =
.Ti:b, izl,...,n

a, v =1,...,nor

Proof. We define a functiory : (0,00) — (0,00) asf (z) = z*. It can be
easily checked that for any real numberands such that® > 2 the function
f is superquadratic. We define a new positiveuple £ in [a",b"] as¢; = a7,

i1 =1,...,n. From Theoren2.2we have
a®+ b — szzf — (ar +b" - szxf)
=1 =1
=BT
i=1 =1
& xp —a" s b —ap 0 s
L [br_ar W= e )T]
S P
i=1 j=1
- 2(x7 —a”) (b —27)\ "
2.10 2 i ! : > 0.
210 #23 e (HE >
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We have

a®+b° — Z v — (ar +b" — Zv;cf) =Qs (a,b;x)° — Q, (a,b;x)°
i=1 i=1

so from(2.10) the inequalities ir{2.9) follow.
The equality case follows from the equality case in Theotf as the
function f (z) = =+ is strictly superquadratic for > 2. O

Remark 1. Itis an immediate result of Corollarg.3that if # > 2 and there is
atleastong € {1,...,n} such that

by (2 — ") (7 — ) >0,

then for thisj we have

Q. (a,b:@)\’ w,  (2(m-a)(-)\
(@(a,b;w)) _1>Qr<a,é;w>8< ea ) 7
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B

In this section we give an interesting alternative proof of TheoBebased on
TheoremE. To carry out that proof we need the following technical lemma.

Lemma 3.1. Lety = (vi,...,ym) be a decreasing reat-tuple andp =
(p1, ..., pm) @nonnegative reah-tuple with> """ p, = 1. We define

y= Zpiyi
=1
and them-tuple
y=U"---.9)-
Then then-tuplesn = y, £ = ¥ andp satisfy conditiong1.8) and (1.9).

Proof. Note thaty is a convex combination af;, y», . . ., ¥,,, SO we know that

From the definitions of the:-tuples¢ andn we have

Zpifi = gzpi =y = Zpiyi = Zpﬂ%-
i=1 i—1 i=1 i=1

Hence, condition(1.9) is satisfied. Furthermore, fédr = 1,2,...,m — 1 we
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have
k k k k
Zpﬂh - sz‘fi = Zpiyi - @Zpi
=1 =1 i=1 =1
k m k
= Zpiyi - ijyj sz‘ .
i=1 j=1 i=1
Sinced " p; = 1, we can write
k k
mei - Zpifz'
i=1 i=1
k
ij Z Dj szyz ijyj + Z PiYy; Zpi

J=k+1 j=k+1 i=1
= Z Pj szyz sz Z Py
j=k+1 =1 =1 j=k+1
= Zpi Z DYy — Z Djy;j
i=1 j=k+1 j=k+1
= sz Z y])
=1 j=k+1
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Sincep is honnegative ang is decreasing, we obtain

k k
mei—sz’& >0, kE=12,...,m—1,
i—1 i—1

which means that conditiofi .8) is satisfied as well. O

Now we can give an alternative proof of Theor&mvhich is mainly based
on Theorent.

Proof of TheorenB. Sincez = Z?Zl w;x; IS a convex combination af;, z,, . ..
x, itis clear thatthereisane {1,2,...,n — 1} such that

Y

< S xy ST <Xy <00 Sy,
that is,

(3.1) —T1 > 2 Xy 2 —T > Tyl = > — T
Adding z; + =, to all the inequalities irj3.1) we obtain

Tp 22X+ Xy —Tsg 2T+ Ty —T 2T+ Ty — Teqp1 = -0 > X1,

which gives us

(3.2) :L’l—l—xn—f:xl—l—xn—Zwixie (1, 2] -
i=1
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We use(1.10) to prove the theorem. For this, we define the+ 2)-tuples
&, m andp as follows:

M = Tn, N2 = Tn, N3 = Tpn-1, -+, Tln = X2, Nn41 = L1, Nn42 = L1,

pr=1, pp = —wp, p3 = —Wy_1, ..., Pp = —W2, Ppy1 = —Wi, Pni2 = 1,
n+2 n

== =&2=T), ﬁzzpini=$1+$n—zwjxj~
i=1 j=1

It is easily verified thag andn are decreasing and th@?:*f p; = 1. ltremains

to see that, n andp satisfy conditiong1.8) and(1.9).
Condition(1.9) is trivially fulfilled since

n+2 n+2 n+2

Zpi&' = ﬁzpz‘ =n= mei-
i=1 i=1 i=1

Further, we have;, =7, i = 1,2,...,n+ 2. To prove(1.8), we need to
demonstrate that

k k
(3.3) ﬁZpiSmei, k=1,2,...,n+1.
i=1 i=1

Fork =1, (3.3) becomeg; < z,,, and this holds because ©f.2) . On the other
hand, fork = n + 1, (3.3) becomes
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that is,
0Lz, —7,
and this holds because ©f.2) .

If £ € {2,...,n}, (3.3) can be rewritten and in its stead we have to prove
that

(3.4) ﬁ(l — Z wi) <z, — Z W;T;.

i=n+2—k i=n+2—k
X . A Variant of
Let us consider the decreasingupley, where Jensen-Steffensen’s Inequality
for Convex and Superquadratic
Yi =21+ T, —x;, 1=12...,n. Functions
S. Abramovich, M. Klari¢i¢ Bakula
We have and S. Banic
n
Y= Z WY :
i=1 Title Page
= Contents
= Zwi (x1 + @y — ;)
i=1 44 44
n
:$1+xn—2wixi:x1+xn—f:ﬁ. 4 d
i=1 Go Back
If we apply Lemma3.1to then-.tupley gnd to the weightsv, thenm = n and Close
foralll € {1,2,...,n — 1} the inequality
Quit
! !
@Zwi < Zw" (21 + 2 — ) Page 23 of 27
i=1 i=1
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holds. Taking into consideration that= 7, Zz Jwp =1 —
changing indices as= n + 1 — k, we deduce that

n
2 imi1 Wi and

n n+1l—k
(3.5) 71— Z w; | < Z w; (1 + Ty — ;)
i=n+2—k i=1

forall k € {2,...,n}. The difference between the right side(6f4) and the
right side of(3.5) is
n n+1—k
i=n+2—k i=1
n+l1—k n+l1—k
= Z Wik; — Ty, Z w; — Z w; (1 — x;)
i=n+2—k =1
n+l1—k n n+l1—k
=z, |1— sz Z wixi—Zwi(xl—xi)
i=1 i=n+2—k i=1
n n n+1—k
= Tn Z w; — Z WiL; — Zwi($1—9€i)
i=n+2—k i=n+2—k i=1
n n+1—k
= Z w; (2, — ;) + Z w; (x; —x1) >0,
i=n+2—k i=1

sincew is honnegative ang is increasing. Therefore, the inequality

n+l—~k
(3.6) Z w; (r1 + 2y — x) < Ty — Z W;T;
i=1 i=n+2—k

A Variant of
Jensen-Steffensen’s Inequality
for Convex and Superquadratic

Functions

S. Abramovich, M. Klari¢ic Bakula
and S. Bani¢

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 24 of 27

J. Ineq. Pure and Appl. Math. 7(2) Art. 70, 2006

httrn//itinarm vit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:abramos@math.haifa.ac.il
mailto:
mailto:milica@pmfst.hr
mailto:
mailto:Senka.Banic@gradst.hr
http://jipam.vu.edu.au/

holds for allk € {2,...,n}. From(3.5) and(3.6) we obtain(3.4) . This com-
pletes the proof that thei-tuplesg, n andp satisfy conditiong1.8) and(1.9)
and we can apply Theoremto obtain

n+2

sz ) < f(x) Zw@

Taking into consideration th&""? p; = 1 and7 = =, + ,, — > i Wiz We
finally get

f<5(71—|—$n szxz> <f(1’1 +f xn szf xz .

=1

i)+ f (7).
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