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1 Introduction

In this paper we consider critical Nearest Particle Systems. A Nearest Particle System
(NPS) is a spin system on {0,1}#Z. For x € Z and n € {0,1}#, the flip rate at site
x for configuration 7 is given by

B 1 it n(z)
C(xm)_{f(ln(x),?“n(fﬂ)) it n(x)

where f is a real valued nonnegative function defined on ordered pairs (I, ), where
each coordinate is a strictly positive integer or infinity: [,(z) = « — sup{y < x :
n(y) =1} and r,(z) = inf{y > 2 : n(y) = 1} — = (either or both possibly co).

Of particular interest are the so-called reversible NPSs. These are systems where
f(L,r) is of the form S f(i,00) = f(oo,l) = B(1), f(o0,00) = 0, where 3
is a real valued nonnegative function on the strictly positive integers. This class of
particle systems was introduced by [13]. A NPS is reversible in the classical sense
only if f(.,.) is of this form (see [7]). These processes are of mathematical interest
partly because there is an array of reversible Markov chain techniques with which to
analyze them. This paper considers reversible NPSs.

We will also require the condition

B(n)
B(n+1)

The convergence of the quotient to one is equivalent to the reversible NPS being
Feller, a naturally desirable property. The assumption of monotonic convergence
down to one ensures that the process is attractive. This makes the process much
more mathematically tractable; see [7] for a complete treatment of NPSs as well as
of attractiveness.

In this paper we will use the adjective infinite to describe a reversible NPS on
{0,1}#,(n, : t > 0) such that a.s. for all ¢, S,com(z) = Yesom(z) = oo
A reversible NPS (1, : t > 0) such that a.s. for all ¢, Y, .om(zr) = oo and
> e>0 () < oo or such that a.s. forall¢, > on(x) = ooand Y, m(z) < oo will
be called semi-infinite. A right sided reversible NPS is a semi-infinite reversible NPS
for which for all time ¢, a.s. ;> ,om(x) = 00 and 3", n:(z) < oo. For such processes
we denote the position of the rightmost particle at time ¢ (sup{z : n,(x) = 1}) by r,.
Similarly a left sided reversible NPS is a semi-infinite NPS for which a.s. for all time
t, Y asom(z) = 0o and Y-, n:(z) < oo. For such processes we denote the position of
the leftmost particle at time ¢, (inf{x : n,(z) = 1}), by ;. Finally a finite reversible
NPS on {0,1}%(n; : t > 0) is one for which, a.s., for all + > 0,3, n:(z) < co. In
similar fashion, we will speak of finite, infinite , semi-infinite, right sided and left
sided configurations n € {0,1}Z so that for instance a reversible NPS (n; : t > 0) on
{0,1}% is finite if and only if a.s. for every ¢t > 0,; is finite.

1,
0,

11 as n— oo. (%)
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In this article we will treat reversible NPSs corresponding to functions (3 such that

o, B(n) < oo (in fact we will assume rather more, see (x x %) below). In this
case, as is easily seen, a reversible NPS (1, : t > 0) is finite, infinite, right sided or
left sided if and only if the initial configuration, ng, is a.s. finite, infinite, right sided
or left sided respectively.

One has two notions of survival for a reversible NPS, . For finite systems one
says that 7. survives if P™(n, # 0V ¢t > 0) > 0, where 0 is the trap state of all
0’s (similarly 1 will denote the configuration consisting of all 1’s) and P"(.) is the
probability measure for a reversible NPS starting from state 7. For infinite systems,
one says that 7, survives if there exists a non-trivial equilibrium measure p. That is
a measure 4 on {0,1}#Z so that for all continuous functions f defined on this space
and all positive ¢

/f(n)du = /Ptf(n)du,

where (P;)¢>0 is the semigroup for the reversible NPS. [4] proves that for all reversible
NPS with [ satisfying (%) and such that >°°, (n) < oo, the finite processes
survive if and only if >°°, G(n) > 1. In the infinite case with f(.) satisfying
(%) there is survival if and only if either Y02, B(n) > 1lor >, 5(n) = 1 and
Yoo npB(n) < oo (which certainly hold under our further assumption (x* ) below).
Thus while conditions on f(.) for survival of finite and infinite reversible NPSs do not
coincide, the cases where

imn) -1 ()

are critical for both. In this paper we will restrict attention to a class of critical
reversible NPSs, i.e., reversible NPSs with 3 satisfying (*) and ().
If the conditions (%) and (#x*) hold and the condition

B(n)
(G 1) ke 0o, (rr)

is also satisfied, then a non-trivial equilibrium measure exists and is equal to the
renewal measure on {0,1}# that corresponds to the probability measure 3(-) on the
integers. Subsequently we will denote this renewal measure by Ren(/3). It is known
(see e.g. [7]) that Ren(3) is the upper equilibrium for 5-NPSs in the sense that it
is greater than any other equilibrium in the natural partial order on measures on
{0,1}%. The strong condition (x* *) is similar to that imposed in [8] and is certainly
not optimal. However we have sought to avoid adding to the technical aspects of the
paper, since we cannot reduce the bound 1500 to a “realistic” bound. [10] discusses
the case

o Bn)
n (m—1>—>ve(0,oo)for0<a<l
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where the scaling is different.

Henceforth, ((-) will denote a fixed positive function on the positive integers sat-
isfying (%), (x%) and (% % x). A §—NPS will be a critical reversible NPS whose flip
rates correspond to this fixed function 3. In particular, the process will be reversible,
Feller, attractive and critical. In addition Ren(() will denote the renewal measure
on {0, 1}# associated with 3(-).

We will assume that the -NPS (n, : ¢ > 0), is generated by a given Harris
system, which will also generate auxiliary comparison processes (see [1] for a general
treatment of Harris constructions). For this, we suppose that we are given for each
r € Z two Poisson processes D, and B,, independent of each other and independent
over v € Z, with D, of rate 1 and B, of rate M = %, the maximum flip rate
from spin value 1 to value 0. The spin value (or simply spin) at site x can flip at time
t only if there is a jump in either D, or in B, at time ¢, i.e., t € D, ort € B,. The
process D, corresponds to flips of 1’s at site x (or deaths of particles) and is simple:
if t € D, then n(x) = 0, irrespective of its value immediately preceding time ¢t. The
Poisson process B, corresponds to flips of 0’s to 1’s at site x (or births at site x).
For this process, associated to the i’th point ¢; € B, is a random variable U, ; that
is uniform on [0, 1]. At time t = ¢; € B,, we have m(z) = 1 if either n,_(z) = 1
orit Uy, < C(x’—]@t‘), where 7,_ is the limiting configuration immediately before time
t. The uniform random variables U, ; are independent as x and ¢ vary and also are
independent of the Poisson processes {B,, D,}z. If t is the ¢'th point of B, we also
denote U, ; by U**. We may on occasion assume that additional independent Poisson
processes belong to the system.

In this paper, a gap (for a configuration 1) is an interval on which the configuration
is zero. We say that configuration n has a gap of size R (or an R gap) in interval V,
if there exists an interval I of length R contained in V on which 7 is zero.

The aim of this paper is to consider how quickly a S-NPS, starting from a con-
figuration 7y distributed as Ren(3) conditioned upon having a large gap in some
large interval V', converges to the upper equilibrium measure, Ren(3). This question
is somewhat vague. We propose three more or less equivalent formulations of the
question. The first addresses the time for the gap to disappear, the second gives a
coupling notion of equilibrium and the third a distributional convergence result. In
all cases we consider a family of 3-NPSs (¥ : ¢ > 0) with N a positive integer so
that for a < b fixed,

A) n is identically zero on (aN,bN),

B) The distribution of the restriction of 7} to interval (—oc, [aN]], 70 |(ce,fany, 18
the restriction of Ren(3) conditioned on 1}’ ([aN]) = 1 (here | ] denotes the integer
part :[x] is the greatest integer less than or equal to x),

C) The distribution of the restriction of 5}’ to interval [[(bN+1)—], 00), 1 [[1(sn+1)—],00)
is Ren() conditioned on )’ ([(bN+1)—]) = 1 and is independent of 7§ |(—co,[any- (Here
[z—] denotes the greatest integer strictly less than z.)
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The interval (aN,bN) is said to be the initial gap. In order to talk of “the gap” at
time ¢ for nV, we wish to define processes r" and ¢/~ and stopping time o (w.r.t. the
natural filtration of the Harris system and 1) that satisfy the following conditions:

(D Vit <o i <O, n () =n{((}) =1 and n(z) =0 Ve (', )
(1) Vit >N, rN =N,

In particular, we wish ¢ to denote the time at which the gap vanishes. This is
slightly delicate because when a birth occurs within the gap, one needs to determine
whether or not that birth should be interpreted as a mere shrinking of the gap from
one side or the other or the vanishing time when the two edges meet in the middle.
Furthermore there are also times where a birth (or attempted birth) outside the gap
should be interpreted as one edge overtaking the other and which accordingly should
be regarded as the vanishing time. In both instances, our definition considers whether
or not the birth would have occurred in a related semi-infinite process as follows:

(1) Y = [aN], 6 = [(bN + 1)=],  #) =0;

(2) tV = inf{t > t) : p_(x) # () some z € [rav. b], t € B2 U™ < B(x —
ri¥)/M for some x > () or t € B*, U%" < B¢} — z)/M for some x < r)'};

(3) for t € (¢, t)), v = rizv and (N = éi\g\,;
(4)

(a) if nﬁlfv (Ti:])[v) # 1, then

Tg\r = sup{z < rizv : nﬁlfv_ () =1} and
N _ 4N
by = G,

(b) if 772(] (Ei\év) # 1, then

rﬁfv = Tﬁv and
1 0
N N ., N _
gt{v = mf{x > gt(])v . nt{v7<3§') = 1},
El\]f\,Jrr]\]’v

(c) if ni\{v(x) =1 some x € [ — ,E%) , then

(i) if U= < B(x — r\)/M, then

V= Zﬁofv and €§:€%V32tf7,
oV = V.

(ii) otherwise
r.N = nd l.xn =
N Tté\f and v x,
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N 4N,
(d) if )% (z) =1 some z € <rﬁv, i 5 i ) , then
1 0

(i) if U= < B(LY — ) /M, then

N _ N N _ N N
ry = Ty and £ =T Vs>t
oV = tiv.

(i) otherwise
by = by and ryy = 3

(e) If t € B®, U™ < B(x — r))/M for some z > (Y then

N o= ¢ and Y =0 Vs>t
0 0

N N.

g - tl’

(f) if t € B*, U < B(¢Y — x)/M for some z < r}’, then

N _ N N _ N N
A and £ =Ty Vs>t
oV = t{v.

The above inductive construction is repeated until such time as (4)(c)(i), (4)(d)(i),
(4)(e) or (4)(f) happen, at which point the full construction is achieved.

We will henceforth regard the “gap” at time ¢ as being the interval (rl¥, ¢N).

We now consider the evolution of r™ (and by reflection of ¢~). For r¥ + z in
interval (r)Y, (), the flip rate at time ¢ is

Blx)Bly —r) — =)
Bl —rf¥)

For z fixed and (¢ — r) of order N this is (using assumption (***))

0yt (A8 )

)+ 00) () + ol

We consider these three terms in turn. The first term, 3(x), is the flip rate if
the spins to the right of rV were set to zero (or equally the flip rate that obtains
if the 1’s to the right of r™¥ are ignored). The second term is small (of order <)
but non-negligible, and will be regarded as an “extra fliprate” while the third it will
eventually turn out is just a nuisance factor.
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Consider the process (5" : t > 0) where /" () = L<,nn; (x) is approximately
a rightsided 3-NPS (at least if £~ — r¥ is large). It is easy to verify that for a right

sided B-NPS, (n, : t > 0), if the distribution of
Zo(x) = no(z+rp) forx < 0

(recall g = sup{wz : no(z) = 1})is Ren(p) restricted to {0,1}(~>>% and conditioned
to have a 1 at the origin then for all t > 0

Eix) = n(x+mr) forx <0

shares this distribution. We say, with a small abuse of terminology, that a right sided
B-NPS (n; : t > 0) is in equilibrium if =g, as defined above, has the above distribution.
By considering Ren(3) restricted to [0,00) and conditioned to have 1 at the origin,
this notion of equilibrium extends to left sided 5-NPSs.

We say that a right sided configuration ng, at time 0, is supported by (—oo, x|
if its rightmost particle is at site . We will use the following notation throughout
the article: Ren(™¥!(3) will represent the measure Ren(3) restricted to {0, 1}
and conditioned on there being a 1 at site y but with no conditioning on the open
boundary point. If the term (z, y| is replaced by [z, y], then Ren(f3) is renewal measure
on {0, 1}#¥ conditioned to have a 1 at sites z and y. Equally Ren®¥)(3) is simply
the unconditioned restriction of Ren(f) to {0,1}@¥ . Thus, for example, if 1y is an
equilibrium right sided configuration supported on (—oo, x|, then its distribution is
Ren(=>71(3). Note that Ren®"(3) is not the same measure as Renl" ().

In much of the following we establish or quote results for right sided g — NPSs.
By symmetry the results also apply in an obvious fashion to left sided S—NPSs and
will be used in this way without comment.

In [11] it was shown:

Theorem 1 Let (n® : t > 0) be a right sided 3—NPS in equilibrium supported by
(—00,0] at time 0. Denote the position of its rightmost occupied site at time t by ry.
Then as N tends to infinity (TN—]\ft :t > 0) tends in distribution to a positive constant
o times a standard Brownian motion.

For details of the invariance principle for the rightmost particle process (r; : t > 0)
the reader is referred to [11]. Here and throughout the paper convergence in distri-
bution of a sequence of processes defined on an interval [0,7] (respectively [0, c0))
is meant in the sense of Skorohod convergence on the space D|[0,T] (respectively
D|0, 00)).

In studying N (2) = I.<,~n™(z) up to time oV, we will be considering what can
be regarded as a rightsided 3-NPS with extra flip rate to the right of rV, which are of
order %, I} (y)ﬂ\,]ﬂfyﬂv y units to the right of r. These “extra” jumps will over a time

interval of order N2 (suggested by the invariance principle above) contribute an effect
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of order N? x + and so cannot be ignored. In fact if we consider the (normalized)
process

(N2 — TN

————L:1t>0

( N — )7

it will (it turns out) tend in distribution to (X; : ¢ > 0) the diffusion on [0, c0),
starting at value (b — a) for which 0 is a trap and so that

2
dX, = V20dW, — —vdt
Xy
for X; # 0, where W is a standard Brownian motion, o the constant fixed by Theo-
rem 1 and v is equal to 3, knf(n)c(n) for constant k given by () and the positive
constants ¢(-) defined and discussed in Section 5.

We define for any d € (1/2,1) fixed and positive integer N,
™ =inf{t > 0: for n" thereisno N gap in [-N? N?|}.

The choice of d is not important beyond the fact that it must be strictly below 1
and “not too small” so that for a 5—NPS 7, in Ren(f) equilibrium, the occurrence
of a N gap in interval [—N?, N?] during time interval [0, AN?] is an event of small
probability as N becomes large with A held fixed. See the remark after the statement
of Theorem 2.

Theorem 2 Let o, ™ be as previously defined. For any fizred d € (1/2,1) as N

tends to infinity,

7_N O'N D

N2 N?
where T 1s the hitting time of zero for the diffusion X as above which starts from
value b — a.

T

Remark: In general the stopping times 77V, 0" should have little to do with one
another. A priori one could have a birth near the center of the gap (as defined
above) well before an interval of length of order N disappears. However the condition
(% % %) makes such an occurrence highly unlikely. Equally it could be the case that
oV occurs well after the gap has been reduced in size to order N In point of
fact both stopping times turn out to be very close (to scale N?) to stopping times
Ve =inf{t > 0: (N —rN < Ne} for € small.

We can also consider 7 to have achieved equilibrium in the following coupling
way : define (7Y : t > 0) to be the S-NPS run with the same Harris system as
(nN :t > 0) so that 7Y is distributed as Ren(3) conditioned on 7} (x) = n}(x) V x €
(—o0, [aN]JU [[DN + 1—-]oo). Let 7V = inf{t : ¥ =7} then
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Theorem 3 For 7™V, 7 defined as above,

|%N - 7'N| pr
_—

2 0.

Note that the distribution of 7V is stochastically above Ren(f3) V¢ and stochastically
below a B-NPS starting from all 1’s. Since this latter process tends to Ren(f) in

distribution as ¢ tends to infinity we have that 7" 5 Ren(f) as t — oo uniformly in

N.

Another approach to this question is to fix a cylinder function f and consider
E[f(nM)] for E[-] the expectation operator. For this, we need to introduce a Markov
process (X}, X?),t > 0 on the set {(z,y) € R*: x < y} for which all states (z,z),z €
R are traps and so that for X} < X2,

dX} = odW! + %,

dX} = odW? — g

XX

for W independent Brownian motions and o and v strictly positive constants. Also,
for measure  on {0, 1}# and measurable function f, < u, f > will represent [ f(n)dpu.

Theorem 4 Let [ be a fized cylinder function on {0,1}% and for every positive
integer N let n™ be a 3—NPS with n) satisfying condition A,B and C of page 4. For
fixed t > 0, as N tends to infinity

E[f(ny20)] — M < Ren(B), f > +(1 = \) f(0)

where 0 denotes the configuration of all zeros,
=P & (X} X7), 7>1) + P(r<t)

for process (X1, X?) described above with X} = a < b= X3 and T = inf{t >0 :
X! = X?}.

Remark: We use 7 to denote both a stopping time in Theorem 3 and a hitting time
in Theorem 2. However, as is easily seen the two 7’s have the same distribution.

The main part of this paper consists in dealing with the evolution of right (and
so left) sided B-NPSs, nft, with a small extra flip rate to the right of the rightmost
particle. There are two issues to be addressed. The first is to quantify the effect of
the extra jumps on the evolution of the rightmost particle. The second is to show
that the extra jumps do not affect “too much” the distribution of

Zi(z) = nfi(x+r) forz < 0.
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That is we wish to show that for relevant times ¢ the distribution of the above con-
figuration is approximately Ren(=>%(3).

The paper is organized as follows: In Section 2 we assemble some simple mixing
results for -NPSs and introduce some finite state comparison Markov chains. In
Section 3 we introduce, for positive integer n, a comparison Markov chain nF " on
state space {0,1}(-% to “track” the (non-Markov) process

(f(re — @) Loe(—nyg) i t > 0)

for n® a rightsided -NPS having rightmost occupied site process R, and with nft
distributed as Ren(~>%(). The importance of this comparison chain is that (as will
be shown next in Section Four) the two processes can be coupled so that

nfry+x) =n"(x) for 0 <t <n* —n/2<z<0

with high probability. Given the good mixing properties of the chain nf*", this
amounts to showing that “with high probability n* has good mixing properties”.
Section 5 begins to investigate the effect of extra jumps to the right of r for r the
rightmost occupied site of a right sided 5-NPS and shows the existence of constants
c¢(v) such that (in an averaging sense) the effect of an extra jump of v to the right by
. on the longterm evolution of r_is essentially a shift by c¢(v). Section 6 applies these
results and considers the effect on the position of the rightmost occupied site for a
right sided 3-NPS with an additional (low) rate of flips to the right of the rightmost
particle. The key idea is that due to mixing and the fact that the time between
“extra” jumps is typically large, the overall effect of the “extra” jumps is essentially
the sum over the effects associated with the “individual” jumps. Section 7 consid-
ers the distribution of a right sided S-NPS starting from distribution Ren(~°%(3)
with an additional flip rate to the right of the rightmost occupied site of the pro-
cess. If this total extra rate is of order %, then it is shown that on a time interval
[0, N1 for 0 < a < %, that the distribution of the process is not very different from
Ren(=>>0%(3). A convergence in distribution result is shown for (%2t : ¢ > 0) where
r. again denotes the position of the rightmost occupied site of the process. Section 8

,,.N ZN
extends this approach to give a limit law for the process ((4¢, 47t) : ¢ > 0). Finally
in the final section the technical details are supplied to obtain Theorems 2-4 from
this convergence in law

Simplifying assumptions: in order to reduce notation in the following we assume

it will immediately be seen that the arguments given do not require special values of
a,b or o for their validity, so while the assumption that ¢ = 1 represents a further
restriction on the class of  considered directly, the results given will be valid for all
G satisfying conditions (%), () and (x * ).
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Some conventions: in this article we will use ¢, C' and K and other letters to denote
constants which may vary from line to line (or even from one side of an equation to
the other).

For a typical positive integer n and positive ¢, the number n® will not be an integer,
however when an integer is demanded (such as in discussing a distance or position
for Z) we will take n° to represent the integer part of n.

We will make extensive use of the indicator function /4. If A is an event then I4
is the random variable equal to 1 on the event A and equal to 0 on the complement
of A. If A is some logical condition, then I4 will be one if A holds and 0 otherwise.
Ic4 may also be used to specify a configuration in {0,1}%.

We will abuse notation and take the supremum of the empty set to be —oo and
the infimum to be oco.

For a cadlag process GG. indexed by positive continuous time, G;_ will represent
the left hand limit of G as s tends up to ¢.

We will on occasion employ the usual o and O terminology: a quantity g(n),
indexed by a variable n, is said to be O(f(n)) as n tends to infinity if there exists a
finite K so that for n sufficiently large |g(n)| < K f(n); if K may be taken as small
as desired g(n) is said to be o(f(n)).

We will use the notation E| | to denote expectation. If we are dealing with a
Markov process and v is a probability measure on the appropriate state space, £”| |
and P”( ) will denote respectively, the expectation and the probability for the process
starting from initial distribution v. If v is a point mass at n then E7[ | and P"( )
will be used instead of E%[] and P ().

When arguing for asymptotic results in a variable n, it will be tacitly taken that
n is sufficiently large to justify asymptotic relations, e.g., it may be taken that n is
sufficiently large to justify 5(1) > ng,lﬂ, Vi < m

We will often use shifts by x € Z, 0,0, of configurations where for € {0,1}#, (6,0

n(y) = nly—=z) fory € Z.
For a function f defined on a set €, ||f||« shall as usual denote sup,q, | f(x)|.

2 Background results for semi-infinite 3-NPSs

In this section we assemble some results concerning semi-infinite S-NPSs in equi-
librium and “regeneration” or mixing results. These are taken from [8] as well as

9].

Lemma 5 Let (n, : t > 0) be a right sided -NPS with rightmost occupied site at
time t equal to ry. If ny is distributed according to Ren'=>°%(3), we have

1/2; 2
P(Ss?f rs] > t/%log™(t)) < +(k—3)/2

where k is the constant fized in condition (* x *).
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PROOF. This is Lemma 1.2 (i) in [8].

The next lemma follows quickly from Lemma 4.3 of [§]

Lemma 6 Let 0, be a right sided 3-NPS with nf distributed as Ren'=>%(3), while
B-NPS . is such that ny = nit on (—o0,0]. With probability tending to one as n tends
to infinity

N = 775 on (—oo, —n3/2] vV o0<s<n?

We now recall some finite state Markov chains used in [8]. Given an interval I we
let Z be the Markov chain on {0, 1}/ with 1’s fixed at the endpoints of I but otherwise
having flip rates of a G-NPS on the interior of I. We assume (unless otherwise stated)
that Z! will be generated by the same Harris system of Poisson processes as a given
B-NPS, n.. If the interval I is equal to [—n,n] we also denote the chain as Z". If the
chain starts from all 1’s it is denoted by Z'!. From the attractiveness property we
have, for a 3-NPS 7, starting with initial configuration equal to Z{ on the interior of
I, uniformly over intervals I, t and g that on I, 5, < Z! < ZI'' in the natural
partial order. Given an interval I of length 2n, we denote by Y’ the Markov chain
on {0,1}! with 1’s fixed at the endpoints of I, 0’s fixed within n'/? of the endpoints
and other sites having flip rates corresponding to a 3-NPS. Again Y7 is taken to be
derived from the same Harris system as a relevant 3-NPS 7. X! is the Markov chain
derived from Y for which the configuration that is zero on all interior sites of I is
forbidden.

A configuration 7 is said to be bad on an interval I of length 2n if the process Y/
with Y’ =7 on I (except, of course within n'/3 of the endpoints of I where it is zero)
has probability at least n /¢ of hitting the (forbidden for X') configuration that is
all 0’s on the interior of [ for k the constant in condition (x * ).

Proposition 7 Let (nf : t > 0) be a right sided 3-NPS in equilibrium supported by
(—00,0] at time 0 and let r; be the position of rightmost particle at time t. Then

(i) the probability that for some 0 < t < T, there is a gap of size n*/® in interval
(r: — S, 4] is bounded above by K(T + 1)(S + 1)n~*=1/3,

(ii) the probability that for some 0 <t < T, Op,_g © M| (—np) @5 bad forn < x < S is
bounded above by K(T + 1)(S + 1)n - n=*/% where 0, o me|(—nn) denotes the
restriction to interval (—n,n) of the shift of configuration n, by ry — x.

for some K not depending on n,S,T and k the constant of condition (* x x ).

PrROOF. This is essentially Lemma 2.2 in [8].
The following result is shown in the same (basic) fashion.
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Proposition 8 For (1, : t > 0) a -NPS with ny (and therefore n, for all t) dis-
tributed as Ren((3) and for 0 <T,S < oo,

(i) The probability that for some 0 <t < T, there is a gap of size n'/3 within spatial
interval [—S, S] is bounded by K(T + 1)(S + 1)n~k=1/3,

(ii) The probability that for some 0 <t < T, 0, 0 1y|(—nny is bad for some |x| < S is
bounded by K(T + 1)(S + 1)n - n=*/6

for k the constant of (% x*) and for some K not depending on n,S or T.

Remark: The proof of these two results result simply relies on bounds for Ren(/)
or Ren(=>%(3) and (crude) upper bounds on the relevant total flip rate. As such the
conclusions also apply to the processes nf*™ to be defined in the next section.

Lemma 9 Let n be a positive integer. For X§ arbitrary in {0,1}=7"\0, If X" and
Z™Y are derived from the same Harris systems, then for some constant C' uniformly
inn and X§, outside of an event of probability Cn?/n*/3,

ZMNx) = XM(x) Yo € [—4n/5,4n/5].
ProOOF. This is Corollary 2.1 in [8].

o

Lemma 10 Let n be a positive integer. Consider Z™ and Y™ run with the same
Harris system. Suppose Z{ and Yy' are derived from the restriction to (—n,n) of a
renewal process vy on Z (or a renewal process 7y conditioned to have vy(x) = 1 for
some fized x with |x| > n) so that

(i) 2y =~ on (—n,n) and
(ii) Y =7 on (—n+n'/3 n —nl/3),

then there exists a finite constant ¢ not depending on n such that

C

P(3t < n®so that Z"(x) # Y(z) for some x € (—4n/5,4n/5)) < T

PRrROOF. This is Lemma 4.3 in [8].
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3 Introduction of a finite state comparison Markov
chain

As in [8] the main element in our attack is the use of spectral gap estimates applied
to finite state comparison Markov chains. This method has its roots in [5] and [2]
and was specifically applied to particle systems in [12]. We are ultimately interested
in analyzing semi-infinite 5-NPSs and seeing how quickly they return to equilibrium
from a “reasonable” initial configuration. To this end we introduce a comparison
finite state Markov chain which will be “close” to the non-Markov process obtained
by looking at the n sites to the left of the rightmost particle of a right sided 5-NPS
in equilibrium.

For n a positive integer we define a chain 7", on Q" = {n € {0, 1} . »(0) = 1}
via the jump rates ¢(n, &) = ¢1(1, &) + q2(n, €) + ¢3(n, §) where the ¢;(,) are defined as
follows. For a configuration n € Q", let j = j(n) = inf{—n <2 <0:n(z) = 1}. For
—n < x<0,let n* € Q" satisfy n"(y) = n(y) if and only if = # y.

(i) Forj <z <0

o 1 if n(z) =1,
nln) = { Bllya).ry(w)) i nx) =0,
and q;(n, &) = 0 for other configurations .
(ii) For —n < x < j, we have
q(n,n") = P ;(?)f%)_ x)’ where 3(r) = ;ﬂ(y)

(iii) For 1 < ¢ < n, let n©*** € Q" be defined by:

PO = 1

nfH(r)= 0if —l<2<0
nE(z) = nlx+0)if —n<az <L

Bn) if & =n"*m,

(and is zero if £ is not of this form).

QQ(Uaf) — { 5(5) iff = 77F,+£ some f € [1,n — 1];

(iv) Let v = sup{z < 0:n(x) =1} V —n. Then for £ € Q" such that for —n —v <
r <0,

§(z) = n(x + ),

g3(n, €) equals the Ren(=™%(3) probability of ¢ given £(0), &(—1), ---&(—n —
v+ 1), where, if v = —n there is no conditioning. Again if £ is not of this form

g3(1, §) 1s zero.
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We can think of the jumps of this chain as corresponding to qi, ¢» or g3 even
though it is possible to find n and £ € Q" so that ¢;(n, &) is strictly positive for all
three values of i.

We think of a jump corresponding to ¢; as being a flip, a jump from 7 to n*+
corresponding to ¢s is described, somewhat counterintuitively, as a positive shift by I,
(or a positive [-shift) while a jump of g3 type is a negative shift. To understand the
definitions the reader should keep in mind the goal: to provide a finite state Markov
chain that will well approximate a right sided F—NPS as seen n sites to the left of
its rightmost particle at site r;. Jumps governed by function ¢; simply follow those
of the S—NPS not involving a change of rightmost particle. For the 3—NPS the flip
rates for births occurring to the left of the leftmost occupied site of (r; —n, ry| depend
on the F—NPS outside this interval. Our comparison Markov chain takes them to
be the expected rates for the §—NPS if it were distributed as Ren(8) conditioned
on the configuration in interval (r; — n,r;]. The jumps that arise from function ¢,
correspond to the occurrence of jumps to the right of the rightmost particle for the
B—NPS and so in particular jumps of size n or greater will all result in the 5—NPS
seeing nothing but Os in the n — 1 sites to the left of the new rightmost occupied site.
The negative shifts for Markov chain nf*" correspond to the deaths of the rightmost
particle in the 5—NPS. It is for this reason that the counterintuitive adjectives positive
and negative are applied to the various shifts. We note that for some n € 2" the flip
rates g2(n,n) or gs(n,n) may be strictly positive. Nonetheless for reasons given in the
next section, though in these cases the state of the Markov chain may not change we
may still regard a shift as having taken place. The chain 7" is readily seen to be
an irreducible Markov chain on a finite state space and thus possessing of a unique
equilibrium.

Lemma 11 The Markov chain n™™" on {0,139 defined by (i) to (i) above is
reversible with respect to Ren="%(3).

PrROOF. One simply checks directly the detailed balance equations.

O

A key element in our approach is to use mixing properties for our comparison
Markov chains. Many desirable mixing inequalities follow from a good bound on the
spectral gap for the chain: the difference between the largest eigenvalue (which is
zero) for the Markov chain operator (acting on the space of L? functions with respect
to Ren=™%(3) ) and the next largest eigenvalue.

The following is proven in [14] and follows in a straightforward manner from the
approach to spectral gap estimation employed in [9].

Proposition 12 Let Gap(n™™) be the spectral gap of the chain n". There erists a
constant ¢ € (0,00) such that for every positive integer n

n? Gap(n™) > c.
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4 The coupling

In this section we consider a natural coupling of finite comparison processes and right
sided processes with the property that if both the two processes are in equilibrium
and are initially “close” then they will remain so for a long time. Thus the mixing
properties of the former process (implied by Proposition 12 yield mixing information
for right sided B-NPSs. The chief result is Proposition 13 which is then applied to
obtain various regeneration results such as Proposition 15.

We begin by detailing a Harris system construction for the Markov chain nf*. We
suppose given independent Poisson processes

D! for —n < x <0 of rate 1,

B! for —n < x < 0 of rate M, plus independent U[0,1] random variables G?
associated with the i’th point of B, for i =1,2---,

V, of rate B(z) for 0 < x < n and V,, of rate 3(n),

X of rate 1 plus independent U[0,1] random variables H; associated with the
7’th point of X for i =1,2---.
We use the processes D!, B, and random variables G? to generate the flips for ™" in
the same way as we use a Harris system to generate a F—NPS. The Poisson processes
V, are used to generate positive [ shifts, while the process X generates the negative
shifts with the associated random variables H; being employed to determine which
configuration the process “negative shifts” to (for each of the finite n € Q", we
partition [0, 1] into a finite number of intervals Ji, Js, - - J,. (r depends on 7) which
are in 1-1 correspondence with the &, &, - - - &, such that gs3(n, ;) > 0 so that for each
1 <i<r, g3(n,&) is equal to the length J;. Fort € X, ni™ =, a negative shift to &
will occur if and only if the associated random variable H is in interval J;). Thus even
though ¢ (", ") may be simultaneously positive for more than one i € {1,2,3},
we can rigorously talk of positive shifts, negative shifts and flips.

As previously remarked, for some configurations n € Q", ¢2(n,n) and/or g3(n,n)
are positive and so a positive or negative shift may well result in no change in the
chain nf™".

We now couple a right sided 3—NPS, (pft : ¢ > 0) for which at time ¢ the po-
sition of the rightmost particle is r, and a finite comparison Markov chain, n™" in
the “obvious” way. We suppose that we are given the Harris system {B,},{D,} and
{Us;} — 00 < & < 0o generating n®. We take as our system above, generating nf"",

D! for -n<x<0:te D] ifandonlyift e D,, ;,

B! for —n < x < 0: t € B, if and only if t € B,, ;.. The random variables G7
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associated with ¢ which is the ’th point of B!, will equal the corresponding random
variable U,y,, ; associated to ¢ considered as an element of B,,, .

A point ¢ will belong to V,, for 0 < x < n if and only if r, — r,_ = x; t € V,, if and
only if r, — r, > n,

A point ¢ will be in X if and only if r, — r,_ is strictly negative and the random
variables H; will be independent of the Harris system { B, },{D.}, {U..i}—00 < & < 00
and (nf:t>0).

The coupling given above is called the natural coupling.
In context, for the process 77" on {0, 1}="% one can define re™ =0 and

S S
0<s<t
where
AP = ¢ if there is a positive ¢ shift of nf*" at time s(or
equivalently if and only if s € V});
AF = —¢  if there is a negative shift of " at time s and
sup{j < 0: 9" (j) =1}V —n = —4;
A =0 otherwise.

Again, to motivate our choice of adjectives in describing shifts, note that positive shifts
of nf™ correspond to positive changes of r" negative shifts to negative changes.
The random variables rf ™ for ¢ > 0 are not measurable with respect to the natural
filtration of n*** (indeed according to the above definitions, it is possible that at in an
interval r>® may change while the process nf*" remains constant) and so we assume
that the filtration is suitably enlarged to accommodate r©*. For each ¢t > 0, we can
treat 7" to be defined on (rf™ — n,rf™] by taking the spin value at site x + ;"
to equal that at site = for the originally defined chain. With a little abuse of our
notation, we will simultaneously regard the process (ntF ™t >0) as being defined on
{0,130 and on {0, 1} i,

Proposition 13 Let n% be a right sided 3-NPS with nft distributed as Ren=>%(3)
and let the site of the rightmost particle of n® at timet bery. Let n™™™ be an equilibrium
comparison finite Markov chain defined on (r; ™ —n,r{""] at time t withry™ =ry =0,
naturally coupled with n®. Assume further nft = ng’" on [—%",0], then we have the

following
(i)

P(3t <n®12. 4 rf™) < CnPn=M0,
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(ii)

P(3t <n®B12 pRz) # 9" (x) for some x € [r}" — g ri") < CnPn S,

(iii)

2n
P(rf;?m £ T 23720 OT 1og 12 (T) # nf;?/lg(x) for some x € [7’552’/12 5 7"5;2/12])

< CnBp23k/288,

Remark: For nf and n" naturally coupled, we say the coupling breaks down on

time interval [S,T], if there exists some ¢ in this interval so that either 7, # r; ™" or
R F,TL F,TL n F,TL

ny (x) #m; " () for some x € [r;™" — 5,1y "]

Proor. We wish to argue that outside of the null set where points occur simulta-

neously for distinct and therefore independent Poisson processes, the event

{3t < nM2. + rf’" or nf(x) + ntF"( ) for some x € [r; Fn g rf”]}

is contained in the event A U B U C where
A is the event

n
su r
{S<n231))/12’ o2 12

By Lemma 5 and the fact that k& > 1500, P(A) < 5% < Cn'on=k/3,
B is the event

{Vs < n?/'2 there is no (n/15)"? gap for nf in (ry, — n,r,|}°U

{¥s < n?/'2 there is no (n/15)"3 gap for nf" in (rF0 —n, rHn)ye.

By Proposition 7 (which can be applied to process nf*™ as well as to n'), P(B) <
Cnn3/12 p(B=1)/3,

C' is the event that for interval I = [-3% —3n) c [-22,0], the processes Y and Z!
run with the Harris system of nf* and such that on (—?’é’—él, -3 Z{(x) = nff(z) and

on (=3 4 (n/15)Y3 =3 — (n/15)1/3), Y (z) = nfi(z), we have
Js <n¥/'2 2 € J so that Yi(z) # Zl(2),

where J is the central subinterval of I having length (n/15)/3. By Lemma 10, P(C)
is bounded by Cn'®/nk/3,

We first examine the consequences of AU B U C not occurring for process n't. By
attractiveness, on event A°N {Vs < n?/12_ there is no (n/15)"? gap for nf in (r, —
n, s},

39n  3ln, _;

Vs <0 pe (- S V@) < o) < ZG)
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and so in particular on event (AU B U C)°
Vs <n®12 z e Ylz) = nfx) = ZNz).

Analysing the chain n™" for A U B U C not occurring is slightly more difficult
given the positive and negative shifts which potentially could violate “natural” at-
tractiveness relations, however a little thought shows this not to be a problem on
Ac N {Vs < n®/12 there is no (n/15)'/3 gap for nf** in (rf* — n,rFn)} for times

t <A=inf{s:r, # r*} and we have that on event (AU B U C)°

Vs <n®2ANzed — Yiz) = gfix) = Zi2)

S

and so under these conditions
Vs <n®M2 ANz € nf(z) = nt"(w).

Now observe that A can only occur at a point in D,, and so (on event (AU B)¢) if
A is less than or equal to n?¥/!2, »ft and n™" will be unchanged on interval J at this
moment. Thus we have a.s. on event (AU B U C)° that

Vs < B2 ANz e pfx) = ().

But further on (AU B U ()¢ these two configurations are never identically zero on
J during this closed time interval. From the nearest particle nature of F—NPSs it
follows that

Vs < n?/12 A\ x in or to the right of J, nf(z) = nf"(z)

(where these values are defined). This gives a contradiction and completes the proof
of parts (i) and (ii).

To prove part (iii), we know the rightmost particles will not move more than 5
for both processes, outside of an event of suitably small probability, from the first

part of our proof. So we only need to look at interval [—2* —2]. Now we need to

use the approach of [8], Section Two. First divide up [—3*, —2] into 1 < m < Kn/N
equal disjoint naturally ordered intervals of length N = n?¥/48 ( so that N* = n?3/12),
I;. Now choose disjoint intervals .J;, 0 < i < m so that the left endpoint of I; is the
center of J;_; and the right endpoint of [,, is the center of .J,,.

Let us consider processes Z;*, the 3-NPS on {0, 1}% with 1’s fixed at the endpoints
of I; and such that Zj =1 on I; and Y} the S-NPS on {0, 1} with 1’s fixed at the
endpoints of I; and 0’s fixed within N/ of the endpoints and (subject to the above)
Y{" = nF on I;. We also consider Y;"* the 8-NPS on {0,1}" with 1’s fixed at the
endpoints of I; and 0’s fixed within N'/3 of the endpoints and (subject to the above)
Yyl = pd™ on I,

Then
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(1) Outside of an event of probability ni2nN~3*=1 (by Proposition 7), there is

no (N/Q)é gap for nft or ™ for 0 <t < nﬁ’ within n of ry = rf.

(2) Outside of an event of probability —%; (by Lemma 5) |r,| < $5n.

(3) Outside of an event of probability C'(n + N)N~*/¢ (by Proposition 7 and the
definition of bad) Vi, V5 V;Eh are not identically zero on the interior of I;, Vit < ni.
Similarly for the Y processes associated to the intervals J;. So Y = X/ Wt < n?3/12
and Ytl"’F = XtIlF

(4) Outside of an event of probability CZN2N~¥/3 (by Lemma 9) Vi and Vz in
the central % of I, Xigw () = ng?{jm (x) = 2223/12(@.

We have that outside of an event of probability C(n'%n=*/3 4 n3p=23%/288) (from
(1) to (4) above),

Zaa (€) = aysa (%) = 1,351 (2) = YVyinajra ()

Vi and V x in the central % of I; for all I; C [—%”, —%]

Repeating this argument with J;, we obtain that outside of an event of probability
C'(n1On /3 4 p3p=23K/288) < (O —23k/288

n on n
Wia@) = 15 (@) ¥ 7 € [~ 7).

By using the above proposition repeatedly, we have

Corollary 14 Let n and n™™ be as in Proposition 13 and let b be a real number
greater than 23/12, then there ezists finite C' not depending on b or on N such that

P(ni " (x) # nf(x) for some x € [r; " — g, " or rf % vl for some t < nP)

n3

< COpb—23/12 .
= n23k/288

Arguing in the same way we achieve

Proposition 15 Let nt ¢2 be right sided 3-NPSs generated by the same Harris sys-
tem both in equilibrium, initially supported on (—00,0] and such that nft = &8 on
(=n,0]. Then outside of an event of probability Cn3*~23/12 /p23k/288 pR —— ¢& .,
on (—3n*?, c0).

455



This result is similar to “regeneration” results found in [8]; the difference is that
here the coupling includes the rightmost particles. We also mention two coupling
results which, though they do not make use of the the statement of Proposition 13,
can be obtained by similar finite state Markov chain comparisons and so belong here.

Lemma 16 Let 6 be a fized, strictly positive constant and nf a right sided equilibrium
B-NPS initially supported on (—oo, N§] where N is a positive integer. Let n* be the
B-NPS for which all sites are initially occupied and run with the same Harris system
as nft. As N — oo, with probability tending to one, n% equals n]l\, on (—4N?, STM).

Lemma 17 Let € € (0,1) be a fized constant and f be a fized increasing cylinder
function bounded in absolute value by 1 and let £ be a 3-NPS such that {o(x) = L<ne.
There exists C € (0,00) not depending on N or € so that for integers N sufficiently
large

Elf(&) = <Ren(B),f> — Ce
uniformly over 0 <t < N2e3 .

(Here as before < p, f > denotes [ fdu.)

5 The convergence of E|r

In this section we consider the asymptotic behaviour of E[ry], for r; the position of

the rightmost particle at time ¢ of a right sided 3-NPS, £, initially in equilibrium on

(—00, 0] conditioned on the occupied sites in [—,0] at time 0 being precisely —I and

0 for a positive integer [. In fact we show that a limiting value exiﬁgs[.. } The plan of
Tt

attack is to use our finite state space Markov chains to show that ==~ is small for

large t. We also obtain some simple but useful bounds on the limit.

Lemma 18 Let | and n be positive integers and let £& be a right sided 3-NPS with
&8 having distribution Ren=>%(3) conditioned on the occupied sites in [—1,0] being
precisely —1 and 0. Let ry be the rightmost occupied site of £f for t > 0. Let £5n
be the finite state Markov chain naturally coupled with €% and so that 55” =& on
(ro — n,m0] = (—n,0]. Let the associated rightmost particle functional be rf™"
consider & to be defined on (r{™ —n,r "] . Then

and

P(r{™ # 1y or €0™(x) # 8 (2) for some x € [rf™ — g,rf’"] and some t < n*)

n3
n23k/288 "

< Op25/12]k+1
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PROOF. Let n’ be a right sided process starting in equilibrium on (—o0, 0] and let r{
be the position of its rightmost particle at time ¢. Let ™" be the finite state Markov
chain on {0,1}"% naturally coupled with 5% and starting with n(z) = 75" (z) on
(—n,0]. Denote by rf™" its associated rightmost particle functional. Then

P(rE # 1y or &) # €8 (x) for some z € [ — g, ") for t < n)

ﬁ, Tf’n’"] for t < n*|A))

= P(rf’"’" £ r{ or nf"(m) # nft(x) for some z € [r; Fina 5

where 4; is the event that the two rightmost occupied sites of nft are separated by
distance [. By Corollary 14, the above probabilities are

n2/12 3

<C B(1) n2k/28"

The conclusion follows as 3(1) > 7

o

For a right sided configuration £, we define h(£) to be the distance between the
rightmost particle and the second rightmost particle . So for a process £,

h(ER) = r, — sup{x <r,: &fi(x) =1}
It is helpful to note that

Zfﬁ E[h(&)],

is small for large t.
For ¢ a finite configuration on {0, 1}(~™% we abuse notation by defining

h(EP™) = inf{—z > 0 : & (x) = 1 for z < 0} An.

Let £f be as in Lemma 18 and denote by 7; the position of its rightmost particle
at time .

As previously stated, in this section, our goal is to bound above |Yi3(i) —
E[h(&R)]| for right sided S-NPSs £f. First an elementary calculation gives

Lemma 19 There exists a constant ¢ not depending on n so that for all positive
mntegers n,

— > Z i—n)g —|Zzﬁ — < Ren""Y(8), b > |
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Lemma 20 Let £ 5™ be as in Lemma 18, then fort > 0 and finite C' not depending
ont orl,

B, BIRE) < g < O
4/¢Fn 4 ¢ 7
B, BN €] < g < O

PROOF. Given the similarity of proof, we only treat process £¥ and power 2.
By Holder’s inequality

B0 gy < (B (P(hnfl) = )

for (nft : t > 0) a right sided S-NPS in equilibrium, initially supported on (—o0, 0],
SO
E[R* (0] < (BIR*P )M (P(h(ng') = 0)' =" /P(h(ng') = ).

2k/3 (. R\1\3 R 3 ¢
= (BUPRO) ((PO) = 0) < 2

¢

Recall that Ren(~™%(3) is the equilibrium distribution of (£ : ¢ > 0). It is easily
verified that

Lemma 21 There exists a constant v < oo so that for every positive integer n and
every configuration n in {0, 1}0

Ren ™" (B)({n}) = e

This and the spectral gap bound, Proposition 12, yield,

Proposition 22 There exists finite positive constants ¢, K and C such that for all
tve i Fn (=n,0]
positive integers n and ny" € {0,1} ,

2

LSO )
Po 1 €A
(n”4/2 ) 1| < Ce ™.

(1) vA € {0,137, Ren01(3)(4)

(2) [P () (™) = < Ren ™0 (8),h > | < Cem ™

where for function f

PEM(F)ne™) = E™ " [f (™).
(3) [PL"(B*)(m ") = < Ren™"%(8),h* > | < Ce™ ™.
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See [9] or, for a general account, [2]. We can now prove

Proposition 23 Let [ be a positive integer. For % a right sided B-NPS with &f
distributed as Ren'=>%(3) conditioned on h(&EF) = {, there exists a constant C (valid
for all positive £ and t > 0) so that

|>iB(i) - Eln(ER) < o0 (lk+1t25/48t23k/1152> :

PrRoOF. We consider without loss of generality t of the form ¢ = n*, n an integer.
We need only consider n large. We introduce £ on {0, 1} naturally coupled
with &% so that & and &) agree on (—n,0]. Let A be the event that either ¢, , 0 &%
and ¢"7" are not equal on (—n/2,0] or that h(£'3") > n/2. By Lemma 18 , P(A) <

k+1,,25/12__ n3

We have seen in Proposition 22, (3), that for ¢, C' not depending on n,| E[h(€5")]— <
Ren=™0(B), h > | < Ce~ and so

EIET] - 5801 < Ce® 1Y 80— < Ren™(B),h > | < C/nt=2
l =1
by Lemma 19. So

B = |Bh(ER)] = Blh(&")] + E[REM)] ~ iﬁ(l)ll

< B[MED)]) = EF[h(EM)] + C/n*2 < ElLah(gR)] + ET[Lah(EM)] + C/nt

since on event A¢, h(¢f) = h().
By the Holder inequality

NE

| E[A(&:5)] —

n4

o~

3 3/4
BlLAER] < (BIAEE (P < o (et )

1n23k/288

by Lemmas 18 and 20. Similarly for E[I4h(£5;")] and the bound follows.

%

Corollary 24 Let | be a positive integer and W% be a right sided 3-NPS so that
€5 (x) = 6y(x) for x > 0 (where § denotes Kronecker’s delta function) and 5% on
(—00,0] has distribution Ren=>%(3). Let r! be the rightmost point of the process
at time t. Then Erl] converges to some c(l) > 0 as t — oo and uniformly over

| < N3/@k+1)
Bl — )] < N2,
for N sufficiently large.
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ProoOF. Of course the distribution of £é’R is simply that of £% in preceding propo-
sitions shifted [ to the right. Therefore, for instance, Proposition 23 can and will be
used in analyzing €47 without further comment.

For fixed [, as already noted, 4 (E[r!]) exists and equals Y32, i3(i) — E[h(&})].

But from Proposition 23, we know that

3/4 3/4
1S°iB(i) — E[h(ED]] < Ce <l"”+1t25/48 t ) < OfF5

123k/1152

(as k > 1500). Since [ 5dt exists, ¢(l) = limy_o Erf] exists.
4,25/4 1\ 3/4
Also le(D)=E[r )| = | 5 2 iB()—E[h(E)]dl] < OO [ (“bserma—) " at.
So (as k > 1500) for [ < N3/2(k+1)

|Blryas] — e(D] < N7V2.

It remains to prove the strict positivity of the constants c¢(l). We first treat the
special case | = 1. We know that nf, a right sided S-NPS in equilibrium initially
supported on (—oo, 0] with rightmost occupied site at positive time ¢, r;, satisfies, by
reversibility, E[r;] = 0. Now if we condition on the event h(ny) = 1, the distribution of
1o is stochastically above Ren(=>(3). Therefore attractiveness allows us to conclude
that

Elr|h(ng’) = 1] = 0.
Thus by the standard translation invariance properties,
E[r}] > 1 Vt>0.
For the general case we consider n'* as above and introduce the event
B ={rn=0vV0<t<1}.

It is elementary that conditioned on event B, nf has distribution Ren(~>>%(3)
and hence for all t > 1, E[r|B] = 0. Thus E[ry|B°] = 0. We may use the same
Harris system to generate the processes 47 and nff and, furthermore couple f(l)’R and
n to be equal on (—o0,0] (and so that n? < & ¥t > 0). Immediately we have
rl > r; Vt > 0. Let event B remain defined for process n* and let C be the event that
d’R(l) = 1. The important point is that event B N C' has strictly positive probability
(albeit tending to zero as [ tends to infinity), and that given either BN C or BN C*,
the conditional distribution of nft is equilibrium supported on (—oo, 0]. Thus for ¢ > 1

E[r}] = E[riIz] + Elrilpnc] + E[riIpnce]
> Elrldp] + ElriIpac] + Elrdpnce]
=0+ E[rlIgnc] +0.
But by attractiveness and the fact that E[r}] > 1 we have for all t > 1, E[rl] >
P(BNC) > 0.
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%

We will also need the following bound which is clearly far from optimal but ade-
quate to our needs. The proof is sketched since the ideas are already in place.

Lemma 25 For " and r' as in Corollary 24, there exists a constant K, not de-
pending on 1, so that for all positive integers [, c¢(l) <+ K.

Sketch of proof: Given fé’R as in Corollary 24, we introduce nf)’R to equal §é’R
on (—00,0] and on [I,00) and on [0,1] to have distribution Renl®!(3) conditionally
independent of fOR . By the attractiveness of the processes, it is sufficient to show
that for appropriately chosen K

Er] < I+ K

for all ¢ where rf’l is the rightmost particle of ni’R for t > 0. As in Proposition 23 we
have

B = 1+ / — Elh(n")))dt.

It suffices therefore to obtain a good bound for E[h(ni™)]. The key observation
is that there exists a strictly positive constant ¢ not depending on the positive [
so that the Ren(—>0 (B) probability that a configuration has a 1 at —I exceeds g.
Thus the distribution of né’R has bounded Radon-Nykodym derivative with respect to
Ren(=4(3). Therefore arguing as in Proposition 23 we obtain the bound for ¢ > 1,

3/4 3/4
25/48
yzlﬁ )H <C (t / t23k/1152> ’

The result follows for K = [ C <t25/ 48?5235%)3/4 dt + E[r]"].

We will also have need of the following “regeneration” result.

Proposition 26 Given a positive integer N, a right sided 3-NPS (nft : t > 0) in
equilibrium and time T > O, there is a configuration v with distribution Ren(~°) (B),
independent of o{nft,s < T}, so that for constant C' (not depending on Nor T),

33/16
outside of an event of pmbabzlzty C’W

’)/( ) - 77T+N1/4<TT+N1/4 +.T) V.CE < ( 3N2 O]

Proor. We consider the finite comparison Markov chain (nf N > T') coupled
16

naturally with n% so that at time T', Or,. onl is equal to Y N on (—N1/16 0] where,
as before, r. denotes the position of the rightmost particle of nf*. Given Proposition
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22, (1), we have that there exists random Y in {0, 1}V which is
(i) independent of o{nft, s < T }

and e

(ii) equal to n;fzvl/‘l/z
Choose configuration £ | N1/4/9> independent of o{nf s < T} so that

(suitably shifted) outside of an event of probability e~V Ve

a) &5 nis /o 18 in equilibrium supported on (—o0,0] and

b) §§+N1/4/2 is equal to Y on (_N1/16’0]‘

We now generate (£F: s > T+ N'/4/2), starting from this configuration with the
same Harris system as 7 and take v to be & y1/4. The conclusion of the Proposition
follows from Propositions 13 and 15 and Lemma 5.

¢

6 A coupling result

We have established a good approximation for £ [rﬁvl /4] In the previous section. Given
F,N1/16
N1/4 ]
see Lemma 28
N1/16

the coupling results of Section 4, this can be used to gain information about E[r
for a process starting in equilibrium conditioned on h(ng ’Nl/m) =1
below). This is then used to consider E[rf,’ﬁl/m] for « € (0,3) and for a n™
process to which extra positive jumps are added at rate of order % The essential
idea is that most “extra” jumps will not occur within N/ of other “extra” jumps
and so when extra jumps occur the distribution of the process nf*¥ 1% will be close
to Ren(—N''%0 (B) (extra jumps notwithstanding) and so an analogue of Corollary
24 may be applied. A problem to be addressed is the treatment of two extra jumps
which occur close together. In dealing with this (Lemma 29) we do not aim for an
optimal bound merely a sufficient one.

The section culminates in the result Proposition 30. This result is useful in proving
Theorems 2-4 as it identifies the drift term.

Recall that for our process (5™ : t > 0) on {0,1}"% we have defined

rin = > AF

0<s<t

in Section 4.

Lemma 27 Let n® be a right sided 3—NPS with rightmost particle process r. and for
each positive integer n, let ™" be a finite comparison Markov chain with right most
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particle process r™". For fived integer 4 < £ < (k —1)/20 and each positive integer
n, let g(n') = ERn O [(r,0)?] and ¢'(n’) = ERn " O)(r, )4]. Then

n(—n.0] 'n 1
BRI 2] — gt < L,

nt

and 1
en(—n,()] n
|E" DIrEm)H = g'(nh)] < e

PROOF. We only concern ourselves with the first inequality; the second follows
in a nearly identical fashion. By the definitions of the two renewal measures we can
choose 5" and nf so that

(1) ne™ has the distribution Ren=m0(3),
(2) 77(1;2 has the distribution Ren(~0] (B),
(3) M8 Cno) =10

Let nf and nf"be naturally coupled as in Proposition 13. By Corollary 14 the
probability that

0" Cnj20] = N0 Or | (Cnjo0) 0V 0 < t < nf

is at least 1 — Cnf=2%/ 12712%?;288. On this event rfg” = r,¢. Denote the complement of
this event by A, so

|Bl(r™)?] = 9(n)]
= |Bl(ry")*1a] = El(roe)*L]|
< B[ Lall + | Bl(re)* L]

and the proof of the lemma reduces to providing appropriate bound for these two
terms.

E[Tiz[A] (ERE"(B)[(7’”18)4])1/2(13(14))1/2

<
< Kn'P(A)Y?
by Proposition 3.2 of [8]. Equally we can easily bound E[(rf,)*] by Kn* and so

(E[(rE)])2P(A)? < Kn? P(A)Y?

n

and the result follows. ( Recall k£ > 1500.)
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We now consider (for positive integer ¢ such that 3(¢) > w37 ), the expectation of

F.N1/16
Ty for riN

Markov chain V""" initially distributed as Ren~"""9(3) conditioned on having

h(nép ’Nl/w) equal to ¢. By Corollary 24 for a right sided process, nf starting in

equilibrium with ry = 0 conditioned on {h(nft) = I}, we know that for N large

Y1 the rightmost particle process associated with a finite comparison

|Elryin] = (c(6) = 0] <

We expect a similar result here.

Lemma 28 For anNl/M as in Lemma 27 and positive integer I so that 3(1) > N§/2,

1/16 1
Bl = (00 = O] < 2577,

for N sufficiently large.

FLN1/16
N1/4
from a right sided process, ¥, initially equal to 73’ N on (—N'/16 0] and distributed
as Ren(3) conditioned on h(nft) = (.

Suppose nf and nN'""*® are naturally coupled as in Proposition 13. Let A be the
event that the natural coupling breaks down. Let £¥ be a right sided 3— N PSS with &8
distributed as Ren(—°%(3) and let ¢V be a comparison Markov chain naturally
coupled with % and satisfying ¢ = (})%’Nl/m on (—N'16 0]. Let the position of the
rightmost particle of £¢f be denoted by r® and the rightmost particle functional of
ERNYY he denoted by 7N We will abuse notation and denote also by A, the
event corresponding to A, as previously defined in the proof of Lemma 27, but with
(n, n™N""") replaced by (€7, FNY).

PROOF. As with Lemma 18 we simply consider E[(r — ry1/4)] for v derived

1/16 1/16 1/16
Blryns =l S TE[ryis = v Lall + B[y, = ravis) Laell

1/16
= |E[(rls = ryua)La]]

1/1
< Bl 1a] + Ellrys| L]

N1/4
1/16
- B[S 1 La) B[Sl lal
- B(0) B(¢)
< N32E[rSEN" | 1) + N32E(|rS 1 u L]

by the condition on [. But

EHT%{}{XUMIAH < (E[(rfv’ﬂivl/w)ﬂ)1/2P(A)1/2 by Cauchy Schwarz
< CNY8P(A)'? by the previous lemma.
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Similarly for £ Hrfvl ,214]] and so the result follows by Proposition 13 and Corollary
24.

O
In our analysis we will have to deal with perturbations of the Markov chain
(nf’Nl/m :t € [0, N'*2]) for a constant 0 < o < 1/2. We suppose that we are given a

. . .. ey . 1/16
Harris system that generates a comparison Markov chain in equilibrium, nf*¥ . For

two positive integer valued random variables X; and X, with support on [1, N3/2(-+1)]
and a fixed time s € [0, N/4], we say €5V is the (X1, X5, s)-perturbation of nN'"*
if

(i) §§’N1/16 is equal to ng’Nl/w after a positive shift by Xi,

/16

(ii) for t € (0, s), F NV svolves according to the rules for nf*V Y1 applied to the

Harris system given, as detailed at the start of Section 4

(iii) at fixed time s, V™ undergoes a positive shift by Xo,
. / . .

(iv) for t > s, ﬁtF’Nl " evolves according to the rules for nF’Nl/lG applied to the
Harris system given as in Section 4.

For such a chain the rightmost functional r&%N"™ is defined in the same way

as rEN' with positive shifts X;, X5 contributing to the functional, so for instance

‘A71/16
TS’F’N = X, and not 0.

We shall need the following crude bound

Lemma 29 Let N be a positive integer, s € [0, NY4] and €5V be a (X1, X5, 5)-
perturbation of equilibrium finite comparison chain nF’NUw where X1, Xy are 1.1.d.
positive integer valued random variables also independent of the Harris system gen-
erating nF’Nl/w with

1 << N326+D)  prx, — _ sjk(zl)ﬁ(w
fori<is Ko =0 = sy 550

where for all 1 < i < N3/20+D 0 < ~(3) < e19(1)i.

Then |E[r§fN]YZlG]\ < KN'Y® for K depending on ¢, but not on N.

PrOOF. In this proof C' will denote a constant depending on ¢; but not on N. This
constant may change from line to line (or within a line).

/160 / / /
\E[rﬁfj’vjﬁlw]\ is less than the sum \E[rﬁf]’vj\f;m — St 16]\ + \E[rﬁf’Nl -
TS’F’NIMH + E[X4]. Given condition (k%) on function (3(.) and the conditions on the
N3/2(k+1)

function (.) we immediately have F[X,] < >7;0) c1JB(5)7/B(1) < oo, supposing
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as we may, that ¢; > 1. It remains to bound the first two terms. We bound the two
separately.

Let V be the Radon-Nykodym derivative of the distribution of 55 N ith respect
to RenN"""0(3). Since V(€) = ev(i) (for ¢ = ¢(ey)) on h(€) =i, i < N3/2k+D. —
for h(&) > N3/2(k+1) it is easily seen, using the conditions on 7(.) that V possesses
all moments less than k£ — 2’th order and that the bounds do not depend on N. By
Holder’s inequality

B[N PN < pRen Gy (EN e R

< (B I@ a2 2sphen N NG NS s < gy

by Lemma 27.
In the same way let W be the Radon-Nykodym derivative of the distribution of
LN with respect to RenN"'"0(3).

5 _nl/16 ;
BISENL = PN < BIX) o+ [BRe TG [y (g N N

< O (BRI gy s e A B 5173

< (C—|— (ERen(le/IG’O](ﬁ)[W3/2])2/3)N1/8'

NV
So it remains to bound ERen ™" 0©) [W3/2).
Now let the Radon-Nikodym derivative of nfLNl/lﬁ with respect to measure Ren(—N""*9()
be V. For | an integer between 1 and N6 and ¢ € Q¥'* with h(¢) = | we have

W(ERen N U(B)({g)) = PEN = =P =1) 3 PE =)

neA()

(where A(§) = {n:n(x) =&(x —1) for 0 < —x < n —1}; note that the integer [ is a
function of configuration £ and so no suffix [ is required for A(&))

<CBWL Y Vil Ren™N0(B) ({n})

neA(§)

= CRen™N'""9(3)({e1)IG(€),

where

Seaig V() Ren ™ 03 ({n})
G :

(@ ZneA(E) Ren! Nl/m’o}(ﬁ)({n})
Thus, we conclude, W () < CIG(§) = Ch(§)G(§) and so

EW*? <0 30 RenNB)({E1)h(€)Y(G(E)

§GQN1/16
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By Holder’s inequality this is less than
1/4 3/4

>> Rent™N"(B)({€1)h()° > Rent™NU@B){E1(G(9))

ceQNt/10 ceqNt/16

So, since all moments of h exist uniformly in N/!% to bound E[W?/?] it will suffice
to bound

[N3/2(k+1)}
S RentNPABAENGE)? = > B0 Y RentVU@){AGDG(E)
EEQNl/w =1 &h(&)=l

But for each [ in the summation range, the sets A(£) form a partition of QN as &

ranges over configurations on which h equals [. Also by Jensen’s inequality for any
/16

£e V',

Ren ™" IB{AONCE? < 3 (V) Ren ™" (B)({n)).

neA(§)

IN

Therefore for each suitable [,

Sy Ren™N (B (A NG (E)? << Rent=N"0(), (V)2 > .
Hence

[N3/2(k+1)]
S B Y Ren™N(B)({A()G(E) <
=1 &:h(€)=l

[N3/2(k+1))]

> B < Ren™N(B), (V)2 > < < RentNO (), (V)2 >
=1

Since < RentN"""0(8) (V,)? > < < RenN"""9(5), V2 > and all moments of V
less than k — 2 exist, we are done.

O

We now consider a Markov chain on QV""* which is a (slight) modification of the
chain nF’Nl/IG. We say that §F7N1/16 is a (7, N)- modification of nF’Nl/m for
(i) N a positive integer,
(ii) v {17 2,3, -, [N3/2(k+1)]} — Ry,
if it is a chain with the same jump rates as nf*V 1o except that the positive shifts by [
for [ < [N3/2:+D] occur at rate 3(1)(1+ %) In this section we will only consider + so
that for some ¢; € (1,00), (1) < ¢; ¥V 2 <4 < N3/20+D 0 < 4(4) < ¢piy(1), so that
the preceding lemma may be applied. We can define as before the associated rightmost
particle functional 77V Y1 For our modified finite comparison Markov chains, we
consider the extra jumps to be produced by Poisson processes VI, 1 < < [N3/2(:+1)]
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of rate y(1)3(l) /N separate from and independent of the Poisson processes generating
a finite comparison Markov chain 7™ 1% 50 that a point in V! engenders a positive
[ shift for 5N Y1 Thus we can speak of “extra” jumps unambiguously, as jumps
corresponding to points in U;V! and we can define A, the event that at most two of the
extra jumps occur within time N'/4 of each other during the time interval [0, N'**],
no jumps occur within time N'/4 of the endpoints of time interval [0, N'*¢]. Tt is
elementary that P(A4) > 1 — % — /N3, (The bound C/N?/* for the probability
of the event that an extra point occurs in intervals [0, N'/4] or [N1T® — NV/4 N1+e]
is clear given the rate of extra jumps. By elementary large deviations on Poisson
processes we have for some finite ¢,C' depending on ¢; but not on N, that with
probability at least 1 — Ce™*N", at most 2C N extra jumps occur in time interval
[0, N'*o]. By the strong Markov property, the number of extra jumps among the
first 2C N which have the property that another extra jump occurs in the N'/* time
units following their own arrival, is exactly a Binomial with parameters 2C N“ and
C'/N 3/4 We can then apply elementary inequalities to this random variable to obtain
the required bound. Then

Proposition 30 Let ¢; € (1,00). Suppose that (v, N) are such that, v(1) < ¢; and
V2 <i < N320HD ~(5) < epiry(1).

Let a be a constant in (0,1/2) and €N be a (v, N)- modification of n™™V""*
with 55’”1“6 distributed as Ren—N""*0l (B) and let r_%Nl/w be the associated rightmost
particle process. For A the event above,

3
~,N1/16 Q[NQ(ICH)] . . . 3a/4 a—1/8 1/8
B A = NO Y ein@)B)] < © (N4 NS 4 N1E)
=1

for C depending on ¢y but not further on vy or on N and c(i) equal to the constants

of Corollary 24.
Remark: The time interval [0, N'**] and time N'** can be replaced by [0, W] and
W respectively for any W in the interval [N!1T* /2 2N!T*] and the result will remain

3 _3
valid with Nazgﬁf““” c(i)y(i) (i) replaced by %ng(kﬂ)} c(i)y(1)5(3).

PrROOF. We condition on the event A described above. Let the V be the (ran-
dom) number of extra jumps and let the times of the extra jumps, that is jumps

corresponding to times ¢t € U;V! be

0< NY* < t) <ty.. <ty < N'te — N4

V is a Poisson (¢N®) random variable for ¢ = Z{\:{MH) B(1)~(1), conditioned on A,

an event of probability at least 1/2 ( for large N), so (as is easily seen from direct
calculation using Stirling’s formula) outside of an event of probability e~V o

there are between ¢N® — N3%/4  and

cN® + N3/%  extra jumps
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for h > 0 depending on ¢; but not on N or a. We easily obtain the bound

~,N1/16

E[|T]\[71+a |I{|V_CNQ|ZN3Q/4}] S N2N1+a6_h]\[a/2/2.

Now suppose that the extra jump, occurring at t; is a positive shift by x;. Then the
x; are independent identically distributed random variables with law P(z; = j) =

v()B () /e where for j < []\72(’3*1@7 0 <~(j)/c < c13/B(1), as the conditioning
event A is independent of the sizes of the extra jumps. The value E[r7: NHQ |A] is the
expectation (taken over ¢;, ;) of

1/16
BN 1t 2]

— Yot [ N (f: Bl A N) — E[’l(&f’”“)lé&]) ds.

We suppose first that, in fact, none of the extra jump times ¢; occur within time N1/4
of another. We divide up [0, N'*9] into intervals

I =[titi+ NY4| i=1,---V
and Jj, h=1,---V +1,

the remaining ordered intervals, J; = [0,%], Jo = [t; + N4 ;] and so on.
As our process starts with distribution Ren(—V 1/16,0] (), the integral
I, (2‘1’0 B(i)(i A NY16) — E[R(eEN)|, x]) ds is just equal to the corresponding in-

tegral for a non-perturbed equilibrium process nf*" Y °

N1/16 g

/in Bi)(i A NY) — plRen™ @ (PN ) ds = 0,

For h > 1, J, = [tp—1 + NY4 t,) with ¢4, taken to be N'*®. For s in Jj, we have
by the independent increments property of Poisson processes,

EIR(EN""Vt, 2] = BIREPN )t 25, § < h).

s

But Proposition 22 (2) yields
Bl )t wp.5 < b =3 B ANY®)| < O
for t € J, and so

V41 .
1> / ( (i A NY') = B[R zJ) ds| < NN,
Jn
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We now consider intervals I; = [t;,t; + N'/4]. By Proposition 22 (1),

_N1/16 ] o
perEN® oy - Ben™ 0@ (g =x3) | v,
P =0T Rt T () = 1) =

Thus

] (2B AN = ElR(E )t 2])ds

N1/4 _ v1/16
= [ (ZB@ AN g IO EN ) = ) ds
+O(e—cN1/8N1/4N1/16)
But by Lemma 28 this term is within CN~Y/8 of ¢(z;) — z; and we have that
(Bt |t.2] — Se(e))| < K VN7V

and so (recall z; are i.i.d., independent of ¢;), on event
AN { no two extra jumps are within N'/# of each other },

N3/2(k+1)

Bl =V X @B < K VNS (4)

For the remaining part of event A where there is exactly one extra jump followed
within N4 by another, suppose that the extra jumps occur at t; < ty < --- < ty
and that j is the unique integer between 1 and V' such that ¢; < t;,1 <t; + N4,
Again we divide up the interval [0, N'*°] into intervals:

I = [tiati+N1/4] 1=1,---5—1

1 = [tj’tj+1+N1/4]

I; :[ti+17ti+1+N1/4] 1=54+1,---V -1
anth hzl,V

the remaining naturally ordered intervals, so that Jj, = [ty_1 + NY4 t,] for b < j
(and taking t_; + N'/* to be 0); = [t + N4 t,,1] for h > j (and taking ty; to be
NH'O‘).

We have just as before that for k # j

/Ik(zﬁ(i)(i A N16) E[h(st’Nl/m’L 2)ds

S

N1/4 _n1/16
N en ,0] / N1/16
= [ BB AN = BRI O EN ) () = wds

+O(€—CN1/8N1/4N1/16)
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and
\% o0
30 [ 32 86) ANY) — BN L alds] < N,
h=1""n

Thus, using Lemma 29 to bound the increment over I; by KN 1/8 we obtain on event
AN { two extra jumps are within N/* of each other },

N3/2(k+1)

EREN -V ein(i)8()] < K VNS L KNV,
=1

Using this and (+) and integrating over ¢ (and also using our bound for the ex-
pectation on event {|V — cN'**| > N3/} we obtain the result.

&

7 Perturbed semi-infinite —NPSs

In this section we consider classes of NPSs which are right sided (though obviously the
results obtained will transfer to the analogous left sided processes) and are perturba-
tions of 3-NPSs in that the flip rates for sites to the left of or equal to the rightmost
occupied site are those of a -NPS. The key element in their analysis is Girsanov’s
Theorem which enables us to transfer various large deviations, regeneration and sta-
bility results from equilibrium right sided 5-NPSs to the “perturbed” processes. We
also prove a weak convergence result, the argument given being a simpler prototype
for the weak convergence arguments given in proving Theorems 2-4. We state the
following result not for its novelty or difficulty (it simply follows from Brownian em-
bedding) but simply to illuminate the approach and to motivate technical results that
follow.

Proposition 31 Let « be fized in (0,1). For each positive integer N let (WN),i > 1
and (W}N'),i > 1 be sequences of random variables so that for each T positive and
fixed,

(i) with probability tending to one WN = WA for 1 < i < TN'™® as N tends to
nfinity,

(ii) EWN'|F,_1] = 0, E[(WN)?|F,_1]/N"™ — 1 uniformly in i as N tends to
infinity, where Fq is the trivial o-field and forr > 1, F, = o{W', i <r},

(i4i) YN > 1, E[(WN)4F;_1]/N?0+) < K where K does not depend on N, then

N0 N
(XN :t>0) = (%sztEO)

converges in distribution to standard Brownian motion.
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Throughout this section (.) will be a positive function on the positive integers
such that
V(1) <1, Vi 2 2,9(i) < eriv(1),

for ¢; a positive constant. Let I'(c1) denote the set of positive functions on the positive
integers satisfying this constraint. A NPS, (¢ : ¢ > 0) is called a (v, N) perturbed
B-NPS if its flip rates c(z,&V) are

1 if ¢N(z) =1

Bllew (0),rew ) = R it €(2) = 0 and fen (o), rev () < 0
BN (Len (x), 00) = B(Len (2)) (1 + 2y i eN() = 0 and fen (2) < 00 7en ()
BV (00, rex (z)) = Alren () (1 + 752 i €¥(2) = 0 and Lex (z) = 00 ren (x)

The similarity with the (v, N) modifications of the finite state space processes is
not accidental. Unless otherwise stated we will assume in the following that &} is
distributed as Ren(=>"!(3). We denote the position of the rightmost particle of &N
by rs™V. We prove the following proposition.

Proposition 32 For (v, N) perturbed 3-NPS (€N : t > 0) as defined above starting

from initial distribution Ren(=>%(3),
€N

(TtTNQ:tz())g (X;:t>0) as N — oo,
where -
Xo=0 dX; = dW; +vdt, and v =">_ B()y(0)c(()

=1
for the constants c(.) defined by Corollary 24 and W. is a standard Brownian motion.

A result of this flavour was proven for a process denoted as 7} in [8] but in this case
the process in question was defined so that V¢t 6 v on¥" had distribution Ren (=% (3).
t

For us the fact that, as seen from the rightmost particle, £/ does not have distribution
Ren(=>%(3) will constitute the major difficulty.

The above result is of intrinsic interest but also introduces the main approach of
Section 8 and intermediate results (Propositions 36-38) shown in the course of proving
Proposition 32 will also be needed in our proof of Theorem 2.

The main tool for us will be the Girsanov’s formula.

Lemma 33 Consider the space 2 of cadlag functions from IR to right sided config-
urations w in {0,1}%, equipped with the usual Skorohod topology. Let Q be the law on
Borel subsets of Q for which the paths are a (v, N) perturbed (-NPS, while P is the
law for the 3-NPS, both laws having w(0) distributed as Ren=>%(3). Fiz a € (0,1].
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Let N(r)(= N(r,w)) for w € Q be the number of times that the rightmost site jumps
r units to the right during the time interval [0, TN'*®]. Then Q and P a.s. N(r) is
defined for every positive integer r and

N(r) oo
— TN (1 + %) forc=>"B(r)y(r)
r=1

P ‘fTNl‘H)‘

dQ
where Ip

denotes the Radon-Nikodym derivative of @ with respect to P on

TN1l+a

the sigma-field generated by the paths on the time interval [0, TNT<].

This follows directly from [6] page 320. This result is stated for finite state Markov
chains but the extension to our case is minor.

Lemma 34 Let Q) and P be as in Lemma 33. For positive integer { < k—1, a € [0, 1],

¢
) < Kyre for some
fTN1+0<

finite Ky 7., depending on T, c; and ¢ but not on N or on the particular v € TI'(cq)
underlying measure Q).

- d
T > 0 fized and all N sufficiently large, E¥ [(d—g

N(r)

l
l
— e—cTKNo‘Hgi ( 1_|_7(7") )
FTNlJroz) ! ( N )

are independent Poisson random variables

Proor. By the preceding lemma, <£
and under P the random variables N(r)
of mean T'3(r)N**<, thus

(... |
APIF pyiva

exp(—cTUN*)I2 | exp (Tﬂ(r)NHO‘[(l + %)E - 1]>

= 1%, exp (Tﬁ( YN + %)Z —-1- %e})

(for exp(z) = €7),

_ n§2exp< L 2()2 5(r ) < Kore

since v € ['(c;) and 322, B(r)r? is summable for j < k — 1.
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Lemma 35 Let () and P be as in Lemma 33. For fired a < %, there exists a constant
K = K(a,c1,T) , not depending on N or the particular v € I'(c1), so that

1+a 7A72/10
P ’ dQ q ’ > 1 < KNTN |
dP FTN1+O¢ N(1-a)/3 NEk/10
1+a 7A72/10
0 ‘ dQ B 1‘ > 1 < KNTN '
dP FTNlJra N(l—a)/3 Nk/l()
PRrROOF. It is only necessary to establish a bound for large N. We treat explicitly
the first inequality. We write % as
TNlta
S o 7(r)
exp |— Zy(r}ﬁ(r)TN + N(r)log 1+ ~ ||
r=1
for N(r) defined as in Lemma 33. Thus it is a question of dealing with
3 (Wos + 4 -2ty ) -
r=1
5 () < 1)
> [N log(l+ =) —=~v(r)B(r) TN |+ > N(r)log(l + —=) —v(r)B(r)TN*|.
r=1 N r=[N1/10]+1 N

Now with P(or ) probability at least 1 — %K (for K not depending on N or
T in the following K may be increased but it will always retain this property), there
are no jumps of r, by more than [N/1%] to the right in the interval of time [0, T N1*¢],
in which case

(o] fy r o oo o
Y o+ NN BTN = Y 8Ty
r=[N1/10]4+1 r=[N1/10]41

(0% = 1
S TN (&1 Z ’I"ﬁ(?”) S W for N large s
r=[N1/10]41

since, for r large, r3(r) < 7«% The other sum can be written

[Nl/lo]
> (log(L+ %) — B)N(r)

r=1

[N1/10]

£ RN - BTN,




The first part is necessarily negative and, by a Taylor series argument, its absolute
value is bounded by

[N1/10] 2 2 2 [N1/19] 2 2 [N1/19]
v(r) v(1)ct 9 v(1)%cq
2 NS e 2 rN < gxes L N

since 7 € I'(¢;). Under P, Z[Nl/ Y (r) is simply a Poisson random variable of

parameter TNt Z[N g ]ﬁ( ) < 2T Nt For large N, ATN't* < M)é\[c;g% by
1

the fact that « € (0, 5). So, except on a set of exponentially small probability in NV,
[Nl/lo]

Som1  N(r) < 3(1)%8%, which implies that off this small set | ZLle/lol(log(l +

) = N <

N 4N1 a)/3

It remains to consider

1 [N1/10] [N1/10]

% 2 AN = BTN = = 37 ()X
r=1 1
where X, are independent centered Poisson r.v.s of variance 3(r)TN'™*. Calculat-
ing as in Lemma 34 we find that for ¢ = £ N{1-)/2

[N1/10]

EleV] = exp( > B(T)TNHO‘(GCWJ(\;) —1—CM)) < K.

So, by usual Tchebychev exponential bounds we find

[Nl/lo]
1 1

< K exp(—hNU-)/%),

where K,h do not depend on N. Thus we have that outside a set of probability

1+a n2/10
% for large N,

[e.o]

) (N(T) log(1 + WT) — ’y(r)ﬁ(r)TNa> <

r=1

which will (for large N) imply that |42

— 1| < wa257. We can obtain a

TN1+a
similar bound with probability @ if we, for instance, consider - ZTNll/lo y(r)[N(r) —

B(r)(1 + 1)TN*2] instead of L z[N/ Ty ()N () — ﬁ(r)TN”a].
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From this result we can easily transfer results from equilibrium distribution pro-
cesses to our perturbed processes.

We obtain the following from Lemma 5.

Proposition 36 Let o € (0,1/2) and £V be a (v, N) perturbed 3-NPS for v € T'(cy),
initially distributed as Ren'=°>%(3) with rightmost particle v . The probability that,
for s < NYe — N4 fized,

N , 3
\7"§+N1/4 — &N > N8 1og® N

is bounded by K/N*/?* for K depending on c; but not on N; the probability that

sup  {[rSN — 5N} > NOFO 2 10g3 N

s€[0,N1+o]
is less than K N?/10t1+e [ NFO yhere again K does not depend on N.

Proor. We prove the result on canonical path space with probabilities ¢) and P
being as in Lemma 35. We simply use the inequality, valid for any event A in F yi+a,

o nreuin] <o <2t

A) < 2E9 l ‘
QU < 2B 02 QlF... “2)= aQlF ...

< ;}).

So for instance
({|TS+N1/4 - TE’N| > N8 10g3 N})

dP 1
< 2P({Irsevs =l 2 NI NY) 4 QUG < o))
where we have omitted the superscripts on r to emphasize that under probability
P, the rightmost particle process is simply that of a rightsided S-NPS. By Lemma 5
the first term is bounded by 2K /N*/?*, while by Lemma 35, the second probability
is bounded by %‘jfﬁ”w . The first result follows (after increasing K) as the first
bound is dominant. Similarly for the second part except that the second bound is

now the dominant one.

O

Again employing the inequality Q(A) < 2P(A)+Q({§—g 7 < %}), Proposition
Nlta

8 becomes

PropOSItlon 37 For &N and r&N as in Proposztwn 36, the probability that for some
€ [0, N't2)], &N has a N3 gap in [r$™ — N3, r5N] is bounded by K N?/10+1+a /Nk/10
for constant K not depending on N.

476



We can also use the Radon-Nykodym derivative to get effective bounds on moments
&N
of ry™.

Proposition 38 Let &Y and r&" be as in Proposition 36 and let A be an event of
probability 1 — o(1) as N becomes large. Then

E[0r5)214]

—110(1) and E [(TNHQ) |A] IN20+0) < [

Nlto
for K not depending on N. Equally for time Nt replaced with N'*¢ — N4,
PROOF.
As

} E [(rfvﬁa)zfA

B|() 14 Py

it is only necessary to analyse the number
2
E [(rfﬁ;) L.

This equals (and here again we omit the superscripts on r to emphasize that with
respect to the probability P, the underlying process is simply a rightsided 3-NPS)

d
EP l(?’N1+a)2 % F IA]
N1+«

d@
EP |12 . | == —1)14].
|an+ ( FNlJrOé )A]

= EP [T]z\n-;-aIA} +

dP

By Proposition 3.2 of [8] the first term is equal to N'**(1+0(1)) as N becomes large.
The magnitude of the second term is bounded by

1 dQ
EF r21a—]+EP[r o —1‘1dQ ]
Nite NToa Nitel oD Fotia \W\J:Nl+a—1\>N11Ta
1 dQ
)\ [ —— ) [7” lta 1‘1. aQ ]
N 3 N1+ dP ]:Nl+a |E‘fN1+a—1‘>Nll_Ta

for N large. The last term above, by Holder’s inequality is less than

E” [ryisal?]) 4 ( ’ ’ 1 ) ( ’ ’ 1‘>T>
(E7 [Jrasal"?]) Pl ] Pl =)

Nl+a n2/10\ 187k
14+«
< GiN < Nk/10 )

by Lemmas 34 and 35. Thus first part of the lemma follows. The second part is
proven in the same manner. The inequalities with N'*® replaced by N'** — N/4 are
shown in an entirely similar way.
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%

A (v, N) perturbation of a 3-NPS, ¢V can be coupled naturally with a (v, N)
modification f'F’NI/IG’N of the Markov chain 7" as in Proposition 13 so that “extra”
jumps occur simultaneously for both processes. In accordance with previous defini-
tions we say that with the above coupling (€N, ERN'1.N)
on time interval [0, V] if V¢ € [0, V],

remain successfully coupled

N . F,N1/16’N
9r§’N 0§, H[—N1/16/2,0) — St H[—Nl/lﬁ/z,O) # 0
. : . 1/16
and (with the obvious definition), poN = NN

As our Radon-Nykodym derivative is really a derivative on families of Poisson pro-
cesses, the Radon-Nykodym derivative given in Lemma 33 also serves as the derivative
of the law of (&V, €PNV} with respect to that of (n%,n"N"**), where n¥ is a right
sided 3-NPS staring from Ren(=>>%(3) and nF’Nl/w is the finite state comparison
Markov chain naturally coupled with n®. We therefore obtain, using the argument of
Proposition 36,

Proposition 39 Let v € T'(cy) and N be a (v, N)-perturbed 3—NPS, initially dis-
tributed as Ren=>>(3), and naturally coupled with (v, N) modification &N N 5o
that initially €N and EFN"N agree on (—NY6,0]. The probability that the natural

coupling between N, EFNN does not break down on interval [0, N'*] is at least

1 — K N(1+a)—23/(12.16) N3/16

N23k/(16)(288) *

Arguing as before we obtain the following complement to Proposition 38.

Corollary 40 For v,&N r&N as in Proposition 39, let A be the event that on time
intervals [0, NY4] and [N'T® — NYV4 N*] there are no extra jumps (equally put,
on this time interval the process evolves as 3—NPS) and that there are at most two
“extra” jumps occurring within N4 of each other. Then

3
N2G+1)
E[rEVIAl = N X2 eiy()B(i)] < C (N%/1 4 No7VS 4 N1S)
i=1
for s = N or NY&* — NY4 where (i) i = 1,2,--- are the constants defined in
Corollary 24.

PRrROOF. We treat explicitly the case s = N7, Let the underlying probability mea-
sure be (). We suppose that N is so large that Q(A) > 1/2 (see discussion preceding
Proposition 30). We consider the comparison (v, N) modified Markov chain, £V 1/16,

Nl

which is naturally coupled with process ¢V. Denote by 7 % its rightmost particle
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process. Let the event that the coupling breaks down be C. We have, as argued
previously,

1/16 1/16

|E9lrtal Al = EQ[ila Al < E9lriallol A] + B[l it o] Al
To bound the second term of the righthand side we use the inequalities
E9|ritaIelA] < BQ[lrithal Ie]/Q(A) < 2E9(Iriial Ic])

@)
dP"’
gF,N 1/16

= 2EP[|TN1+a |IC

for P the measure with respect to which &V,
By Holder’s inequality this is less than

are non perturbed processes.

= 2B ) B G )AP ()

By Proposition 3.2 of [8] the first factor is bounded by CN(+%)/2 the second is
bounded by K41, by Lemma 34, while P(C) is bounded by K N3/16 N —23k/(16 288) 1,y
Proposition 13, thus by our extreme lower bound for k we have E9[|r{Y..|Ic]A] <
2B7(|r5ta | 10%2] < K N'®. Similarly but also making use of Lemma 27 we have
ER[r N °y[CyA] < KNV,

Thus we have (for large values of N)

B9 A] — BN A < KNS,

The result follows from Proposition 30.

Proposition 26 and Lemma 35 yield the following.

Proposition 41 Let T > 0 and let (&Y : t > 0) be a (v,N) perturbed 3—NPS,
starting from initial distribution Ren(~>%(3) for v € T'(cy). Let r&N be its rightmost
particle process. Then for NY/* < V < N2 conditioned on the event that there
are no extra jumps on time intervals [0, NY/4] and [V — N4 V] and that at most
two extra jumps occur within N'Y/* of each other, outside of an event of probability
CN23]IX/3(32/8$(16) + KNlJraNZ/lO/Nk/lO;

5‘]/V+N1/4 = Qy Ni/a on (T%N 3N?, o)
where (Q : s >V + NY4) is a (v, N) perturbed 3—NPS run with the same Harris

system as &N and 0 ex oy /e is a configuration with distribution Ren(—>0(p),
V+N1/4

independent of o{&N s < V3.

Furthermore, outside of an event of this probability, the rightmost particles of £V
and Q, will agree for V 4+ NY4 <t < TN? and for each t in this range Q, and &N
will agree on the interval [re™ — 2N r&N],
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We are now ready to prove Proposition 32.

Proof of Proposition 32
We prove weak convergence on [0, 1]; the general case is an automatic extension. By
Proposition 36, it is enough to show convergence for the process (X} : ¢ > 0) where

[tN1=2] [tN1—el
N _ 2 : &N &N — } :
Xt —_— (er1+cx - T(j_l)N1+a) — V]
j=1 j=1

We fix 1/2 > o > 1/4. We write

V. = &N &N - U
i = TiNtta ~T(jpnire = Uj+wj
where
R &N = V. A
U, = TiNtra_n1/4 — T(j—1)N1Has and w;, = V; = Uj.

As before we split up the Poisson process generating £ into the “equilibrium” Poisson

. . : y(z)B(x)
processes and an independent set of Poisson processes S generating at rate -~

jumps z to the right of &' at time ¢. That is the {S*} generate the extra jumps.

We have (see the discussion preceding Proposition 30) with probability bounded
by KN'"*(w5m + ]]VVTz/az) = 0(1) that ¥ 0 < j < N'™“ the event A(j) occurs, where
A(j) is the event
( 1) no extra points occur in time intervals [(j — 1)N'*®, (j — 1)N'*® + N'/4] and
[leJra _ N1/4,jN1+a]

(IT) at most two extra points are within N*/4 of each other in [(j — 1) N jN'F@].

Given this we have, conditioned on N;A(j) by repeatedly applying Proposition 41
at times V = jN™® — N1/4 that outside of an event of probability (%)
U;j are equal to U where U} are i.i.d. random variables equal in distribution to
T%ﬁh N1/ conditioned on the event that at most two extra points are within N/# of

each other in [0, N'*® — N'/4] and no extra jumps in [0, N'/4]. By Proposition 36,
|lw;| < NY®log? N for each j

with probability tending to one as N tends to infinity. The result now follows from
Proposition 31 with W}V equal to U; — E[U]] and W} equal to U} — E[U}], given

7 K3

Proposition 38 and Corollary 40.

O

Before concluding this section we state a result which belongs in this section but
will be used in the next. We suppose given a filtration {F; : ¢ > 0} containing
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the natural filtration of the Harris system but with respect to which the underlying
Poisson processes remain Poisson processes. We construct the process as follows:
We take 7o € T'(c;) and &) to be measurable with respect to Fy and distributed
as Ren(=>%(3); on the interval [N'/4 N'*te — NV4) ¢N eyolves under the given
Harris system as a (7o, V) perturbed 3-NPS. On the intervals [0, N'/4] and [N'T® —
NYA NMa] ¢N evolves as a f—NPS. For i = 1,2, - -, we take 7; € I'(¢;), measurable
with respect to F;yi+a_y1/4 and on the interval, [iN1Fo N4 (i41) N1To— NV/4) N
evolves under the given Harris system as a (v;, N) perturbed 3-NPS. On the intervals
[INFe iNFe 4 NS ([ 4+ 1) N — NYV4 (5 1)N'°] it evolves under the Harris
system as a -NPS. We call such a process a piecewise (I'(¢;), N) perturbed process.
The following is a consequence of Proposition 41 and Lemma 6,

Proposition 42 Fiz finite positive T and ¢; and 1/2 > o > 1/4. For the process
defined above, £V, let the rightmost occupied site at time t be denoted by r; N There
exist processes (.n,fv’l tt >N fori=1,2,--- TN s0 that

(i) grf}ﬁm o nia has distribution Ren=>>%(3) independent of er}\lf\fl+a o n;v]\’,jpra for

7 <1 and OffiN1+a_N1/4,

(i3) on the time interval [i N4+ N4 (i+1)N'FTe—NY4) nNi epolves under the given
Harris system as a (v;, N) perturbed 3—NPS; on the intervals [iN+® iN1+e 4 N1/4]
[(i + )N — NY4 (i + 1)N'™] it evolves as a 3—NPS,

(#i) with probability tending to one as N tends to infinity (with T and ¢y fized) for
alli < TN and t € [iN'e, (i + 1)N'e], Vi (z) = eN(z) ¥V & > 15 — 2N2,

In the next section we will also use (v, N)-perturbed G-NPS to refer to left sided
B-NPSs and we will speak of piecewise (I'(¢1), N) perturbed left sided 5-NPSs. The
obvious definition will apply.

8 Convergence results

In this section we apply Proposition 42 to establish a weak convergence result for
N N

¢
the joint process ((“22t, 22t) : ¢ > 0). Recall from the discussion in the introduction

N ' N
that for " (@) = 5 (2) <, and N (@) = 0¥ ()1,

“almost” as perturbed (3-NPSs.

The principal difficulty to be confronted is that the “extra jump” rates for the two
processes are dependent on previous evolutions and on each other. We address this
problem by introducing processes (r™¥: ¢¥+) and (r:~, ¢¥7) to which Proposition
42 may be directly applied and so that with large probability riv T <N <L r,fv * for
t <7V =inf{s: (V —rY < eN}. We first give the definitions of these auxiliary

>¢v, the two processes evolve

N,+ ,N,+

. NS 2 .

processes, then ;)ve eicabhsh weak convergence results for the processes ((-57, 4¢*) :
' Z e

t > 0) and ((TIZVV%, ML)t > 0). We then show our weak convergence result for

TN2 o
N

(e, 42t) - ¢t > 0) by establishing an (with large probability) ordering relation.
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In showing weak convergence we will use the following analogue of Proposition
31, which again follows from Brownian embedding arguments which are left to the
reader.

Proposition 43 For each positive integer N, let (VN WN), i > 1 and (VY , W), i >
1 be sequences of pairs of random variables such that with respect to the natural fil-
tration {FY},0 generated by (ViN’/, WiN’/),i > 1, for eachr > 1,

(i) the random variables VN' and W' are conditionally independent given F,_1,

(ii) BV Fra] = EWY|F, 4] = 0.

Further suppose that for each positive A\ and r > 1,

(a) E[(VN)Y2FN J/NY? and E[(WN)?|FN J/NY3 — 1 as N tends to infinity uni-
formly in 1 <r < AN?/3,

(b) for each v, N > 1, E[(VN)FL/N2 D+ B(WN)?FL] NS < K
where K does not depend on N or r,

(c) VN = VZ-N", WHN = WiN" for all 1 < i < AN?/3 with probability tending to one as
N tends to infinity. Then

[tNQ/S]

N WN

N

1t >0)
converges in distribution to standard two dimensional Brownian motion.

Recall that n™¥ has 7" = 0 on (0, N) and 7 |(_cc0] and 73’ |(n,00) are independent
and distributed respectively as Ren(=>%(3) and Ren!™>)(3). We introduced pro-
cesses vV, ¢V in the introduction to be the endpoints of what we consider to be the
gap.

Let A be fixed but arbitrarily large. We now introduce semi-infinite comparison
processes (to which Proposition 42 may be directly applied)

(N < ¢ > 0) with rightmost particles (ri = : ¢ > 0)
(WE’N’i .t > 0) with leftmost particles (Eiv’i 1t >0)

so that (as we will see in Proposition 47 and Corollary 48) with probability tending
to one as N — oo for t < 7V¢% =inf{t > 0: (NE g NE < Ne} AANZ,

L,N,— LN L,N,+ R,N,— R,N R,N,+
Ur < Sy and 7 < n < )

where /" (z) = T]I{V(SL’)[I<T7£V and 5N (z) = niv(x)fpeiv. We note (and apologize for)
the fact that, at variance with the conventions of Theorem 1, the suffix R will now
denote leftsided processes (which are on the right of rightsided processes denoted with
suffix L). Both nX™* and nf*N* will be generated by the same Harris system as ™.
All four processes will depend on € for their time domain of meaningful definition but

we suppress reference to this in the notation.
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We define recursively ™™, nfNF to be piecewise (I'(€), N) perturbed 3—NPSs
for suitable C' (see Lemma 44 later for justification) as follows:

For iN*/3 4+ NYV4 <t < (i + 1)N*3 — NYV4 with iN*/3 — N/ < 7Ne+ (otherwise
we need not bother with a definition),
nN+ evolves under the given Harris system as a right sided (fyi, N) perturbed (-

NPS where the function v (1) is zero for [ > N3/2*+1) and for [ < N3/2-+1) ig given

p LT—N*/5—¢ , \ : :
by ¥4 (1) = (W — 1) N where L} = €5Nj/3_N1/4 — rgvj/g_MM. That is with

flip rates f;"(-,-) on time interval [iN%/3 + NV (i + 1)N*3 — N'/4] given by the
following:

14
fH,r) = BOB(r) for ¢, r finite ,
B(r+¢)
+_N4/5_
for ¢ < N3/2(k+1)a fi—i_(& ) = ﬁ(f)ﬁﬁ((LL;_]\]/\i/s) o for L? = gﬁ\]f\}j/z_Nlﬂ - 7“5\}1/3_]\/1/4

+_ N4/5_ i
= B(0) (1 - (ﬁ;%ﬁivjw/s)@ - 1)) = B(0) (1 + 7+]\§€)> )

for ¢ > N3/2(k+1), fif(l,00) = p(0).

For the remaining times (in intervals of the form [iN%/3 iN%/3 + N'/4) or [iN4/3 —
NY4 §N43)) nbNF evolves as a rightsided S-NPS. Similarly nfV+ evolves as a left
sided (v, N) perturbed S—NPS with flip rates given by

B)B(r)
B(r+1¢)

for ¢, r finite ,

f?(f,r) =

f (oo =500 (14 507,

We similarly define %"=, nf".~ so that they evolve as perturbed (I'(£),N) f3-
NPSs (see Lemma 44 below) with

' - i 3/2(k+1).
() = ( B(L; +N*/5) 1) N il <N :

0 otherwise,
and Lz_ = 5%2/3,]\/1/4 - 7“2[\}:/37]\/1/4 for ¢ so that Z’N4/3 _ N1/4 < Nem

In generating the “extra” jumps for these four processes we still use the given
Harris system and auxiliary random variables and will not introduce any additional
Poisson processes. This is to maintain closeness to the original process.

In order to use previous results we must verify that the 4% satisfy appropriate
boundedness conditions.

Lemma 44 Let v be as defined above. Uniformly over possible v we have on i
such that iN*/3 — NV* < pNet
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Li
sup ’k ’y:t (£> |

—0 as N — oc.
1< N3/20k+1) IN

In particular there exists C' < oo so that for all N sufficiently large and i such that
TeE < (N3 — NV, the v\ defined above belong to T'(<).

Thus for the above perturbed systems the results of the previous section and of
Lemma 29 and Proposition 30 are applicable.

Proposition 42 (and for part (2) Proposition 36) can be applied to the processes
to show

Proposition 45 For the joint process (n®™F nN+) we have that
(1) there exist processes

("t = GNYR) (T ot = GNP for j=1,2,- - AN/
so that
(1)0 n+ © nJ\]fvﬁm has distribution Ren=>%(3) independent of
iN4/3

O,n.+ onkNM3 for k<7,

EN4/3

«9 N+ onkN4/3 fO?“ k < 7

N4/3
and of
U{nLN+>77RN+ s <]N4/3 N1/4}.
HZN&Z/S on. ]\’,342 has distribution Renl®®)(3) independent of
J
eeN,z ° 77kN4/3 f07” k< j7
kN4/3
0~ onffj\,lif3 for k<7,
"kna/s
and of

O_{nLN-',- 77RN+ s <]N4/3 N1/4}.

(ii) on the time interval [jN/3+ NV4 (j+1)N/3 — NV pNaL pNIE eyolve under
the given Harris system as a (%’ , N) perturbed 5—NPS conditioned not to have two
“extra” jumps within N'/* of each other; on the intervals [jN*/3, jN4/3 + NYV4) [(j+
1)N4/3 — NYV4 (5 + 1)N*/3] they evolve as a 3—NPS,

(i1i) with probability tending to one as N tends to infinity (with \ fized) for all
G gNY3 — NYL < AN2 A TNt and t € [NY3, (5 + 1)N*3),

Uiv’j’L(x) = ntL’N’Jr(:r) Vo > riV’Jr — 2N?
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and '
@) =0t @) Ve <60+ 2N

(2) with probability tending to one as N tends to infinity for all j so that jN/3 —
N < pNet A AN?

N,+ 4/5
sup |y T — N el <N / /5.
JNAB-NVAt<(j+1)N*4/3

Analogous results hold for (n=N—= nfN.=).

7]73 N7J7

Remark: We suppose fixed such a collection of processes {n’ LY. Given part

(1), part (2) is a simple consequence of Proposition 36.

Proposition 46 The pairs of random processes

N,+
P
N N _ N2tATNe+ Nzt/\TN &+
(Xt »Yt )te[07/\] = (

N

te[0,M]

and

r
N N _ N2tATN €~ N2t/\‘rN €=
(Ut 7‘/;5 )tE[O,)\} - ( N

te[OA
0, X2 =1, and for

|
.

both converge in distribution to (X} <, X2 ) where
t<7e=1inf{t: X? — X} =€} A\,

dX} = dW] + %, dX7 = dW? — %,
for independent Brownian motions W* and where ¢ = Y32, B(0)klc(l).

PROOF. First by Proposition 45,(2) and Proposition 36 the processes
(XN, Y e

and
N,+ e

N/ . N4/3[N2/3t}/\T+ N4/3[N2/3t}/\T+
(Xf Y )te[O,)\] o ( N ’ N ) o
te[o,x

sup | XY — X+ VY - v 0
s€[0,A]
Here T = inf{jN*?:j >0, jN*? > rNet},
Secondly again by Proposition 45, (2), we have
for

satisfy

| N3N N
V= = it — Nt
t N (j+1)N4/3—N1/4 ]N4/3
Jj=1

| INPPANTH/NY)

NS N,+ N+
Y N 2 (E(J'H)N‘*/LNU‘* EJN4/3)
j=1
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that

sup | X — XM+ (v v 0.
s€[0,A]

Furthermore, by Proposition 45,(1), we have with probability tending to one as N —
oo, for all t € [0, A]

| NN /N

N Nj,L Nj,L
N (rgtayworn i = T0)
=1
| NN N
NS N.R N.j,
Y;t - N Z (f j—fj—l)N4/3 N1/4 — ]\[]4/3)7
where 7V (respectively £V71) is the rightmost occupied site (respectively leftmost

N]R)

occupied site) of n™NJL (respectlvely n the processes fixed after Proposition 45.

Define, for T+ > (i — 1)N*/3,

VN,/ _ .Nai—1,L _ Ng-1,L E[ N,i—1,L _ Nz 1,L |g ]

7 - Tz'N4/3—N1/4 T(z’—l)N4/3 riN4/3—N1/4 z 1)N4/31¥1— 1
N, _ pN,i—1,L N,i—1,L N,i—1,L N i—

Wi - EiN4/3fN1/4 E(l 1) N4/3 - E[éiN4/3fN1/4 é (i—1) N4/3|gz 1]

and G, = o{W,"", V" j <i}. For T* < (i — 1)N*? we can arbitrarily define
V;N", WiN’/ so that they are in conformity with the hypotheses of Proposition 43.

It is readily seen that {(X ™" Y N")}%_, is tight (and any limit is continuous) and
that, by Corollary 40 and Lemma 44

N,e,+ 2
BlNi-LL Ni—LL AT /N) cds
AT [Z’N4/37N1/4 - (l 1 N4/3|g2 1] N N7
0 s’ — Y5

converges in probability to zero for ¢ = Y32, B(0)klc(f). Tt therefore follows easily
from Proposition 45, given Proposition 38 and Corollary 40 (where the bounds hold
uniformly for v € T'(C/¢)) and Proposition 43 that (X", YN") converge in distri-
bution to (X}, ., X2 ) for X§ = 0, X2 =1

dX} = dW}! + XQCd'le, dX}? = dI/V2 Cd’fxl, for ¢ = 3272, B(0)kLe(£)
(details are standard and left to the reader). Thus the result holds for (XN Y V).

We have, using identical arguments, that the same distributional convergence result
holds for
Mo o
e = (e B}
te[0,A]

N N
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Proposition 47 Let XN, YN UN and VY be as in Proposition 46. As N tends to
infinity supg<,<\{| X7 — UN| + ]YN VN|} tends to zero in probability. Furthermore
with probability tending to one as N tends to infinity,

v 0 S t S TN,e,-i— ntL,N,-F Z ntL,N, N,+ > 77]%]\/’—

_7 77t

and
v 0 <t< TN,E,— ntL7N7+ > ntLJV’ and 77RN+ > nRN

(In the last inequalities we replace € by €/2 for the definition of processes nf:* and
n=NF so that they are meaningfully defined up to time 7%~ with high probability.)

PrROOF. We assume that the following three events all hold:
(1) Vj : jN#3 — N4 < et

sup |7"5V7 ]\jvj/a N1/4| < N4/5/5§

tE[NA/B—N/4,(j+1)N1/3]

(2) there does not exist ¢ < 7¥¢F such that 7" has a N'/3 gap in [r} T —2N2 r"],
(3) Vt < TNeE |rVE| < N3/2,

We also assume the analogous events hold for n'%. That these events occur with
probability tending to one as N ends to infinity is a consequence of Proposition 45,
Proposition 36 and Proposition 37.

The problem to be confronted is that the perturbed 3-NPSs are not attractive.
Nonetheless, as we will see, it is “close” to being attractive.

Suppose that jN¥? — N4 < 7N+ and

L,N, L,N,— R,N, R.N,— . 4/3
pbNt > gl N BN S BN g < N

then we have that L7 > L and so during the time interval [jN*/3, (j + 1)N*/3] the
flip rate ¢ to the rlght of the rightmost particle of n&™+,

Fto) > f(toe) = a0+ 50,

the flip rate of n™:~ at the site £ to the right of its rightmost particle. Both functions
fji(f, o0) are decreasing in ¢ as quotient Bé‘(i)l) is decreasing.

The relation

L7N7+ Lani
Tt > M

cannot be violated by a death at a site; furthermore by the attractiveness of the
original (unperturbed) 3-NPS it is immediate that this inequality cannot be violated
by a birth at a site z to the left of r™~ by the attractiveness of 3—NPSs. Thus
we are left with dealing with births to the right of »~. Since, as noted above, for
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<, fi(l',o0) < f;f(£,00) we need only consider births at site z € (r )

where also z < va’_ + N3/2(:+1) " Now the flip rate for ™'~ at such a site is equal to

Blz =1 7)Y + Ly —x)
B(Ly)

which will automatically be less than the flip rate at site x (if it is vacant) for process
nN+ unless there is a gap of size eN — N*/3 for this process in interval [r; 7 "]

It is readily seen that provided event (3) occurs, this event is contained in the
event

{3 a Ne/2 gap for n™* in [r,"" = N¥2 r"F] for some t € [jN*?, (j + 1)N*/*]}.

That is event (2) must fail (for N sufficiently large).

From this we see that if events (1)-(3) hold we must have the desired domination
for all t € [jN*/3 (j + 1)N*3] for j such that jN*/3 — N4 < 7Net  Similarly for
n®BNF and nN~ . That is

UtN S XgN }/tN S ‘/;N V¢ S TN’E’+.

Since (XY, Y ") and (UN, V") have the same limiting distribution, this is easily seen
to imply

sup |UY — XN+ VY =Y 50 (++).
0<t<A

N7677

The relations for t < 7 are handled similarly.

We are now in a position to deal with

N N
T2y Une

((Rt,Lt):tzo):<( e, N):tzO).

Corollary 48 With probability tending to one as N tends to infinity

Vo<t <o Nz 2t

- ?

and
RN+ R,N R,N,—
> 1y >

Up
PROOF. Again suppose that conditions (1)-(3) of the previous proposition hold.
There are three slight differences to the previous case. Firstly the “extra” jumps
of, for instance, n™* are restricted to sites at most N3/2:*1) to the right of the
rightmost particle, while no such restriction applies to process n". However it will
be clear that the probability of such jumps occurring will be small. Secondly the flip
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rates for process nV on the time interval [jN*/3, (j + 1)N*/3] will change in a way
depending on 7" and so the processes must be considered together. Thirdly on
time intervals of the form [iN*/3 iN*/3 + N4 or [(i + 1)N¥/? — N4 (i + 1)N*/3]
the processes n" and n" have extra jump rates while n®»* and 7N+ do not.
However, as with the discussion preceding Proposition 30, we have that the probability
that this extra rate on such intervals produces extra jumps before time AN? is small
and so we do not consider this possibility further.

We consider the event that the domination relations 7, . My
are first violated at time ¢ € [jN*/3 (54 1)N%/3] and that the inequality breaks down
for the first pair of processes . We wish to show that if properties (1)-(3) hold, then
an event of small probability is entailed. As argued previously this violation can only
occur with a birth to the right of 7V for process n" We can and do take ¢ to belong
to [fNY3 + NY4 (j 4+ 1)N*3 — N'/4]. There are now two cases to consider

N+>77LN RN+>7]RN

a) z € (rN,r"t AN 4+ N3/2(6+D): this can be treated with the same argument
that showed the relations "= < &N+ provided (2) and (3) hold.

b) x > r]¥ + N3/20+D. in this case there may be no extra flip rate at site = for
process n% N *+, however the probability that n%" admits an extra jump of this size on
[jNY/3, 7Ne +/\(j+1)]\74/3] is readily seen to be dominated by KAN?3/(eN)(N3(-=3)/2(k+1)),
Thus the chance that such a jump occurs for any relevant j while n™* dominates
n%N is bounded by K N/N3*=3)/2(:+1) which tends to zero as N tends to infinity and
therefore may be neglected.

Similarly we have that the relation

LN—- _ LN _  RN— _ RN
Ue < oor <M
can only be violated by a birth at a site z € (r;"",rY) or in (IN,1}""). However
given the (a-priori) lack of regularity of n™" the argument given for (n»™—=, n&N.T)

does not work with the pair (n== nL"). However we know by Proposition 46 and

previous arguments of this proof) that, with probability tending to one as N tends
to infinity before this inequality is violated

(A) N,— <rt <7‘

and
(B) T =T <eNJ2.

Together (A) and (B) ensure that the flip rate for( n" vacant sites ) z in (r,fv o)
for process n™ exceeds that for process n&:
Thus we are done.
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Remark: To see that the desired domination relations hold asymptotically with prob-
ability one up to time 7~ we simply observe that by (4++) with probability tending
to one as N tends to infinity 7V</2% > N6~ We have thus established a convergence
in distribution result:

Corollary 49 For each ¢ > 0,

T%2t/\TN’€ 6113215/\7'1\77e D 1
( )it >0] 2 (X,

N ’ N XtQ/\Tf) ot Z 0)

T

for (X', X?) as in Proposition 46. Also as N tends to infinity

TN,e TN,e,—i— 0
— —
N2 N2
and
TN,e TN,e,— 0
— —
N2 N2

in probability.

9 Proof of Theorems

Given Corollary 48, Theorems 2-4 announced in the introduction are very intuitive.
The essential technical issues to be broached are

a) To show that for each § > 0, 3¢ > 0, Ny < oo so that VN > NO,P(|% — TJA\;’E
§) <6 (and similarly for o¥ and 7V),

b) To show for t < 7/ the distribution of ¥ “reasonably” to the left of r} is close
to Ren(3) (and similarly to the right of /).

Corollary 49 is almost enough to prove Theorem 3, to supplement it we wish to
record some “regeneration” results: We aim to show that for large ¢ and “most”
configurations, P, f(n) is close to < Ren((), f > for a fixed cylinder function f (here
“most” means with respect to Ren() or Ren=>>Ml(3) where M is large compared
to v/t). This phenomenon is related to the regeneration properties of equilibrium
[B-NPSs. Since the arguments are minor reformulations of work already done in [8]
we will simply sketch the approach to the proofs.

Definition: A right sided configuration 7y with rightmost particle at position r
is said to be N¢ -rich if for i) chosen conditionally independently of 7y, given ry with
distribution Ren(=>*m0=N°l(3) and 7,7’ generated with the same Harris system, the
probability that 7}, the rightmost particle of 1, is not less than r; for some ¢ in [0, N?)
or that 7'is not dominated by 1 on [ro — 2N? 00) over time interval [N® N?| is at
most N~#/% _ We similarly define N® -rich for left sided processes.

The idea is that a rich configuration has good regeneration properties and that over
interval [N, N?], a process beginning from a rich configuration evolves similarly to
a process beginning from a one sided equilibrium distribution.
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Proposition 50 For (n?: t > 0) a right sided 3-NPS in equilibrium, there exists a
finite K not depending on N or on A\ so that

P(Uf is not NY* — rich ¥ 0 SSS)\N2) < ANK NAN—F/9%

Sketch: For definiteness we consider right sided processes. Following Lemma 5 we
can show that outside of an event of probability N=*/16 for every s € [0, AN?] the
conditional probability that in the next N'/* units of time r, changes by N/4/2 is
bounded by N2N~k/16,

Similarly by Proposition 7 the probability that for some s € [0, AN?], nf is bad
for some 2N'/16 interval within [r, — 2N?2,r,] or that the conditional probability that
in the next N'/* time units there is a N'/4® gap for 1, in [r, — 2N2,r,] is bounded
by AKN*N~*/%_ Given this we can use the regeneration argument of [8] or that of
Proposition 13 to obtain the claimed result.

Given Lemma 33 and Proposition 45, we can easily show the following.

Corollary 51 With probability tending to one as N tend to infinity, for all t <

Vet ANAXN2, the configurations ntL’N’i, ntR’N’i, as previously defined, are N4 rich.

The following is a consequence of the definition of N®-rich, Proposition 50 and
Schinazi’s invariance principle.

Corollary 52 Fiz 1 > € > 0 and cylinder function f. There exists constant C' not
depending on € or N so that if ng is a right sided configuration with rightmost occupied
site in (eN, N) that is N'/*-rich, then uniformly on s € [N'/2, N?¢| and such o,

E™[f(ns)]— < Ren(B), f > | < Cé|| f||oo

for N sufficiently large.
Using the regeneration results of [8] or of [9] we easily show the following.

Proposition 53 Fiz strictly positive t and € with ¢ <t. For (ns: s > 0) a 3-NPS in
Ren () equilibrium (or stochastically greater than this) with natural filtration {F s}s>o
and [ a fived cylinder function, the event

{3s <Nt =€)« \E[f (nn2)|Fo]— < Ren(B), f > | > €}

has probability less than € for N sufficiently large.

The following is the key result in addressing problem a) stated at the start of this
section and so we supply the proof. We know that if an equilibrium right sided (-
NPS has rightmost occupied site sufficiently to the left of the leftmost occupied site
of an equilibrium left sided S-NPS, then the two will evolve almost independently
even though they may be generated by the same Harris system. We wish to show
that if initially the separation is small with respect to IV, then the rightmost particle
of the right sided 5-NPS will become definitely bigger than the leftmost particle of
the leftsided process in time that is small with respect to N2.
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Proposition 54 Let ¢ > 0 be fized. Let n® be a right sided 3-NPS, initially in
equilibrium with rightmost particle at the origin and let n* be a left sided 3-NPS
also initially in equilibrium with leftmost particle at x for 0 < x < Ne. Suppose
processes (nf,n*) are generated by the same Harris system and T¢ = inf{s > 0 :
rs > s+ Ne/8} where v is the rightmost particle of nf and I is the leftmost particle
of nt, then there exists a strictly positive ¢ and a finite C' (not depending on N, x or
€) so that for all N sufficiently large, uniformly in appropriate x,

P(T¢ > N%) < C¢.

PROOF. Let {Fs}s>0 be the natural filtration of the Harris system but with Fj
augmented so that n¥ and nlt are measurable with respect to Fy. Let

V =inf{s > 0: h(nF) > N6 or h(nf) > NV or nL or nf are not N'/* — rich }.

Then we have by Proposition 50 and elementary calculations that P(V < NZ%) <
KNAN /%,

1
We define successively the stopping times 7; for lo‘?é >i > 0, by 79 =0, and

7 = inf{t > 711~y > Ne/Sor ly—r, > (2(Lr,_, —7r_, )V2eN)A(€N?2% +7,_1)}.

Observe here that our definition of stopping times 7; entails that

lOQQ% _1

3 10921

2 772021 2 2 AT202—F¢<

Tt Y ENH < NP N2
i=1

3
Observe also that for

1/6 )
N ) <22%N

T <V, b, — 1, <2%eN(1+
€

1 ogak
for all i < wg% if N is large. Thus for j < 1%257 on {7j_1 < V} we have (by the

definition of rich and Schinazi’s invariance principle) that, with 0N = (I, , — 7, V
eN)/2,

P(rsan2iqr_, > 2N0 + TT"*“se[r-,l i(gfv%ﬂ;l] rs >—No/10+r,, |F, ) >g>0

and for the same g,

P(ls2n2yy, , < —2NO+ L, sup b < NOJ/10O+ L, | F,_ ) >g>0.

SG[Tifl, 52N2+Ti,1]

Here for a stopping time Fr is the usual sigma field of information “up to time ” T
Thus by the FKG inequality which applies to the above increasing (in the natural
sense with respect to subsequent points of the Harris system) events

P(T'Ti - sz‘ > N€/8|fﬂ'—1) > 92
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provided that N is large enough. Thus we deduce P(T¢ > N?%) < P(V < N?%) +
2110g2(1)
g 3 e/,

The result follows.

Proof of Theorem 3

Recall that
™V =inf{t > 0: there is no N gap for ¥ in [-N? N?|}

Ve =inf{t > 0:¢) —r) < Ne},

Ve —inf{t > 0: 6" — " < Ne}.

By Proposition 8 applied to 77" (which is stochastically above the renewal equilibrium)

with S = N? and T = AN? (and Corollary 49) we have that 7% A AN? is at least
both 7V AAN? and 7¥¢ A AN? with probability tending to one as N tends to infinity.
Also with probability tending to one as IV tends to infinity, by Proposition 47,

Ve < NEAAN? < 7V AANZ

So (by the arbitrariness of A and the fact that as A\ — oo, P(7V¢~ < AN?) tends to
one uniformly in N) to show the theorem it will suffice to show that for § > 0 fixed,
there exists € so that for all N sufficiently large, the probability that

N> rNeT 4 6N?

is less than 9.

Let A; be the event that either ™3~ or /%'~ are not N'/4-rich. By Corollary
51, P(A;) — 0 as N tends to infinity.

Let (¢F: t > 7Ve7), (&f : ¢ > 7M7) be semi-infinite S—NPSs run with the
given Harris system and so that

L
QTN,f _N1/4 o gq-N,ey—
+N,e,—

has distribution Ren(=>%(3),

QZN],\FG _+N1/4 @) 57]—%1\1,5,7
has distribution Renl%*)(3) and these two distributions are mutually independent
and independent of the Harris system. Let A; be the event that for some ¢ with

Ve £ N2 >t > N6~ 4+ N4 and some = € [ri\fﬁ,f — N?00), & (2) > 0 (2)
or for some t so that 7V~ + N2 > ¢t > 7V4= 4+ N4 and some x € (—oo,éivj’v;’, +
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N2, ¢E(z) > nM¥(z). By the definition of N'/4-rich and Proposition 47, P(As;) tends
to zero as N tends to infinity.

Define for t > 7V~ rL to be the rightmost occupied site for & and IF the leftmost
occupied site of . Let

S, = inf{t > 7V £ NV rE > R 4 eN/9}.
By Proposition 50 and Proposition 54 and Lemma 5, event As,
{Se > V"4 N2 or rf > I +eN/8+NYV? or ¢F is not N*/*—rich or &5 is not N'/*—rich }

has probability less than Ce® for N large.

We define (n°1 : ¢t > S.) to be the 8-NPS run with the given Harris system
starting, at time S, from all 1s. By the definition of N'/*—rich and Lemma 16, the
event

Ay = AsN {3z € [IE + Nej20, 18 +2N?) - €8\ (x) < ngty(x) or

3r € [rf, —2N" 5, — Ne/20)¢5, (@) < nisin(o)}
has probability tending to zero as N becomes large.
So, by attractiveness on (A; U Ay U A3 U Ay)¢, we have

Y n(@) > neiin(@) > 8 n(2) Vo € [rk — 2N% 18 +2N7).

We have easily that event A5 = {|r% |+|r5 | > N3?2/100} has probability tending
to zero as N tends to infinity.
Thus by Lemma 6 we have on the complement of the union of events A;,i =

17 27 -+ 5 that 77§£+]v = ﬁ;]Si—i—N' That is

lim sup P (%N > Ve L eN? 4 €N) < (C¢°.

N—oo

We are done by the arbitrariness of € > 0.

o

Proof of Theorem 2 By definition, for N large enough 7V A AN?2 > 7€ A AN?
unless for some s < 7V AAN2, [N or |[(Y] exceed N3/2 (an event whose probability
tends to zero as N becomes large by Corollary 49), equally it is clear that the event
{oN < 7N A AN?} is contained in the union of events

N

(3t < AN?,z > 76 1t € By o, U™ < B(a)}
N

(3t < AN2,z > 76 .t € By _,, U™ < B(a)}.
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Thus {0 < 7V AAN?} has probability bounded by 2AN? Y~ v f(x). We conclude
P(tV Ao < VS AAN?) — 0.

Furthermore, by Proposition 8, we have that P(7"¥ > 7V) tends to zero as N tend to
infinity, which implies, given Theorem 3, that

P(rN > 7Me" 1 2eN?) < Ce

for N large. For o we simply observe that if processes (n&/, nft’ . s > 7V47) satisfy
nTLN'E =1 N]\Z _ and evolve under the given Harris system as one sided ﬁ NPSs, then

(by Corollary 48) with probability tending to one as N tend to infinity, o? is less than
or equal to the the minimum of AN? and the first time the rightmost particle of nt’
exceeds the leftmost particle of n/. Thus, in the notation of the proof of Theorem
3, P(a™ < S,) tends to zero as N tends to infinity and so by the proof of Theorem 3

limsup P(c > 774~ 4 2eN?) < Ce“.

N—oo

Thus we have that

limsup P(AN? A (77 v o) > 7V 4+ 2eN?) < Ce“.
N—oo
The result now follows from the arbitrariness of A and the fact that, by Proposition
54 and Proposition 46 , the limit in distribution as N — oo and then ¢ — 0 of

TNE/NZA XIS T AN
&

Proof of Theorem /
We will use the (easily proven) facts that the distributions of the stopping times 7 and
7¢ defined for the diffusions (X!, X?) have no atoms and that at time ¢, conditioned
on {7 > t}, the laws of X have no atoms without proof. We consider f, a cylinder
function supported on [—M, M]. We assume without loss of generality that f is
increasing with f(0) = 0 and f(1) < 1. We fix € > 0. Recall V¢~ = inf{t : £, —
.~ < Ne} AAN?. We suppose that A > t. We write

E[f(nN=)] = Elf (U%zt) N <N2(t-3¢)) (A)
+ [ (nNQt) N6 = > N2(t—3e )[MSTNé(t . )—N61/4] (B)
+ E[f(nz]\\//%) N6 = > N2 (t— 35)1 MZeNQ(t . )+Nel/4] (O)
+ E[f(n]]\\[[%) TN.& = > N2(t— 3E)ITN2(t . ><M+Nel/4 g 2(t . )> M—Nel/4]

Case (A): E[f(nN2) Loy <n2(1—30)] 18 at least
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P(r™eT < N*(t=3¢)) _inf {E[f(n)|F.]}

S<N2(t—e)
—P(tVe < N2(t — 3¢), ¥ > N*(t —¢)).

By Proposition 53 and Proposition 54, as well as the proof of Theorem 3 we have
that (A) exceeds

(< Ren(B), f > —€)(P(T™N"™ < N2(t — 3¢)) —€) — 20"

for N large.
Case (B): We assume without loss of generality that N%(t—3e) is of the form jN*/3,
By the increasing property of function f, Corollary 51, Corollary 48 and Lemmas 16

and 17, we have that E[f(’r]Ngt)ITN,e,f>N2(t_3€)IM<T N _ nea) exceeds
N2(t—3¢)

(< Ren(p), f > _CE)P(T]]\\;2(t_3€) > M 4+ Ne'/t 7NVe < N2(t — 3¢))

and (C) has a corresponding bound. We conclude that

liminfy_ o E[f(m]\\ff%)]

> (< Ren(B), f > —e)P(T™5™ < N%(t — 3¢))

+ < Ren(B), f > P(r%zzt 30 = M+ Nel/4 rNe= > N2(t — 3¢))

+ < Ren(B),f > P(sz 130 < —(M + Net/t), 7hem < N2(t — 3¢))
— 2C€® —2CE.

Letting € — 0 we conclude via Proposition 46 that

hNniinfE[f(n%zt)] > AN < Ren(B),f>.

For the converse inequality we proceed with similar arguments: Recall 7V:¢+ =
inf{t > 0 : 6" — " < Ne} AAN2. Fix § > 0, § << €2. By attractiveness
and the increasing property of f,

E[f(ny2,)] P(rNet < N2(t — 6)) Py2s f(1)

P(rNet > N2(t = 6), ryst,_s > —Ne— )me( )
P(rNet > N2( —0), 7"]]:,7;& 5 < —Ne— M, Iyt o < Ne+ M) Py f(1)
(|TN2t TNQt 5)| + |lN2t l%;t 5)| > Neu {r™et € [N*(t —9), N*t]})

P(A(N,1))

where A(N,t) is the event

+ 4+ + +IA

{rVet > N2} N {3s <EN? b £ nbNF or it £l
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So

E[f(ny2,)] Preas f([P(7eF < N*(t = 0))

<
+ P(rVet > N2(t —9), r%’;(rt_a) > —Ne— M)
+ C(e,0)

for all N where for fixed € large (by Propositions 47 and 46), C(e,0) — 0 as § — 0.
For given €, we choose ¢ so that C(e,0) < €; then we have

lim supy_.. B[f(n},)] < ¢
+Pyas f(OIP(TYF < N?(t = 6)) + P(r™V" > N2(t = 6),rysl,_g) > —Ne— M)
+ P(rNVT > N2(t = 68), rys_g < —Ne— M, Iyt s < Ne+ M)).

Now letting € tend to zero we obtain limsupy_ ., E[f(n¥z,)] < A < Ren(B), f > .
We are done.

O
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