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By making use of the familiar concept of neighborhoods of analytic functions, the au-
thor proves several inclusion relations associated with the (#,d)-neighborhoods of var-
ious subclasses defined by Salagean operator. Special cases of some of these inclusion
relations are shown to yield known results.
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1. Introduction

Let T(j) denote the class of functions of the form

flz)=2z- Z aiz* (ak=0; jeN={1,2,...}) (1.1)
k=j+1

which are analytic in the open unit disc U = {z: |z| < 1}.
Following [5, 8], we define the (j,d)-neighborhood of a function f(z) € A(j) by

Nj,a(f)={g€ T(j):g(z)=z— > bz, > klax— bl 56}. (1.2)

k=j+1 k=j+1

In particular, for the identity function e(z) = z, we immediately have

Nj,a(e)={g€ T(j):gz)=z— > bz, > k|bk| sa}. (1.3)

k=j+1 k=j+1

The main object of this paper is to investigate the (j,)-neighborhoods of the following
subclasses of the class T'(j) of normalized analytic functions in U with negative coeffi-
cients.
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2 Neighborhoods of certain classes

For a function f(z) € T(j), we define

D°f(z) = f(2),
D'f(z) =Df(z) = zf'(2), (1.4)
D'f(z2) =D(D"' f(2)) (neN).

The differential operator D" was introduced by Sélagean [9]. With the help of the dif-
ferential operator D", we say that a function f(z) € T(}) is in the class T;(n,m, ) if and
only if

D"*"‘f(z) -
Re{w}mx (T’IENQ—NU{O},H’IEN) (1.5)

forsome o (0 <a<1),and forallz € U.

The operator D™ was studied by Sekine [11], Aouf et al. [2], Aouf et al. [3], and
Hossen et al. [6]. We note that T;(0,1,a) = S;" (), the class of starlike functions of order
«, and T;(1,1,a) = Cj(a), the class of convex functions of order a (Chatterjea [4] and
Srivastava et al. [12]).

2. Neighborhood for the class T;(n,m, )
For the class T;(n,m,«), we need the following lemma given by Sekine [11].
Lemma 2.1. A function f(z) € T(j) is in the class Tj(n,m,«) if and only if
> K'(k"—a)ar<1-a (2.1)
k=j+1
for n,m € Ng and 0 < a < 1. The result is sharp.
Applying the above lemma, we prove the following.

Tueorem 2.2. Tj(n,m,a) C Njs(e), where

_ 1-a)
o= G+ G+ 1)m —a] (2.2)

Proof. It follows from (2.1) that if f(z) € T;(n,m,«), then

GHD" G+ —a] D kax<1-a (2.3)
k=j+1
that is, that
> -«
kar < — - =90, 2.4
k=zj+1 o G+Or[G+1)m 1] (24

which, in view of definition (1.3), proves Theorem 2.2. O
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Putting j = 1 in Theorem 2.2, we have the following.
CoRrOLLARY 2.3. Ti(n,m,a) C N1 s(e), where § = (1 — a)/2" 1 [2" — «].

Remark 2.4. (i) Putting n = 0 and m = 1 in Theorem 2.2 and Corollary 2.3, we obtain the
results obtained by Altintas and Owa [1].

(ii) Putting n = m = 1 in Theorem 2.2 and Corollary 2.3, we obtain the results ob-
tained by Altintas and Owa [1].
3. Neighborhoods for the classes R;(#,«) and P;(n, «)

A function f(z) € T(j) is said to be in the class R;j(n, «) if it satisfies
Re(D"f(2)) >a (zeU) (3.1)

for some « (0 < a < 1) and n € N. The class R, (n,«) was studied by Yaguchi and Aouf
[13]. We note that R;(0,«a) = R;(«) (Sarangi and Uralegaddi [10]).
Further, a function f(z) € T(j) is said to be a member of the class P;(n, «) if it satisfies

Re{m}m (zeU) (3.2)

z

for some « (0 < a < 1) and z € U. The class P;(n,«) was studied by Nunokawa and Aouf

[7].

It is easy to see the following.
Lemma 3.1. A function f(z) € T(j) is in the class Rj(n, &) if and only if
> kg <1-a (3.3)
k=j+1
The result is sharp.
LEmMA 3.2. A function f(z) € T(j) is in the class Pj(n, ) if and only if
> Kap<1-a (3.4)
k=j+1

The result is sharp.
From the above lemmas, we see that R;(n,«) C Pj(n,«).

TuEOREM 3.3. Rj(n,a) C Njs(e), where

l-«
R (3:3)
Proof. 1f f(z) € R;j(n,a), we have
(G+1)" i kar <1 —a, (3.6)

k=j+1



4 Neighborhoods of certain classes

which gives

which, in view of definition (1.3), proves Theorem 3.3.

Putting j = 1 in Theorem 2.2, we have the following.
COROLLARY 3.4. Ri(n,a) C Nys(e), where § = (1 —«)/2".
TueoreM 3.5. Pj(n,a) C Njs(e), where

11—«
(j+ 1)t

Proof. If f(z) € Pj(n,a), we have
G+HD" D> kar<1-a
k=j+1

which gives

which, in view of definition (1.3), proves Theorem 3.5.
Putting j = 1 in Theorem 3.5, we have the following.

COROLLARY 3.6. Pi(n,a) C Nys(e), where 8 = (1 —a)/2"" 1.

4. Neighborhood for the class K;(n,m, a, )
A function f(z) € T(j) is said to be in the class K;(n,m, a, 8) if it satisfies

'&—1‘ <l-a (zeU)
g(2)
for some a (0 <a < 1) and g(z) € Tj(n,m,p) (0 <f<1).

TueEOREM 4.1. N;5(g) C Kj(n,m,a, ), where g(z) € Tj(n,m,) and

G+D™HG+1)m-Blo
G+Dr[(+1)m =Bl =1+p

a=1-

whered < (j+1) - (1= G+ DI "[(j+1)™ = B]7 L

(3.7)

(3.8)

(3.9)

(3.10)

(4.1)

(4.2)
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Proof. Let f(z) bein N;4(g) for g(z) € T;(n,m,). Then we know that

z k|ak—bk| S(S,
k=j+1
(4.3)
br < — - .
k; TG G- p]
Thus we have
&_1’ - Zl?:jﬂ | ax — by |
L R A T S
SN AV RRbiae (4.4)
j+1 G+ [G+)m =Bl —-1+p
__GroiGym =gl
G+Dr[(G+1)m =Bl -1+p ’
This implies that f(z) € K;(n,m,a,f3). O
Putting j = 1 in Theorem 4.1, we have the following.
CoroLLARY 4.2. Njs(g) C Ky (n,m,a,f), where g(z) € T\(n,m,f3) and
n—1[rm __
e 2" 12" - BJo (4.5)

S 2m Bl -1+

Remark 4.3. Putting n = 0 and m = 1 in Theorem 4.1 and Corollary 4.2, we obtain the
results obtained by Altintas and Owa [1].
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