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Abstract

Recently, in [4] the author studied some rational identities and inequalities in-
volving Fibonacci and Lucas numbers. In this paper we generalize these ratio-
nal identities and inequalities to involve a wide class of sequences.
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The Fibonacci and Lucas sequences are a source of many interesting identities
and inequalities. For example, Benjamin and Quinjy &nd Vajda {] gave
combinatorial proofs for many such identities and inequalities. Recently, Diaz-
Barrero /] (see also, 3]) introduced some rational identities and inequalities
involving Fibonacci and Lucas numbers. A sequeficg,.>o is said to beos-
itive increasingif 0 < a, < a,y, for all n > 1, andcomplex increasingf
0 < |a,| < |an41| forall n > 1. In this paper, we generalize the identities . N

. " . . . g . . . Rational Identities and
and inequalities which are given iri][to obtain several rational identities and Inequalities
inequalities involving positive increasing sequences or complex sequences.
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In this section we present several rational identities and inequalities by using

results on contour integrals.

Theorem 2.1. Let (a,,),>0 be any complex increasing sequence suchdhat
a, for all p # ¢. For all positive integers;,

i (12—%% ﬁ (@rsx — arj)_1> = 1—([;1&
1 Ttk =1 Orj
holds, with0 < /¢ <n — 1.
Proof. Let us consider the integral
B L 142
2mi J., zAn(2)

wherey = {z € C: |z| < |a,41|} andA,(z) = [[}_,(# — a,4,). Evaluating

the integrall in the exterior of they contour, we gef; = ZZ:1 R, where

) 1+20 £ _ 1+a i _
R, = lim ( . H (z —ar,) 1>:—+k’ H (arsk — ar,) 1

dz,

Z—=0r 1k =1, ik Apyk =1,k
On the other hand, evaluatirdgn the interior of they contour, we obtain
1 1 1"
I, = lim tE = (=1)

=0 An(2)  An(0) =y argy

Using Cauchy’s theorem on contour integrals we get that I, = 0, as
claimed. ]

Rational Identities and
Inequalities
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Theorem2.1for a,, = F,, then Fibonacci numberfy, = 0, £} = 1, and
F,.o = F,1 + F, foralln > 0) gives [/, Theorem 2.1}, and fat,, = L,, the
n Lucas numberky, = 2, L, = 1,andL,,.» = L, .1 + L, for all n > 0) gives
[4, Theorem 2.2]. As another example, Theoremfor a,, = P, thenth Pell
number ¢ =0, P, = 1,andP,,» = P,,1 + P, for alln > 0) we get that

" (1+ P - _ —1)mH
z(—ﬂf [T (Pv-r,) 1)— )
1, j#k

k=1 Prk = [l Prsy
holds, with0 < ¢ < n — 1. In particular, we obtain
Corollary 2.2. Forall n > 2,

(P +1)Poy1 Py
(PnJrl - Pn)(PnJrZ - Pn)

Pn(Pg-H + 1)Pn+2
(Pn - Pn+1)(Pn+2 - Pn+1)
PnPn+1(P2+2 +1)

n

+
(Pn - Pn+2)(p71+1 - Pn+2)

Theorem 2.3.Let (a,,),>0 be any complex increasing sequence suchdhat
a, forall p # ¢. Foralln > 2,

= 1.

n n

S ()

k=1 Yk =1k

Proof. Let us consider the integral

2m A
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wherey = {z € C: [2] < |ap1|} andA,(2) = [[}_,(» — a,4;). Evaluating
the integrall in the exterior of they contour, we gef; = 0. Evaluating! in the
interior of they contour, we obtain

I, = ZRes(z/An(z); Z = ay)

Using Cauchy’s theorem on contour integrals we get that I, = 0, as
claimed. O

For example, Theore.3 for a,, = L, the nth Lucas number gives!|
Theorem 2.5]. As another example, Theorgrf for a, = P, the nth Pell
number obtains, for ath > 2,
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In this section we suggest some inequalities on positive increasing sequences.

Theorem 3.1. Let (a,),>0 be any positive increasing sequence such that
1. Foralln > 1,

, An+1
(3.1) ap"tt 4 ayy <apt +a,
and Rational Identities and
Inequalities
an+2 _ _ap aAn+2 _ _an
(3-2) an+1 an+1 < an+2 an+2' Toufik Mansour

Proof. To prove (3.1) we consider the integral

Title Page
An+1
I = / (ay . log apq1 — ay, log ay,)dx. Contents
an
_ o < >
Sinceaq,, satisfiesl < a,, < a,,, foralln > 1, so for allz, a, < z < a,,,; we
have that S >
ay loga, < ay  loga, <ay, logan, 1, Go Back
hencel > 0. On the other hand, evaluating the integralirectly, we get that Close
I=(apiy! = ai™t) = (agiy —ay), Qul
Page 7 of 11
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as claimed ing.1). To prove B8.2) we consider the integral

QAn+2
x x
J = / (ay 5 10g Gpyo — ay q l0g apiq)de.
an

Sincea,, satisfiesl < a,,.1 < a, o foralln > 0,soforallx, a,;1 <z <a,.2
we have that
g1 108 a1 < ay 5108 anypa,

henceJ > 0. On the other hand, evaluating the integfalirectly, we get that

I = (a,%5 —ayiy) — (a7 — apy),

hence
An+2 a An 42 a
Qpiq __anil < Ayt __an12

as claimed ing.2). O

For example, Theorers.1 for a,, = L, the nth Lucas number gives!|
Theorem 3.1]. As another example, Theorérh for a, = P, the nth Pell
number obtains, foralh > 1,

Pt Py < B 4 B
whereP, is thenth Pell number.

Theorem 3.2. Let (a,),>¢ be any positive increasing sequence such that
1. Foralln,m > 1,

m—1 m
an Ontj+1 Antj
Aplim Gy <I|an+j'

7=0 J=0
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Proof. Let us prove this theorem by induction en Sincel < a,, < a,,; for

alln > 1thena®+ - < q;"%'"*" equivalentlya®+as", < alra;"', so the
theorem holds forn = 1. Now, assume for alb > 1

m—2

an An+4j+1 An+j
an—l—m—l H TL+]J < H n+jj’

j=0

On the other hand, similarly as in the case= 1, foralln > 1,
Ap4m—0n An+m —0n
an-l—m—l < aner

Hence,

m—2 m—1

An4+m—0an _an An+45+1 An+m —Aan An4j
an—l—m 1 an—l—m 1 H an—s-jJ < aner H a’n—&-jJ?

j=0 Jj=0

equivalently,
m
On4j+1 On+j
n+m H an—&—jj < H an—i—j]?
j=0

as claimed. N

Theorem3.2for a,, = L, thenth Lucas number andh = 3 gives [/, Theo-
rem 3.3].
Theorem 3.3. Let (a,),>0 and (b,),>o be any two sequences such tlhak
a, < b, foralln > 1. Then for alln > 1,

n_pltl/n _ 1+1/n

n

>0+ 0) > e [P
J 1= (n—i—l)” i1 bj—CLj

i=1
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Proof. Using the AM-GM inequality, namely

1 n n
ORI | Kol
i=1 =1

wherez; > 0foralli =1,2,...,n, we get that

a an 1 n a1 an ™ )
/ .../ — E Iidxl"'dan/ .../ HIi/ndxl".deU
b1 by T b1 I Rational Identities and

Inequalities
equivalently, Toufik Mansour
Ly (b7 — a? ﬁ (b; —aj) > - L(le/n - aHl/n) Title Page
2n )/ = ] n+ 1 7 ) ) g
i=1 j:l,g;ﬁz =1
Contents
hence, on simplifying the above inequality we get the desired result. [] <« NS
Theorem3.3for a,, = L, ' whereL,, is thenth Lucas number ani, = F;'! < >
whereF,, is thenth Fibonacci number giveg| Theorem 3.4].
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