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In this paper we establish upper bounds of
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when the functionf is superquadratic and the ggt) = (z1, ..
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1. Introduction

We start with the definitions and results &f fnd [5] which we use in this paper.

Definition 1.1. The sets(y™) = (y;,...,4,) and (Ty) = ("y1,...,” y,) are

symmetrically decreasing rearrangements of an ordered g¢t= (v1, . . ., y,) Of n

real numbers, if

(1.1) Y1 < Yy SYy S0 < y[*%]

and

(1.2) Yn S TS TYar S0 S Ty e,

A circular rearrangement of an ordered sé&¢) = (v, - - -, y») IS @ cyclic rearrange-

ment of (y) or a cyclic rearrangement followed by inversion.

Definition 1.2. An ordered sety) = (v,...,y,) Of n real numbers is arranged
in circular symmetric order if one of its circular rearrangements is symmetrically
decreasing.

Theorem A ([1]). Let F'(u,v) be a symmetric function defined far< w,v < g
for which 201 >

Let the setly) = (v1,.--,¥n), @ < y; < (8,7 = 1,...,n be given except its
arrangement. Then

n
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Definition 1.3 ([5]). A function f, defined on an intervall = [0, L] or [0, c0) is
superquadratic, if for each in 7, there exists a real numbé¥ (z) such that

fy) = f(x) = Cx) (y— )+ f(ly —z))

forally € I.
A function is subquadratic i f is superquadratic.

Lemma A ([5]). Let f be a superquadratic function with (x) as in Definition.3.
(i) Thenf (0) <0

(i) If £(0) = f"(0) =0,thenC (x) = f’' (z) whenevelrf is differentiable.

(iii) If f >0, thenfis convex and (0) = f'(0) =

The following lemma presents a Jensen’s type inequality for superquadratic func-
tions.

Lemma B ([6, Lemma 2.3]). Suppose thaf is superquadratic. Let, > 0, 1 <
r<n andletz = ", \,x,, where), > 0,and)_"_, \, = 1. Then

Z/\fxr ) > f (T +Z)\f|xr—x|

If f (z)is subquadratic, the reverse inequality holds.

From LemmaB we get an immediate result which we state in the following
lemma.
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Lemma C. Let f (z) be superquadratic or{0, L] and let z,y € [0, L], 0 < A < 1,
then

Af (@) + (1 =) f(y)
> f(r+ (1= )+Af(( “ My =)+ A=) Ay -]

> f(Az+(1— A +Z( (2/\ 1\ \1—2>\|k|x—y|)>
FA (=M1 =2M" |z —yl) + (1 =X) F (A1 =2)]" [z —y]).

If f is positive superquadratic we get that:

M@+ =) F(y) > fOa+ (1= 2 +Z( (2)\ 1\ |1 -2\ |x—y|>)

More results related to superquadracity were discusse@jind [ 6].

In this paper we refine the results iff py showing that for positive superquadratic
functions we get better bounds than .|

Theorem B ([7, Thm. 1.2]). If f is a convex function and,, z,, ..., z, lie in its
domain, then

gf (2:) — f (—m — “”)
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Theorem C ([7, Thm. 1.4]). If f is a convex function and,,...,a, lie in its
domain, then

(n=1)[f () +-+ f @) < nlf(a) + -+ f(an) = f(a)],

whereq = 43 andh; = =% i =1,... n.

n—1 "
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2. The Main Results

Theorem 2.1. Let f (z) be a superquadratic function of), L]. Then forz; €
0,L], i=1,...,n,wherez, .1 =z,

() ()
< (if(n)) —f<§ﬁ> ——Zf<

holds. If /" (x) > 0 too, then

TRl )
R () (55
() o(£5) ()

7=1
, T,,) is a circular symmetrical rearrangement k) = (xq, . ..

n
Zﬁ
n

j=1

)

(2.2)

IN

IN

where(X) = (74, . ..
Example2.1 The functions
f(z) =a",

and the function
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are superquadratic with an increasing second derivative and therefof ljolds
for these functions.

Proof. Let f be a superquadratic function ¢ L|. Then by Lemmé3 we get for
0<a<l 1<k<nandz; €l0,L],z,1 =2,

2.3 T S dracity and
(2.3) Z:f (:) ‘Rearangerments
n— k‘ n ]{? n Shoshana Abramovich
— . = ) I. 8, iss. 2, art. 46, 2007
n ZZI f (l’z> + n ZZI f (CL’Z) VO iss. 2, art
n—k k Title P
E— Z (af () + (1 =) f(zi1)) + o Zf () e Fage
=1 =1 Contents
+ (1 — @) 1) <« »
I < >
n J—
+ Z(af (1= a) |z —zi]) + (1 = a) f(a|rigg — i) Page 8 of 11
i=1
n Go Back
= 1:rZ z:z 11%
+hk (f < ) Z f ( )) ' Full Screen
Fork = 1 anda = ; we get that.1) holds. Close
If f"(z) >0, thenazi(gf) > 0, where journal of inequalities
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Therefore according to Theorefn the sum

Zf(TH) +f(%)a Tpy1 = T,
i=1

is maximal for(x) = (71, ...,Z,), which is the circular symmetric rearrangement
of (x) . Therefore in this case(2) holds as well. ]
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Remarkl. For a positive superquadratic functignwhich according to Lemma
is also a convex function?2(l) is a refinement of Theorem.
If 7 (z) >0, (2.2) is a refinement of Theorem as well.

Remark2. TheoremB is refined by
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Theorem 2.2. Let f be a superquadratic function 00, L], and letz; € [0, L],
1=1,...,n. Then

nil ((Zf(zm)) —f(f)) —Zf(yz-)
> (szuw ) (1 - (sm) b3 (-, o

Rearrangements
=1 j=1

Shoshana Abramovich
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wherez =3 " | %y = (—Z) yi=1,...,n.

n—1
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