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A recent nonlinear alternative for contraction maps in Fréchet spaces due to Frigon and
Granas is used to investigate the existence and uniqueness of solutions to first-order
boundary value problems for impulsive functional differential equations with infinite de-
lay. An example to illustrate the results is included.
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1. Introduction

This paper is devoted to the study of the existence and uniqueness of solutions of first-
order boundary value problems for impulsive functional and neutral impulsive func-
tional differential equations with infinite delay. In particular, in Section 3, we will con-
sider the class of first-order boundary value problem for functional differential equations
with impulsive effects,

Y (t)=f(ty) aete]:=[0,0), t#t, k=1,2,..., (1.1)
y(t) = y(t) = L(y(t)), t=t k=12,.., (1.2)
Ayo_xoo :(p(t)) te(—O0,0], (13)

where f : ] X B — R"and Iy : R” — R", k = 1,2,..., are given functions, lim; .. ¥(t) = Xc,
A # 1, and ¢ € B, which is called the phase space, will be defined later. Section 4 is de-
voted to the impulsive neutral functional differential equation with boundary conditions,

i[y(t) —g(ty) ] =f(ty), te],t#h, k=12,

dt
y(t) = y(t) =L(y(t)), t=t, k=12, (1.4)
A)/o —Xoo = ¢(t)) te (_OO)O]a

where f, I, A, Xo, and % are as in the problem (1.1)—(1.3) and g: ] X B — R" is a given
function.
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2 Impulsive functional differential equations

The notion of the phase space & plays an important role in the study of both the
qualitative and quantitative theory of functional differential equations. A usual choice is
a seminormed space satisfying suitable axioms as was introduced by Hale and Kato [18]
(also see Kappel and Schappacher [21] and Schumacher [28]). For a detailed discussion
on this topic, we refer the reader to Hino et al. [20]. For the case where the impulses are
absent (i.e., It = 0, k = 1,2,...), an extensive theory has been developed for the problem
(1.1), (1.3), and we refer the reader to Corduneanu and Lakshmikantham [8], Hale and
Kato [18], Hino et al. [20], Lakshmikantham et al. [23], and Shin [29].

Impulsive differential equations have become increasingly important in recent years as
mathematical models of real-world processes and phenomena studied in control theory,
physics, chemistry, population dynamics, biotechnology, and economics. There has been
a significant development in impulse theory and this has been especially true in the area
of impulsive differential equations with fixed moments; see, for example, the monographs
of Bainov and Simeonov [3], Lakshmikantham et al. [22], and Samoilenko and Perestyuk
[27], as well as the papers of Agur et al. [2], Ballinger and Liu [4], Benchohra et al. [5, 6],
Franco et al. [9], and the references contained therein.

Boundary value problems on infinite intervals appear in many problems of practical
interest, for example, in linear elasticity, nonlinear fluid flow, and foundation engineer-
ing (e.g., see, [1, 13, 16, 24-26]). Recently, fixed point arguments using such approaches
as the Banach contraction principle, fixed point index theory, and monotone iterative
technique have been applied to first- and second-order impulsive differential equations.
We mention here the survey papers by Guo [12, 14, 15], Guo and Liu [17], Yan and Liu
[30], and the references therein. Very recently, a nonlinear alternative due to Frigon and
Granas [10] was applied to impulsive functional differential equation with variable times
[11]; see the paper by Benchohra et al. [7] for first-order equations and Henderson and
Ouahab [19] for second- and higher-order problems. Our goal here is to give existence
and uniqueness results for the problems (1.1)—(1.3) and (1.4) above by using this nonlin-
ear alternative for contraction maps.

2. Preliminaries

In this short section, we introduce notations and definitions that are used throughout the
remainder of this paper. We let C([0,b],R") denote the Banach space of all continuous
functions from [0, b] into R” with the norm

Iyl = sup{[[y(®)]|:0 <t < b}, (2.1)

and we let L!([0,),R") be the Banach space of measurable functions y : [0,00) — R"
that are Lebesgue integrable with the norm

Iyl = j: ly(®)[ldt  VyeL'([0,00),R"). (2.2)

For more details on the following notions, we refer the reader to Frigon and Granas [10].
Let X be a Fréchet space with a family of seminorms {|| - [[,, n € N}. If Y C X, we say
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that Y is bounded if for every n € N there exists M,, > 0 such that
lyll, <M, VyeY. (2.3)

We associate to X a sequence of Banach spaces {(X", || - ||,,)} as follows: for every n € N,
we consider the equivalence relation ~, defined by x ~, y if and only if |lx — yll, = 0 for
all x,y € X. We let X" = (X/ ~,,, |l - ||) denote the quotient space that is the completion
of X" with respect to || - ||,. To every Y C X, we associate a sequence {Y"} of subsets
Y" c X" as follows: for every x € X, let [x], denote the equivalence class of x of subsets
X", and we define Y" = {[x],:x € Y}. Welet Y", int,(Y"),and 9,,Y", respectively, denote
the closure, the interior, and the boundary of Y” with respect to || - || in X". We will
assume that the family of seminorms {|| - ||,,} satisfies

Ixlly < llxlla < lIxll3 < ---  foreveryx € X. (2.4)

Next, we define what we mean by a contraction.

Definition 2.1. A function f : X — X is said to be a contraction if for each n € N there
exists k, € (0,1) such that

f )= fWIl, <kallx=ylln Vx,yeX. (2.5)
The following nonlinear alternative will be used to prove our main results.

THEOREM 2.2 (nonlinear alternative [10]). Let X be a Fréchet space, let Y C X be a closed
subset in X, and let N : Y — X be a contraction such that N(Y) is bounded. Then one of the
following statements holds:

(C1) N has a unique fixed point;

(C2) there exists A € [0,1), n € N, and x € 9,,Y" such that ||x — AN(x)||,, = 0.

We will also need the following definition.

Definition 2.3. The map f : [0,00) X B — R" is said to be L'-Carathéodory if
(i) t = f(t,x) is measurable for each x € %;
(ii) x — f(t,x) is continuous for almost all ¢t € [0, o0);
(iii) for each q > 0 there exists h; € L' ([0,0), R ) such that

[|f(t,x)|| < hg(t) Vlxll < q and for almost all ¢ € [0, ). (2.6)

3. Functional differential equations

In order to define the phase space and a solution of the problem (1.1)—(1.3), we consider
the space
PC={y:(—o00,00) — R" | y(t; ) and y(#{) exist with y(t) = y(t;),

3.1
Ay(t) — xe = ¢(t) fort <0, yp € C(Jr,R"), k=1,2,...}, (3-)

where yy is the restriction of y to Jx = (x, tk+1], k = 1,2,.... In the remainder of this paper,
we will assume that 9B satisfies the following properties.
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(A-1)If y: (—o00,00) = R™ and yy € B, then for every t in [0, ), we have
(i) yrisin B,
(ii) llyellgy < K(t)sup{ly(s)[:0 <s <t} +M(t)ll yolla, and
(ii)) |y(®)] < Hllytlla,
where H > 0 is a constant, K : [0,00) — [0, c0) is continuous, M : [0,c0) — [0, c0) is locally
bounded, and H, K, and M are independent of y.
(A-2) For the function y in (A-1), y; is a continuous function on [0,0) \ {t,%,...}.
(A-3) The space 9B is complete.
Now set

By ={y:(—00,00) — R":y € PCNRB},

By = SLy € By :sup | y(1)] < 00}, where J; = (= oo, i ]. (3.2)
teJi
Let || - |lx be the seminorm in By defined by
Iyl =|yollg +sup{|y(s)| :0<s=<t}, y€Bx (3.3)

We will next define what we mean by a solution of (1.1)—(1.3).

Definition 3.1. A function y is said to be a solution of the problem (1.1)—(1.3) if y € By
and y satisfies (1.1)—(1.3).

To prove our existence results for the problem (1.1)—(1.3), we first establish the fol-
lowing lemma.

LemMa 3.2. Let f: [0,00) — R” be a continuous function with [, f(s)ds < co. Then y is a
solution of the impulsive integral equation

b0 e ) t
%”LHUO f()’s)d5+kzllk(y(fk))]+%, t € (—00,0],

0= 20 [ o0t S 0600+ [ e

A-1 -
+ 2L Ly (), t€ [0,00),
LU O<tk<t
(3.4)
if and only if y is a solution of the impulsive boundary value problem
Y (t)=f(y:), tel0,0), t#t, k=12,..., (3.5)
y () =y () =L(y(t)), k=12,..., (3.6)
AyO_yoo :¢(t)> tE(—O0,0], (37)

where lim;—.« (1) = Yoo.
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Proof. Let y be a solution of the impulsive integral equation (3.4). Then for t € [0, )
and t # tx, k = 1,2,..., we have

40 5| [ e Snotn |« [ ro0des 3 5060

0<tx<t
(3.8)

y(t)

Thus, y'(t) = f(y:) for t € [0,00) and ¢ # t, k = 1,2,.... From the definition of y, we see
that

() = y(6) = Ly(5F) fork=1.2,.... (3.9)

Finally, to see that Ay) — y = ¢(t) for t € (—o0,0], note that

Yo ,f(TO) +ﬁ U:f(ys)dwkzllk(y(tk))}

(3.10)
(0) 1 © - _ (1)
Yo = h t1 1 [JO f()’s)ds+gllk()’(tk ))} + %
Hence,
A=y = 20 AT pldse S 1ty [ +o0 - 2O
WX = A | )y SYET 2D A1
. (3.11)
A ® _
“ao1 UO f(ys)d5+kz I (y (& ))} = ¢(1).
-1
Now let y be a solution of the problem (3.5)—(3.7). Then,
y' () =f(y) forte[o,n], (3.12)
and an integration from 0 to ¢ € (0,1, ] yields
Y1)~ y(0) = L ¥ (s)ds = L Flyo)ds (3.13)
or
t
y(t) = y(0)+Lf(ys)ds (3.14)

fort € [0,t1]. If t € (t1,12], then

t t t
y(tr) = y(0)+y(t) — y(t]) = . y'(s)ds+L Y (s)ds = Jof(ys)ds, (3.15)
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SO

t
Y0 =500+ | FO)ds 1 () (3.16)

Continuing this procedure, we obtain

y(t) = Jf Oods+ S Ly(5)) (3.17)

0<ty<t

for t € [0, ). Since lim¢_.« ¥(t) = Yo, we have

yo =y O+ [ FOds+ 3 T (6)). G.18)
k=1

From (3.7), we have y. = Ay(0) — ¢(0), and so

y(0)=%+ﬁ[J:f(ys)ds+§lk(y(tk_))] (3.19)

Substituting (3.19) into (3.17), we obtain

y(t)=1f(_0)1+Al_1UO f(%)dwgllk(y(tk ] Jf yds+ > I(y(t))

0<tr<t

(3.20)
for t € [0,00).
From (3.7), (3.18), and (3.19), we have
y(1) = ¢7 [ (0)+J Fe) ds+ZIk () ]
$(0) $(1) o
1 _ t

SAA-D A1 U f(ys)d”,;’k(y(fk ”] e

for t € (—o0,0]. This completes the proof of the lemma. O

We are now ready to prove our existence and uniqueness result for the problem (1.1)-
(1.3).

THEOREM 3.3. Let f : ] X B — R" be an L'-Carathéodory function and assume that
(H1) there exist constants di >0, k = 1,2,..., such that

[|[Ik(x) — I(®)|| < dkllx — %Il foreachk =1,2,..., Vx,x € R"; (3.22)
(H2) there exists a function | € L'([0, %), R") such that

|| f(t,x) = f(£,%)|] <I(t)lx—X|lg foreacht € [0,0), Vx,X € B; (3.23)
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(H3) there exist a function p € L'([0,00),R) and positive constants cx, k = 1,2,...,
such that

lf (t,w)|| < p(t)  for (t,u) € [0,00) X B,
|[k(2)|| <cx VzeR?

[ee)
z Ci < 00,
k=1

If 351 di < 1, then the problem (1.1)—(1.3) has a unique solution.

(3.24)

Proof. We transform the problem (1.1)—(1.3) into a fixed point problem. Consider the
operator N : By — By defined by

0 ﬁ[fﬂs,y;)czﬁ ZIk(y(tk‘))] D e o,

Ny =120 _IU fsysd5+ZIk () }
+[ femdst 3 R, t e [0,09)

O<ty<t

(3.25)

It should be clear from Lemma 3.2 that the fixed points of N are solutions of the problem
(1.1)—(1.3). Let x : (—00,00) — R" be the function defined by

0 0 00
%Jﬂﬁ[ﬁ) f(s’xs)dHl;Ik(x(tk))} ift € [0,00),
x(t) = =
0 1 o ® n
A((il(—)l) i [L f(s,xs)ds+kzllk(x(tk))} + % if t € (—00,0].
(3.26)
Then,
0 1 [(® -
0= 20 [ sema Saeten | )
For each z € C([0, ), R") with z(0) = 0, denote by Z the function given by
t) ifte[0,00),
z(t) = {Z( : ;fti EOO)O] (3.28)

If y satisfies the integral equation

0 00 )
y(t):/(f(—)l+Al—l[L f(s,ys)ds+k§11k(y(tk } Jf (sydds+ > L(y(t))

O<ty<t

(3.29)
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we can decompose y into y(t) = z(t) +x(t), 0 < t < co, which implies that y; = z; +x; for
0 < t < o0, and z satisfies

z(t) = Jf (5,25 + x5)ds + Z T (2(tg ) +x(t)). (3.30)
0<tx<t
Let
Bf = {z€Bi:z=0}. (3.31)

For any z € Bk, we have

Izllx = ||zo]|gy +sup {[|z(s)[[ : 0 < s < tx} = sup {|[z(s)||: 0 < s < & }. (3.32)
Thus (B’;, Il - llx) is a Banach space. If we set
Cy = {Z €By:20= 0} (333)

with the Bielecki-type norm on BX defined by
Izl = max{||z(n)]le ™ : ¢ € [0,4]}, (3.34)

wherel () = fo (s)ds, l(t Kil(t), Ky = sup{|K(t)|: t € [0,tx]}, k=1,2,...,and 7 >0 is
a constant, then Cy is a Fréchet space with the family of seminorms || - || .
Let the operator P : Cy — C, be defined by

0, t<0,
Jf S, Zs + x5 )ds + Z L (2(t ) +x(t;)), te[0,00).

O<tr<t

(Pz)(t) = (3.35)

Clearly, the operator N having a fixed point is equivalent to the operator P having one,
and so we turn our attention to proving that P does have a fixed point. We will use the
nonlinear alternative given in Theorem 2.2 to show this.

Let z be a possible solution of the problem z = AP(z) for some 0 < A < 1. Then, for each
t € [0,0),

z(t) = [J f(s,2s+xs)ds+ Z Ii(z +x(tk_))], (3.36)
O<tx<t
so by (H3), we have
i=k

[|z( t)||<Jp(s)ds+ZI zZ(t) +x(t)) |<J ps)ds+Zc,. M. (3.37)

Hence,

sup{llz(8)]|: t € [0, 1]} < M} (3.38)
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Let
Y={zeClsup{llzllp :0<t <t} <M Vk=1,2,...}. (3.39)

Clearly, Y is a closed subset of Cy. We will show that P: Y — BX is a contraction map. To
see this, consider z, z* € Y; then for each t € [0,#] and k = 1,2,..., we have

PO~ P )0l < [/ 11 (62 +5) — (525 5 ds
i—k
# S IGE) +7) - 1 () ++0)]
t i=k
< |, Kz = 2 llgds + ()~ ()|

t i=k
< Jo 1(s)Ky sup]||z(s) —z*(s)||ds+zd,'||z(ti_) —z*(t7)||

se[0,t i=1

t ~ ~

SJ 1(5)e™® e sup ||z(s) — z*(s)||ds
0 s€[0,t]

i=k

+ > die e 0 sup ||z(s) — 2% (s))|
i=1 se[0,tx]
ty, - i=k
= J ()€™ 9ds||z — 2*[| g + > die™ Pz — 2* || g
0 i-1

1 ! T\ i=k .
= Jo (e11) ds||z —z* ||B’i + Zdierl(z)Hz ot HB];K
i=1
1 3 i=k
< ;erl(t)d5||z —z* ||B§ + Zdierl(t)Hz - z*||B§-
i=1

(3.40)
Thus,
. ) i=k | ik
TP - PO = =2 + Sl s = (2434 -l
i=1 i=1
(3.41)
Therefore,
1 i=k
IP(2) = P(z*) || < (;+zd,‘)||z—z*||3:;, (3.42)
i=1

which shows that if 7 is large enough, then P is a contraction. From the choice of Y, there
is no z € dY" such that z = AP(z) for some A € (0,1). As a consequence of Theorem 2.2,
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we conclude that P has a unique fixed point. In turn, this implies that the operator N
has a unique fixed point that is a solution to (1.1)—(1.3). This completes the proof of the
theorem. O

4. Neutral functional differential equations

This section is concerned with the existence of solutions to the boundary value problem
for first-order neutral functional differential equations with infinite delay and impulses
given in (1.4). Our main result is as follows.

THEOREM 4.1. Let f : ] X B — R" be an L'-Carathéodory function. In addition to (HI)—
(H3), assume that M(0) < 1 and i
(B) there exist constants c¢i',cy =0, and di >0, k = 1,2,..., such that

llg(tw|| < cfllullp+c5, t€[0,0), ueB, cfKr<1,

_ . _ (4.1)
llg(t,u) —g(t,0)|| < dillu—1lly forte[0,],

where

Ki=sup{|K(t)|:t€[0,tk]}, k=1,2,.... (4.2)

If S5 ldi + diKy ] < 1, then the problem (1.4) has a unique solution.

Proof. We proceed similarly to what we did in the proof of Theorem 3.3 by defining the
operators N : B4 — By and P, : Cy — Cy by

¢><o> L9
A(A— A

[J f(s,ps) ds+ZIk (t) } t € (—00,0],

(6(0,6(0)) — g (1, (1)) +

£(0.¢) —g(ty) + ﬁ UO fs55) ds"";llk(y(tk_))}

S0 it 3 10 <o),
0, t<0,
(P12)(1) = 2(0,¢0)—g(t,Zi+x¢) + Jf $Zs+xs)ds+ Z L (zZ() +x(t; ), te[0,00),

O<tr<t

(4.3)

where z; and x; are defined similar to the way they are in the proof of Theorem 3.3. In
order to apply the nonlinear alternative, Theorem 2.2, we first obtain a priori estimates
for the solutions of the integral equation

z(t):)t[g(o,gb)— (t,Z +x;) Jf (5,25 +x5)ds+ Z I (z )+x(tk))} (4.4)

o<ty<t
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for any A € (0,1). We have

Ietol1 < llg (0.9 1 + gtz 411+ [ s+ 3 uteler) +x(5 )

0<tx<t
t i=k
< llg (0 @)l +cFllz+x %+c§‘+Lp(s)ds+Zci
i=1
< lg(0,¢(0))[[ + i K () sup. |2(s)| + K (1) sup | x(s) | +cF M(8)] [0
se[0,t se[0,t

. k
+cf +L p(s)ds+zc,~ < |lg(0,¢(0))[| +¢f Kk sup |z(s)|

i=1 s€[0,t]

¢ k

+ Kief 1Moo + Micc||x0| g + 5 + JO ps)ds+> ci,
i-1

(4.5)
where
My =sup{M(t):t € [0,tx]}. (4.6)
Hence,
lIzlleo < ||g(0,8)]] + cFKillzll o + Kicc 11l oo + Mic ||x0] ] + cF + J:p(S)dH ici-
(4.7)
Now,
[0l < K(0)[x(0) | +M(0)]|x0] |5, (4.8)
50
Ially = T2 35 15O, (49)
and since
Il i= sup [+(0)] < 'jf(_o)1| b [npny +§ck} =¢,  (4.10)

we then have

1 . K(0) o _
o< T , Ky €+ Mycf : i | := M.
Izl TR [Hg(O || +c5 +Kicf e+ "611—1\4(0)“”1"“ +,-=zlc K

(4.11)
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Now set
Y1 ={z€ Cy:sup{||z(t)]|: 0 <t <t} <My Vk=1,2,...}. (4.12)

Clearly, Y is a closed subset of Cy. To show that P; is a contraction, let z, z* € Y;. Then,
foreach t € [0,#] and k = 1,2,..., we have

||P1(2)(1) = P () (1)]|

< lgtnzcx) ~g 0z Il [ (524 ) = (527 ) s

+ 2 Mz (6) +x(67)) = Lz (67) +x(6)) || < dl 12 — 2|
i=k ~
jz(s Iz - *||%ds+2d||z 2 60)]| = ke sup (o) = (]
te |0,k
ik
l(s K; su(}) l|z(7) (T)||d5+zdi||z(ti_) =z ()]l

< diKyet el sup ||z(t) —z*(t)|| + l e"9e ™) sup ||z(1) — 2% (1)||ds

te[0,t] 7€[0,5]
=k R i R
+ Z die™ e sup ||z(s) — 2% (s)]| < dpKge™ P ||z - z* || 5t
i=1 se[0,tx]

f (s)e !9 ds]|z - z*||Bk+ZdeTl 2= 2* ||y = dieKiee™ ||z — 2% ¢
i=1

Ol =2y

t i=k
w7 |, (€ dslle =2l + e
0

i=1
1 i=k
+ = eTl(t)dst 2| g +Zde’l |lz —2*|| .
i=1
(4.13)
Thus,
~ 1 i=k _
eirl(t)HPl(Z)(t) - P, (Z*)(l’)H < (; +zdi+dkKk)||Z_Z*||B’;~ (4.14)
i=1
Therefore,

i=k
||P1(Z)_P1(Z*)HB’; < <T+Zd +dkKk>||Z Z*||Bk, (4.15)

i=1
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and again if 7 is large enough, P; is a contraction. From the choice of Y, there is no
z € dY7 such that z = AP;(z) for some A € (0,1). As a consequence of the nonlinear al-
ternative (Theorem 2.2), we see that P; has a unique fixed point which again leads to the
existence of a unique solution to (1.4). O

5. Example

In this section we give an example to illustrate the usefulness of our main results. Consider
the problem

e |yt
(t+ 1) (t+2)(1+ | ye|)
y() —y(t) =biy(ty), k=12,
y(t) =¢(t), te(—00,0],

Yy (t) = , ae.te]:=[0,0)—{t;,ts...},

(5.1)

where y >0 is a constant and by >0 for k = 1,2,.... Let

% = {y:(—00,0] — R" | ¥ is continuous everywhere except for a countable number of

points f at which y(£7), y(f") 3,w(f7) = y(i)}.

(5.2)
Let
By=1{ye%: 01ir{1oo e"? y(0) exists in R"} (5.3)
with the norm in B, given by
Iylly = sup e||y(0)l. (5.4)
—00<0<0
Let y: (—00,00) — R" be such that y, € B,; then
lim e"9y:(0) = lim ey(t+0) = lim e’ 0D y(0) = e’ lim "% y0(0) < 0.
(5.5)
Hence, y: € B,.
Next, we prove that | y()| < HllytIIBy and
[|ye]| < K(t)sup {||y(s)||: 0 < s <t} +M(t)||y0||y, (5.6)

where [|y:(0)Il = ly(t+0)Il, K(¢t) = M(t) = 1, and H = 1. Now, if 8 + ¢ < 0, we have

[|7:(0)|] < sup{||y(s)||: —o0 <s < 0}. (5.7)

For t+ 0 > 0, we see that

[|7:(0)]] < sup{||[y(s)]|:0<s =<t} (5.8)
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Thus, for all £+ 6 € R, we obtain

[|y:(0)|] < sup {||y(s)]|: —o0 < s <0} +sup{||y(s)|]: 0 <s <t} (5.9)

Then,
yell, < lyoll, +sup{[[y(s)][ : 0 < s < t}. (5.10)
Now (By, |l - II) is a Banach space and B, will serve as the phase space for our problem.

We see that the function f satisfies

e Vx| 1

Fe91 = ey e = wrnaey ~ P

(5.11)

« « 1
JO p(t)dtZIO mdtzlnz.

Let x, y € By; then,

e x| Iyl ] e |lxl — Iyl
| f(t0) = f(ty)] = (t+1)(t+2) ' 1+ x| T+l (E+D)E+2) 1+ Ix) (1+1y])

- e Vx—yl llx— ylls,
T+ DE+2)(I+Ix) A+ 1yl) T+ 1) (E+2)

(5.12)

Hence, the hypotheses of Theorem 3.3 are satisfied, so if >, bx < 1, then the problem
(5.1) has a unique solution.
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