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Abstract

We obtain moment and Gaussian bounds for general coordinate-wise Lipschitz functions eval-
uated along the sample path of a Markov chain. We treat Markov chains on general (possibly
unbounded) state spaces via a coupling method. If the first moment of the coupling time exists,
then we obtain a variance inequality. If a moment of order 1+ € of the coupling time exists, then
depending on the behavior of the stationary distribution, we obtain higher moment bounds.
This immediately implies polynomial concentration inequalities. In the case that a moment of
order 1+ € is finite uniformly in the starting point of the coupling, we obtain a Gaussian bound.
We illustrate the general results with house of cards processes, in which both uniform and non-
uniform behavior of moments of the coupling time can occur.
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1 Introduction

In this paper we consider a stationary Markov chain X, n € Z, and want to obtain inequalities for the
probability that a function f (X;,...,X, ) deviates from its expectation. In the spirit of concentration
inequalities, one can try to bound the exponential moment of f — E(f) in terms of the sum of
squares of the Lipschitz constants of f, as can be done in the case of independent random variables
by several methods [17].

In the present paper, we want to continue the line of thought developed in [7; 8] where concen-
tration inequalities are obtained via a combination of martingale difference approach (telescoping
f —E(f)) and coupling of conditional distributions. In the case of an unbounded state space, we
cannot expect to find a coupling of which the tail of the distribution of the coupling time can be
controlled uniformly in the starting points. This non-uniform dependence is thus rather the rule
than the exception and has to be dealt with if one wants to go beyond the finite (or compact) state
space situation. Moreover, if the state space is continuous, then in general two copies of the pro-
cess cannot be coupled such that they eventually coincide: we expect rather that in a coupling the
distance between the two copies can be controlled and becomes small when we go further in time.
We show that a control of the distance suffices to obtain concentration inequalities. This leads to a
“generalized coupling time” which in discrete settings coincides with the ordinary coupling time (in
the case of a successful coupling).

In order to situate our results in the existing literature, we want to stress that the main message of
this paper is the connection between the behavior of the generalized coupling time and concentra-
tion inequalities. In order to illustrate the possibly non-uniform behavior of the coupling time, we
concentrate on the simplest possible example of “house of cards” processes (Markov chains on the
natural numbers). In this paper we restrict to the Gaussian concentration inequality and moment
inequalities. In principle, moment inequalities with controll on the constants can be “summarized”
in the form of Orlicz-norm inequalities, but we do not want to deal with this here.

The case of Markov chains was first considered by Marton [20; 21] : for uniformly contracting
Markov chains, in particular for ergodic Markov chains with finite state space, Gaussian concen-
tration inequalities are obtained. The method developed in that paper is based on transportation
cost-information inequalities. With the same technique, more general processes were considered by
her in [22]. Later, Samson [25] obtained Gaussian concentration inequalities for some classes of
Markov chains and $-mixing processes, by following Marton’s approach. Let us also mention the
work by Djellout et al. [9] for further results in that direction. Chatterjee [6] introduced a version of
Stein’s method of exchangeable pairs to prove Gaussian as well as moment concentration inequali-
ties. Using martingale differences, Gaussian concentration inequalities were obtained in [15; 24] for
some classes of mixing processes. Markov contraction was used in [16] for “Markov-type" processes
(e.g. hidden Markov chains).

Related work to ours is [10], [11], [12] where deviation or concentration inequalities ([10]) and
speed of convergence to the stationary measure ([11], [12]) are obtained for subgeometric Markov
chains, using a technique of regeneration times and Lyapounov functions. Concentration properties
of suprema of additive functionals of Markov chains are studied in [1], using a technique of regen-
eration times.The example of the house of cards process, and in particular its speed of relaxation
to the stationary measure is studied in [11], section 3.1. The speed of relaxation to the stationary
measure is of course related to the coupling time, see e.g. [23] for a nice recent account. In fact,
using an explicit coupling, we obtain concentration inequalities in the different regimes of relaxation
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studied in [11].

Our paper is organized as follows. We start by defining the context and introduce the telescoping
procedure, combined with coupling. Here the notion of coupling matrix is introduced. In terms of
this matrix we can (pointwise) bound the individual terms in the telescopic sum for f —E(f). We
then turn to the Markov case, where there is a further simplification in the coupling matrix due to
the Markov property of the coupling. In Section 5/we prove a variance bound under the assumption
that the first moment of the (generalized) coupling time exists. In section |6/ we turn to moment
inequalities. In this case we require that a moment of order 1+ € of the (generalized) coupling time
exists. This moment M, , ;. depends on the starting point of the coupling. The moment inequality
for moments of order 2p will then be valid if (roughly speaking) the 2p-th moment of M, , 1.
exists. In Section |7|we prove that if a moment of order 1 + € of the coupling is finite, uniformly in
the starting point, then we have a Gaussian concentration bound.

Finally, Section[8| contains examples. In particular, we illustrate our approach in the context of so-
called house of cards processes, in which both the situation of uniform case (Gaussian bound), as
well as the non-uniform case (all moments or moments up to a certain order) are met. We end with
application of our moment bounds to measure concentration of Hamming neighborhoods and get
non-Gaussian measure concentration bounds.

2 Setting

2.1 The process

The state space of our process is denoted by E. It is supposed to be a metric space with distance d.
Elements of E are denoted by x, y,z. E is going to serve as state space of a double sided stationary
process. Realizations of this process are thus elements of EZ and are denoted by X, ¥, z.

We denote by (X, ),z a (two-sided) stationary process with values in E. The joint distribution of
(X, )nez is denoted by P, and E denotes corresponding expectation.

,ﬂ'ioo denotes the sigma-fields generated by {X}. : k < i},

Fvo =Ty
i
denotes the tail sigma-field, and
o0
F =0 ( U ,ﬂ'ioo) .
i=—00

We assume in the whole of this paper that P is tail trivial, i.e., for all sets A€ &_,, P(A) € {0, 1}.

For i < j,i,j € Z, we denote by X l] the vector (X;,X;41,...,X;), and similarly we have the notation

xt o> X;°. Elements of E {Lit+ 1.5 (i.e., realizations of X 1] ) are denoted by xf , and similarly we have

i %)
xt g, x>,

2.2 Conditional distributions, Lipschitz functions

We denote by P,: the joint distribution of {X; : j > i+ 1} given Xt o= xi_oo. We assume that this
object is defined for all xi_oo, i.e., that there exists a specification with which P is consistent. This is
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automatically satisfied in our setting, see [14].
Further, P

i
—000Y ~00

denotes a coupling of P,: and Py .

For f : EZ — R, we define the i-th Lipschitz constant

fG)-f)
d(xi: yl) ’

The function f is said to be Lipschitz in the i-th coordinate if §;(f) < oo, and Lipschitz in all
coordinates if 5;(f) < oo for all i. We use the notation 5(f) = (6;(f));ez. We denote by Lip(EZ,R)
the set of all real-valued functions on EZ which are Lipschitz in all coordinates.

5i(f)1=SUP{ xj=yj, Vi#i, Xi7éyi}~

3 Telescoping and the coupling matrix

We start with f € Lip(EZ, R)NL'(P), and begin with the classical telescoping (martingale-difference)
identity

f—E(f)= i A

where . _
A;:=E(f| L) —E(f|Z1D).

We then write, using the notation of Section|2.1,

Ai = Al(Xl—oo) = J d]PJXi;(Zi)X

f dIP)Xi_m,Xi__oéZi(yio—il’zl(‘)—T-l) [f(Xi—ooyi(ﬁﬂ _f(Xi—_c:az?o ] . (1)
For f € Lip(E%,R), we have the following obvious telescopic inequality

FG) = FOI< D 6:(F)dxi, ). 2)

i€Z

Combining and (2) one obtains

. 0 Xt
A XD Y D; 6045 3)
=0
where
Xi_OO - o0 00
D ::JdPXi;i(zi)Jdpxim,xi;},zi(yiﬂ’ziﬂ)d(yi+j’zi+j)' 4)

This is an upper-triangular random matrix which we call the coupling matrix associated with the
process (X,,) and P, the coupling of the conditional distributions. As we obtained before in [7],
. . . . XL
in the context of E a finite set, the decay properties of the matrix elements D, i‘f} (i.e., how these
matrix elements become small when j becomes large) determine the concentration properties of
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f € Lip(EZ,R), via the control (3) on A;, together with Burkholder’s inequality [5, Theorem 3.1,
p. 87], which relates the moments of f — E(f) with powers of the sum of squares of A;. The
non-uniformity (as a function of the realization of Xi_oo) of the decay of the matrix elements as a
function of j (which we encountered e.g. in the low-temperature Ising model [7]) will be typical as
soon as the state space E is unbounded. Indeed, if starting points in the coupling are further away,
then it takes more time to get the copies close in the coupling .

REMARK 3.1. The same telescoping procedure can be obtained for “coordinate-wise Holder” functions,
i.e., functions such that for some 0 < a <1

fG)-fO) .
Ly T Vi#i, Xi?é}’i}~

is finite for all i. In (4), we then have to replace d by d*.

6{(f):= sup{

4 The Markov case

We now consider (X,,),ez to be a stationary and ergodic Markov chain. We denote by p(x,dy) :=
P(X, ed y|X0 = x) the transition kernel. We let v be the unique stationary measure of the Markov
chain. We denote by P, the path space measure of the stationary process (X,,),cz. By P, we denote
the distribution of (X7°), for the Markov process conditioned on X, = x.

We further suppose that the coupling P of Section 2.2 is Markovian, and denote by I@’x,y the coupling
started from x, y, and corresponding expectation by I@x’y. More precisely, by the Markov property
of the coupling we then have that

is a Markovian coupling ((X,(ll),X gz)))neN of the Markov chains (X,,),>¢ starting from X, = x;, resp.
Y, = y;. In this case the expression (4) of the coupling matrix simplifies to

Wy, x, () =D = fp(xi_l, dy) J By, (u$,v$) d(u;, v;) (5)
With this notation, (3) reads
|A;(Xi—1, X))l < Z‘I’Xi,l,xi(j)5i+jf- (6)
j=0

We define the “generalized coupling time”
o0
T, ve) = Y d(w;,v)). 7)
j=0

In the case E is a discrete (finite or countable) alphabet, the “classical” coupling time is defined as
usual

T(uy,vy ) :=inflk = 0:Vj>k:u;=v;}.
If we use the trivial distance d(x,y) =1if x # y and d(x,y) =0 if x = y, for x,y € E, then we

have
d(uj,v)) < TP, V) = j} (8)
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and hence
T(ug’,vg™) < T(ug’, vy°).

Of course, the same inequality remains true if E is a bounded metric space with d(x,y) < 1 for
x,y € E. However a “successful coupling” (i.e., a coupling with T < 00) is not expected to exist in
general in the case of a non-discrete state space. It can however exist, see e.g. [13] for a successful
coupling in the context of Zhang’s model of self-organized criticality. Let us also mention that the
“generalized coupling time" unavoidably appears in the context of dynamical systems [8].

In the discrete case, using (6) and (8), we obtain the following inequality:
U,y ()< Y p0e,2)E,, (1T, ve) = j}) ©)
z

whereas in the general (not necessarily discrete) case we have, by (7), and monotone convergence,

PRMOE f p(x,dz)E, ,(T) < Jp(x,dz)ﬂy,zm. (10)

j=0

REMARK 4.1. So far, we made a telescoping of f — E(f ) using an increasing family of sigma-fields. One
can as well consider a decreasing family of sigma-fields, such as Z;°, defined to be the sigma-fields
generated by {X; : k > i}. We then have, mutatis mutandis, the same inequalities using “backward
telescoping”

o0
F-E(f)= > A,
i=—00
where
AT =E(f| ) - E(F|Z3).
and estimating A in a completely parallel way, by introducing a lower-triangular analogue of the
coupling matrix matrix.

Backward telescoping is natural in the context of dynamical systems where the forward process is de-
terministic, hence cannot be coupled (as defined above) with two different initial conditions such that
the copies become closer and closer. However;, backwards in time, such processes are non-trivial Markov
chains for which a coupling can be possible with good decay properties of the coupling matrix. See [8]
for a concrete example with piecewise expanding maps of the interval.

5 Variance inequality

For a real-valued sequence (a;);cz, we denote the usual £, norm

lall, = (Zmiw)l/p.

i€Z

Our first result concerns the variance of a f € Lip(EZ, R).
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THEOREM 5.1. Let f € Lip(EZ,R) N L2(P,). Then

Var(f) < ClI5(HIl; an
where
C= f v(dx)x
f p(x,dz) J p(x,dy) f p(x,du) I@Z’y(T)sz’u(T). (12)
As a consequence, we have the concentration inequality
5 2
ves0, Hif-(PIz0sc Dk (13)

Proof. We estimate, using (6) and stationarity

2

BAD<E | Y U, (08050 | =E (¥, #6(); ).

=0

where * denotes convolution, and where we extended W to Z by putting it equal to zero for negative

integers. Since
o0

var(f) = > E((a)°)

i=—00

Using Young’s inequality, we then obtain,

Var() < B ([, #80]5) < ([, [17) 15[
Now, using the equality in

E ([|wx, 1)
2
= E U P(XO:dY)Exl,y(T))

2
= J v(dx)p(x,dz) U p(x, dy)Ez,y(T))

JV(dX)Jp(x,dZ)fp(x,dy)fp(x,dU)Ez,y(T)Ez,u(T),

which is (11). Inequality (13) follows from Chebychev’s inequality. O

The expectation in can be interpreted as follows. We start from a point x drawn from the
stationary distribution and generate three independent copies y, u,z from the Markov chain at time
t =1 started from x. With these initial points we start the coupling in couples (y,z) and (u, ), and
compute the expected coupling time.
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6 Moment inequalities

In order to control higher moments of (f — E(f)), we have to tackle higher moments of the sum
Zi Al.z and for these we cannot use the simple stationarity argument used in the estimation of the
variance.

Instead, we start again from (6) and let A2(j) := (j + 1)'*€ where € > 0.

We then obtain, using Cauchy-Schwarz inequality:

6i4;(f)
Al < Y ANy x ()
Al JZO (D¥xx D55
)\ V2
. 2 6ik(f)
< 21(1)2 (\I"Xl-_l,Xi(])) Z (W)
j=0 k>0
Hence
A% <U3(X,_,,X) ((5(f))2 * i) (14)
i — Te\Wi—14 kz ;
where 5(f)? denotes the sequence with components (5;(f ))2, and where
VX, X) = D G+ DY (U k(D) (15)

j=0

Moment inequalities will now be expressed in terms of moments of \Ili

6.1 Moment inequalities in the discrete case

We first deal with a discrete state space E. Recall (8).

LEMMA 6.1. In the discrete case, i.e., if E is a countable set with the discrete metric, then, for all € > 0,
we have the estimate

U2(X;_1,X;)
2
1 R e
<3 (szp(xi_l,z)mxi,z((ﬂ 1)”5)) : (16)

Proof. Start with
. ) 2
2= G+ (W, x (7))
j>0
D G+ DX, )P K1, u)Px (T 2 )Py (T = ).

z,u j>0

IA
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Proceed now with

DG+ DXy, 2)p (X, )Py, (T = )Py, (T = )
j>0

oo oo IAk

= DD GHDTRT =k, T =1)

k=0 [=0 j=0
1 o0 o0
QZZU Ak+ 12 B(T, =k, Ty =1)

k=0 1=0
= E((T1+ DA (T, +1))**),

where we denoted by T; and T, two independent coupling times corresponding to two independent
copies of the coupling started from (X;, 2), resp. (X;, u).

Now use that for two independent non-negative real-valued random variables we have
E((X AY)*) <EXM7DE(YI).
The lemma is proved. O]

In order to arrive at moment estimates, we want an estimate for E( Y, A%)”. This is the content of
the next lemma. We denote, as usual, {(s) = Zzozl(l/ n).

LEMMA 6.2. For all € > 0 and integers p > 0 we have

1 p
() A% < (M) 15N> v(plx, y) x

2
X,y
2p
(Zp(x,z)f@y,zc(T + 1)”5))) : (17)

Proof. We start from

E() AP
i , v 1
(i),
1=1 !

i1, =1

Then use Holder’s inequality and stationarity, to obtain

oW G R N G |

< E(¥?(X0,X1)) X

= I

= EW¥(Xy,X,)) x

||, e

where in the second inequality we used Young’s inequality. The lemma now follows from (16). [
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We can now formulate our moment estimates in the discrete case.

THEOREM 6.1. Suppose E is a countable set with discrete metric. Let p > 1 be an integer and f €
Lip(EZ,R) N L?P(P). Then for all € > 0 we have the estimate

E(f — B ) < G155 (18)
where
C(1+e)\*
C, = (2p- 1)% (T X
2p
D v()p(x,y) (Zp(x,Z)ny,z ((T+ 1)”5)) : (19
X,y Z
As a consequence we have the concentration inequalities
s(FIZP
Vt>0, P(f-E(f)=t)<C, % (20)
Proof. By Burkholder’s inequality [5, Theorem 3.1, p. 87], one gets
E((f-E*) <@ -17E((Y23)°)
and (19) then follows from (17), whereas follows from (19) by Markov’s inequality. O

REMARK 6.1. Theorem|6.1 for p = 1 is weaker than Theorem|5.1} indeed, for to hold we only need
to have the first moment of the coupling time to be finite.

REMARK 6.2. A typical behavior (see the examples below) of the coupling time is as follows:
Py (T =) < Cx, ¥)9())

Here C(x,y) is a constant that depends, in general in an unbounded way, on the starting points (x,y)
in the coupling and where ¢(j), determining the tail of the coupling time does not depend on the
starting points. Therefore, for the finiteness of the constant C, in (19) we need that the tail-estimate
¢(j) decays fast enough so that i j¢¢(j) < oo (that does not depend on p), and next the 2p-th power
of the constant C(x, y) has to be integrable (this depends on p).

6.2 The general state space case

In order to formulate the general state space version of these results, we introduce the expectation

E.,(F@v)) = J p(x, dZ)J P, (du, dV)F (1, V).
We can then rewrite )
W2, y) =D G+ DM (B, d(u;,v))

j=0
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We introduce
@ = (Byy (dlug,vi)) = By y (A1, v41))) -

This quantity is the analogue of P(T = j) of the discrete case. We then define

MEY =Y+ 1) o 21)
j=0
which is the analogue of the r-th moment of the coupling time. The analogue of Theorem 6.1/ then

becomes the following.

THEOREM 6.2. Let p > 1 be an integer and f € Lip(E%Z,R) N L?P(P). Then for all € > 0 we have the
estimate

E(f —E(f)* < CI6(HIF

C,= (2p — 1)% (@)pj v(dx)p(x,dy) (Mf;yg)zp

where

7 Gaussian concentration bound

If one has a uniform estimate of the quantity (15), we obtain a corresponding uniform estimate
2 . . 9. . . .. .

for A7, and via Hoeffding’s inequality, a Gaussian bound for (f — E(f)). This is formulated in the

following theorem.

THEOREM 7.1. Let E be a countable set with the discrete metric. Let f € Lip(EZ,R) such that exp(f) €
LY(P). Then for all € > 0 we have

E (of “50) < (L1806 (22)
where
2
C={l(1+¢€) (supEu,v(THe)) . (23)
u,v

In particular, we get the concentration inequality

Ve, B(f ()= 0<2 ( e ) (24)
>0, - >t)<2exp .
16CHII3

The general state space analogue of these bounds is obtained by replacing fEu,v(T”e) by M, J: . in (23)
(where MY is defined in (21)).

Proof. From we get

IA

1 - £\ n €
V) = 5D Pzl wEy (TR, (T75)
zZ,u

1 2
2 \uy 7
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Now start from the classical Azuma-Hoeffding inequality [19]
E (ef—E(f)) < ez uillailly

Therefore, we estimate, using (14) and Young’s inequality

1 . 2
STHAdZ < e +e) (supEu,v<T1+z)) 16013

which establishes (22). Inequality (24) follows from (22) by the optimized exponential Chebychev
inequality. O

REMARK 7.1. The assumption that a moment of order 1+ € of the coupling time exists, which is uniformly
bounded in the starting point, can be weakened to the same property for the first moment, if we have
some form of monotonicity. More precisely, we say that a coupling has the monotonicity property, if
there exist “worse case starting points” x,,, x;, which have the property that

supP, (T >j)<P, . (T>})) (25)
x’y

for all j > 0. In that case, using (9), we can start from (6) and obtain, in the discrete case, the uniform
bound

TAVIRS Z]qu,xl('r > j)6iyf (26)
j=0

and via Azuma-Hoeffding inequality, combined with Young’s inequality, we then obtain the Gaussian
bound (22) with
1.
C= EExwxl(T)'
Finally, it can happen (especially if the state space is unbounded) that the coupling has no worst case
starting points, but there is a sequence x,,, x| of elements of the state space such that ng,xl"(T >j)isa
non-decreasing sequence in n for every fixed j and

Py (T =) < lim Pyn (o (T > j)
> n—oo u>l
(E.g. in the case of the state space Z we can think of the sequence x;; — oo and x;' — —o0.) In that

case, from monotone convergence we have the Gaussian concentration bound with

1.
C = lim —Exn xn(T).
n—oo 2 wrl

8 Examples

8.1 Finite-state Markov chains

As we mentioned in the introduction, this case was already considered by K. Marton (and others),
but it illustrates our method in the most simple setting, and gives also an alternative proof in this
setting.

Indeed, if the chain is aperiodic and irreducible, then it is well-known [26],

sup B, (T >j)<cp’

u,veE

for all j > 1 and some ¢ > 0. Hence the Gaussian bound (22) holds.
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8.2 House of cards processes

These are Markov chains on the set of natural numbers which are useful in the construction of
couplings for processes with long-range memory, and dynamical systems, see e.g. [4].

More precisely, a house of cards process is a Markov chain on the natural numbers with transition
probabilities
]P(Xk+1 =n-+ 1|Xk = Tl) =1 —qn, = 1- ]P(Xk+1 = 0|Xk = Tl),

forn=0,1,2,...,i.e., the chain can go “up" with one unit or go “down" to zero. Here, 0 < q, < 1.

In the present paper, house of card chains serve as a nice class of examples where we can have
moment inequalities up to a certain order, depending on the decay of q,, and even Gaussian in-
equalities. Given a sequence of independent uniformly distributed random variables (U, ) on [0, 1],
we can view the process X; generated via the recursion

Xiy1 = X + DUy 2 g, }- (27)

This representation also yields a coupling of the process for different initial conditions. The coupling
has the property that when the coupled chains meet, they stay together forever. In particular, they
will stay together forever after they hit together zero. For this coupling, we have the following
estimate.

LemMA 8.1. Consider the coupling defined via (27), started from initial condition (k,m) with k > m.
Then we have

t—1
P (T>0<[]a-q.) (28)
j=0
where
.
q, = Slgg gs-

Proof. Call Ytk the process defined by (27) started from k, and define ZZ‘, a process started from k
defined via the recursion

Zew =+ D1{Uir 24}, },

where U, is the same sequence of independent uniformly distributed random variables as in (27).
We claim that, for all t > 0,

k k k
vk<zkym<zk

Indeed, the inequalities hold at time zero. Suppose they hold at time t, then, since g is non-
increasing as a function of n,

>ag* >g* >qg*  >g*
Qrk Zdye 2 dy and gym 2 qyn = @
whence

]l{Ut—i-l > q;k} > ]l{Ut—i-l > thk}‘ and H{Ut+1 > qZ(} > ]l{Ut—i-l > qytm}.
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Therefore, in this coupling, if Z f =0, then Y" = Ytk =0, and hence the coupling time is dominated
by the first visit of Z Z‘ to zero, which gives

t—1
Bn(T=0) <PZF#£0n=1,..t-D)=]Ja-q)
j=1

O
The behavior (28) of the coupling time shows the typical non-uniformity as a function of the initial

condition. More precisely, the estimate in the rhs of (28) becomes bad for large k. We now look at
three more concrete cases.

1. Case 1: 1
qnz—a,n22,0<a<1.
n

Then it is easy to deduce from (28) that
. 1 1— 1—
Pem(T =)< Cexp | ——— ((t+0)"*—k'"%) | (29)
’ 1—a

The stationary (probability) measure is given by:

v(k) = myck (30)
with
k
a=]]a-q) (31)
j=0
which is bounded from above by
1
cx < C'exp (— kl_“) . (32)
l1-a

From (29), combined with (30), (32), it is then easy to see that the constant Cp of is
finite for all p € N. Therefore, in that case the moment inequalities (18) hold, for all p > 1.

2. Case 2: Y
qn = H (Y > O)

for n > y 41, and other values q; are arbitrary. In this case we obtain from (28) the estimate

. (k+1)"
Pem(T 2 ) =G (k+t)

and for the stationary measure we have (31) with
Cr < C;k_y.
The constant C,, of (19) is therefore bounded by

/
Cp <C,ClG,Cy

1175



where C; = (2p — 1)?P({(1 + €)/2)? is finite independent of y, and where

_ -~ e\ 2P
Cy = Cao(p) £ D kT (B oT + D)%)
k>1

SO we estimate
(k+1)r(t+1)°

(t+ky °

o0
Br1,0(T + DM <(1+86) Z
(=0

where 6 := €/2. To see when C, < 0o, we first look at the behavior of

[©0]

ta
I(a,b,k) :221: G o

The sum in the rhs is convergent for b —a > 1, in which case it behaves as k!*2~? for k large,
which gives for our case a =6, b =y, y > 1+ 6. In that case, we find that C,(p) is finite as
soon as

Z Y2y p2p(6—r+1) o

k>1
which gives

Yy >1+2pd +2p.
Hence, in this case, for y > 1 4+ 6, we obtain the moment estimates (6.1) up to order p <
(y—1)/2(6 + 1).
. Case 3:
q:=inf{g,:neN} >0

then we have the uniform estimate

supPy (T = 6) < (1—¢q)f (33)

k,m

1

which gives the Gaussian concentration bound (22) with C = 0-0"

8.3 Ergodic interacting particle systems

As a final example, we consider spin-flip dynamics in the so-called M < € regime. These are Markov
processes on the space E = {0,1}°, with S a countable set. This is a metric space with distance

d(n,8)=>27"n;, — &
n=1

where n — i, is a bijection from N to S.

The space E is interpreted as set of configurations of “spins” 1); which can be up (1) or down (0)
and are defined on the set S (usually taken to be a lattice such as Z¢). The spin at site i € S flips at a
configuration dependent rate c(i,n). The process is then defined via its generator on local functions
defined by

Lf(n) =Y cl,m(f (") — F(n))

i€eS
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where 1! is the configuration 1) obtained from 7 by flipping at site i. See [18] for more details about
existence and ergodicity of such processes.

We assume here that we are in the so-called “M < e regime", where we have the existence of a
coupling (the so-called basic coupling) for which we have the estimate

B o (0:(6) # Li(£)) < e etel it i

with T'(i, j) a matrix indexed by S with finite [;-norm M < €. As a consequence, from any initial
configuration, the system evolves exponentially fast to its unique equilibrium measure which we
denote u. The stationary Markov chain is then defined as X,, = 1,5 where & > 0, and ny = X; is
distributed according to u.

In the basic coupling, from (34), we obtain the uniform estimate
E, (d(n(k),{(k)) < e"M=eko,

As a consequence, the quantity Mﬁ’{ of is finite uniformly in n, {, for every r > 0. Therefore,
we have the Gaussian bound (22) with

Cc< Zkl-i-ee—(M—e)kE < 0.
k>1

8.4 Measure concentration of Hamming neighborhoods

We apply Theorem |6.1 to measure concentration of Hamming neighborhoods. The case of con-
tracting Markov chains was already (and first) obtained in [20] as a consequence of an information
divergence inequality. We can easily obtain such Gaussian measure concentration from (22). But,
by a well-known result of Bobkov and Gétze [2], and that information divergence inequality
are in fact equivalent. The interesting situation is when (22) does not hold but only have moment
bounds.

Let A,B C E" be two sets and denote by d(A, B) their normalized Hamming distance, d(A,B) =
inf{d(x}, y7) : x] €A, y] € B}, where

- 1
d(xf,yi) =~ > Jd0xi, ),
i=1

d(x;,y;) = 1if x; # y;, and 0 otherwise. The e-neighborhood of A is then
[A]l; ={y] : inf E(x?,yf) <e}l.
X]€A

THEOREM 8.1. Take any n € N and let A C E™ a measurable set with P(A) > 0. Then, under the
assumptions of Theorem|6.1, we have, for all p > 1,

P([A],) > 1—i (35)
np

2p
£ 1
( i V(@) )

1/2p

forall € > W.

1177



Proof. We apply Theorem 6.1 to f = d(-,A), which is a function defined on E™. It is easy to check
that 6;(f) <1/n,i=1,...,n. We first estimate E(f ) by using (18), which gives (using the fact that

f|A:0)

1/2p
p
< _F 000
= @y e
Now we apply with t =&,
_G 1
P(f ~ 6) - Tl_p cl/zp 2p’
S
(’9 ﬁ(P(A))UZP)

The result then easily follows. O

REMARK 8.1. For p = 1, the theorem holds under the assumption of Theorem|5.1; see Remark

As we saw in Section 8.2, we cannot have Gaussian bounds for certain house of cards processes,
but only moment estimates up to a critical order. In particular, this means that we cannot have a
Gaussian measure concentration of Hamming neighborhoods. But in that case we can apply the
previous theorem and get polynomial measure concentration.

Acknowledgment. The authors thank E. Verbitskiy for useful discussions on the house of cards
process, and an anonymous referee for useful remarks.
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