E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 12 (2007), Paper no. 9, pages 229–261.

Journal URL

http://www.math.washington.edu/~ejpecp/

Asymptotics of Bernoulli random walks, bridges, excursions and meanders with a given number of peaks

Jean-Maxime Labarbe Université de Versailles 45 avenue des Etats-Unis 78035 Versailles cedex labarbe@math.uvsq.fr

Jean-François Marckert CNRS, LaBRI Université Bordeaux 1 351 cours de la Libération 33405 Talence cedex marckert@labri.fr

Abstract

A Bernoulli random walk is a random trajectory starting from 0 and having i.i.d. increments, each of them being +1 or −1, equally likely. The other families quoted in the title are Bernoulli random walks under various conditions. A peak in a trajectory is a local maximum. In this paper, we condition the families of trajectories to have a given number of peaks. We show that, asymptotically, the main effect of setting the number of peaks is to change the order of magnitude of the trajectories. The counting process of the peaks, that encodes the repartition of the peaks in the trajectories, is also studied. It is shown that suitably normalized, it converges to a Brownian bridge which is independent of the limiting trajectory. Applications in terms of plane trees and parallelogram polyominoes are provided, as well as an application to the “comparison” between runs and Kolmogorov-Smirnov statistics.

Key words: Weak convergence, Bernoulli random walks, Brownian meander, bridge, excursion, peaks.

AMS 2000 Subject Classification: Primary 60J65, 60B10. Submitted to EJP on January 25 2006, final version accepted February 28 2007.

1 Introduction

Let N = {0, 1, 2, 3, . . . } be the set of non-negative integers. For any n ∈ N, we denote by W_n the set of Bernoulli chains with n steps :

W_n = {S = (S(i))_{0≤i≤n} : S(0) = 0, S(i + 1) = S(i) ± 1 for any i ∈ �0, n − 1�}.

The sets of Bernoulli bridges B_n, Bernoulli excursions E_n, Bernoulli meanders M_n with n steps are defined by

B_n = {S : S ∈ W_n, S(n) = 0}, E_n = {S : S ∈ W_n, S(n) = 0, S(i) ≥ 0 for any i ∈ �0, n�}, M_n = {S : S ∈ W_n, S(i) ≥ 0 for any i ∈ �0, n�}.

The cardinalities of these sets are given by

#W_n = 2^n, #B_{2n} = � 2n n � , #E_{2n} = 1 n + 1 � 2n n � , #M_n = � n ⌊n/2⌋ � , (1)

and for every odd number n, B_n = E_n = ∅. The two first formulas are obvious, the third can be proved for instance thanks to the cyclical lemma (see also the 66 examples of the appearance of the Catalan numbers #E_{2n} in combinatorics in Stanley (23, ex. 6.19 p.219)), and the last one, may be proved iteratively or thanks to a bijection with Bernoulli bridges (see Section 4.4). Let n ∈ N. For every S ∈ W_n, the set of peaks of S, denoted by S_∧, is defined by

S_∧ = {x : x ∈ �1, n − 1�, S(x − 1) = S(x + 1) = S(x) − 1}.

The set (−S)_∧ is called the set of valleys of S : it is easy to check that for any S, #S_∧ − #(−S)_∧ belongs to {+1, 0, −1}. The value of this difference depends only on the signs of the first and last steps of S. In this paper, we focus only on the number of peaks and we denote by W^{(k)}_n (resp. B^{(k)}_n , E^{(k)}_n and M^{(k)}_n ) the subset of W_n, (resp. B_n, E_n, M_n) of trajectories having exactly k peaks (for any k > ⌊n/2⌋ these sets are empty). We have

Proposition 1. For any k ≥ 0 and any n ≥ 0,

#W^{(k)}_n = � n + 1 n − 2k � , #B^{(k)}_{2n} = � n k �_2 , #E^{(k)}_{2n} = 1 n � n k � n k − 1 � , #M^{(k)}_n = � ⌊n/2⌋ k � ⌈n/2⌉ k � , where, by convention � m p � = � � � m! p!(m − p)!

if p and m are non negative integers and p ∈ �0, m�,

0 in any other cases.

Figure 1: Trajectories from W^{(3)}_{12} , B^{(2)}_{12} , E^{(3)}_{12} , and M^{(4)}_{12} . Black dots correspond to peaks.

The formula giving #E^{(k)}_{2n} is due to Narayana (18) computed in relation with pairs of kcompositions of n satisfying some constraints (see also Stanley (23, ex. 6.36 p.237) and Theorem 3.4.3 in Krattenthaler (14), with μ = 1, e_1 = e_2 = n). The formula giving #B^{(k)}_{2n} can be also found in (14, Formula (3.6)). The survey (14) of Krattenthaler is very related to the present work and we refer the interested reader to this work and references therein. Among other things, he investigates the link between the number of peaks in some Bernoulli trajectories and the trajectories themselves (14, Theorem 3.4.4) (see also Section 1.3). His results concern also the enumerations of trajectories with a prescribed number of peaks staying above a given line, as well as some multidimensional case (the number of non intersecting Bernoulli trajectories with a total number of turns).

Let P^w_n , P^b_n, P^e_n and P^m_n be the uniform law on W_n, B_n, E_n, and M_n and P^{w,(k)}_n , P^{b,(k)}_n , P^{e,(k)}_n and P^{m,(k)}_n be the uniform law on W^{(k)}_n , B^{(k)}_n , E^{(k)}_n and M^{(k)}_n . For x ∈ {w, b, e, m}, a random variable under P^{x,(k)}_n is then simply a random variable under P^x_n conditioned to have k peaks. We are interested in the asymptotic behavior of random chains under the distributions P^{x,(k)}_n , when n and k = K_n go to infinity.

Let C[0, 1] be the set of continuous functions defined on [0, 1] with real values. For any S ∈ W_n, denote u_n the function in C[0, 1] obtained from S by the following rescaling:

u_n(t) = 1 √ n � S(⌊nt⌋) + {nt}(S(⌈nt⌉) − S(⌊nt⌋)) � for any t ∈ [0, 1]. (2)

We call Brownian bridge b, Brownian excursion e and Brownian meander m the (normalized) processes characterized as follows : let w be a 1-dimensional standard Brownian motion. Let d = inf{t : t ≥ 1, w_t = 0} and g = sup{t : t ≤ 1, w_t = 0}. Almost surely, we have d − g > 0, g ∈ (0, 1). The processes b, e and m have the following representations :

(b_t)_{t∈[0,1]}^{(d)}=

� w_{gt} √ g � t∈[0,1]

, (e_t)_{t∈[0,1]}^{(d)}=

�|w_{d+(g−d)t}| √ d − g � t∈[0,1]

, (m_t)_{t∈[0,1]}^{(d)}=

� |w_{(1−g)t}| √ 1 − g � t∈[0,1] . As a consequence of the Donsker (6) theorem (for x = w), Kaigh (13) (for x = e), Iglehart (11) or Belkin (2) (for x = m), and Liggett (15) (for x = b),

Theorem 2. For any x ∈ {w, b, e, m}, under P^x_n, u_n^{(d)}−−→_n x in C[0, 1] endowed with the topology of the uniform convergence.

In the case x ∈ {b, e}, even if not specified, it is understood that n → +∞ in 2N. In fact, Theorem 2 can be proved directly, thanks to the elementary enumeration of paths passing via some prescribed positions in the model of Bernoulli paths. The method used to show the tightnesses in our Theorem 4 may be used to prove the tightness in Theorem 2; thanks to some probability tricks, this reduces to show the tightness under P^w_n , which is simple.

The finite dimensional distributions of w, e, b and m are recalled in Section 3.1. Numerous relations exist between these processes, and their trajectories, and a lot of parameters have been computed. We refer to Bertoin & Pitman (4), Biane & Yor (5), Pitman (20) to have an overview of the subject. These convergences have also provided some discrete approaches to the computation of values attached to these Brownian processes, and the literature about that is considerable, see e.g. Csáki & Y. Hu (7), and references therein.

We introduce the counting process of the number of peaks : for any S ∈ W_n, denote by Λ(S) = (Λ_l(S))_{l∈�0,n�} the process :

Λ_l(S) = #S_∧ ∩ �0, l� for any l ∈ �0, n�. (3)

For S ∈ W_n, Λ_n(S) = #S_∧ is simply the total number of peaks in S. We have

Proposition 3. For any x ∈ {w, b, e, m}, under P^x_n,

Λ_n − n/4 √ n (d) −−→_n N (0, 1/16),

where N (0, 1/16) denotes the centered Gaussian distribution with variance 1/16.

We will now describe the main result of this paper. Its aim is to describe the influence of the number of peaks on the shape of the families of trajectories introduced above. We will then condition the different families by #S_∧ = K_n for a general sequence (K_n) satisfying the following constraints :

(H) = � For any n, K_n ∈ N, lim_n K_n = +∞, lim_n n/2 − K_n = +∞ � . Notice that for every S ∈ W_n, #S_∧ ∈ �0, ⌊n/2⌋� and then (H) is as large as possible to avoid that the sequences K_n and n/2 − K_n have a finite accumulation point. We set p_n := 2K_n/n and

β_n := � n(1 − p_n)/p_n, and γ_n := � np_n(1 − p_n) = p_nβ_n. (4)

Each peak can be viewed to be made by two consecutive steps; hence, if you pick at random one step of a trajectory under P^{x,(Kn)}_n , the probability that this step belongs to a peak is p_n. We consider S and Λ(S) as two continuous processes on [0, n], the values between integer points being defined by linear interpolation. The normalized versions of S and Λ(S) are respectively denoted by s_n and λ_n :

s_n(t) :=

S(nt) β_n and λ_n(t) := 2

Λ_{nt} − t K_n γ_n

. (5)

Theorem 4. If (H) is satisfied, for any x ∈ {w, b, e, m}, under P^{x,(Kn)}_n ,

(s_n, λ_n)^{(d)}−−→_n (x, ^b) (6)

where ^b is a Brownian bridge independent of x and where the weak convergence holds in C([0, 1])^2 endowed with the topology of uniform convergence.

Hence, under P^{x,(Kn)}_n , up to the scaling constant, the process s_n behaves as under P^x_n. The normalizing factor β_n, that will be explained later in the paper, indicates the order of magnitude of the process S under P^{x,(Kn)}_n (β_n is a decreasing function of K_n). The normalizing constant γ_n is smaller than � n/4 whatever is p_n; γ_n gives the asymptotic order of the “linearity defect” of t → Λ_{nt}. The fact that (λ_n) converges to a Brownian bridge independent of the limit trajectory is quite puzzling. For example, under P^e_n, one would expect that only few peaks appear in a neighborhood of 0, this resulting in a negative bias in λ_n near 0. This must be true, but this bias is not important enough to change the asymptotic behavior of λ_n. A second direct corollary of Theorem 4 is stated below:

Corollary 5. For any x ∈ {w, b, e, m}, under P^x_n, we have � S(nt) √ n , 4 Λ_{nt} − tn/4 √ n � t∈[0,1] (d) −−→_n (x_t, ^w_t)_{t∈[0,1]} (7)

and � S(nt) √ n , 4 Λ_{nt} − tΛ_n √ n � t∈[0,1] (d) −−→_n (x_t, ^b_t)_{t∈[0,1]} (8)

where ^w is a Brownian motion independent of x, ^b is a Brownian bridge independent of x and where the weak convergences hold in C([0, 1])^2 endowed with the topology of uniform convergence.

Theorem 2 is of course a consequence of Corollary 5.

Proof. For any S ∈ W_n, set q_n(S) = 2Λ_n(S)/n, β̃_n(S) = � n(1 − q_n(S))/q_n(S), and γ̃_n(S) := � nq_n(S)(1 − q_n(S)). We have � S(nt) √ n , 4 Λ_{nt} − tn/4 √ n � = � S(nt)

β̃_n β̃_n √ n , 2 γ̃_n √ n � 2 Λ_{nt} − tΛ_n γ̃_n � + 4t

Λ_n − n/4 √ n � . (9)

By Proposition 3 and Theorem 4, under P^x_n, the five-tuple � 4 Λ_n − n/4 √ n , � S(nt)

β̃_n � t∈[0,1] , 2 � Λ_{nt} − tΛ_n γ̃_n � t∈[0,1] , 2 γ̃_n √ n , β̃_n √ n �

converges in distribution to (N, (s_t)_{t∈[0,1]}, (λ_t)_{t∈[0,1]}, A, B)

where N is a centered Gaussian random variable with variance 1 and where conditionally on N, (s, λ)^{(d)}= (x,^b) where x and ^b are independent, ^b is a Brownian bridge, and A and B are two random variables equal to 1 a.s.. By (9),

�_{S(nt)√} n , 4^{Λnt−tn/4√}_n � converges to (x, (^b_t + tN)_{t∈[0,1]}) where N is independent of x and ^b, and then the result follows, since (^b_t +tN)_{t∈[0,1]} is a standard Brownian motion. �

1.1 Consequences in terms of plane trees

Consider the set T_n of plane trees (rooted ordered trees) with n edges (we refer to (1; 16) for more information on these objects). There exists a well known bijection between T_n and E_{2n} which may be informally described as follows. Consider a plane tree τ ∈ T_n (see Figure 2), and a fly walking around the tree τ clockwise, starting from the root, at the speed 1 edge per unit of time. Let V (t) be the distance from the root to the fly at time t. The process V (t) is called in the literature, the contour process or the Harris’ walk associated with τ. The contour process

Figure 2: A plane tree and its contour process

is the very important tool for the study of plane trees and their asymptotics and we refer to Aldous (1), Pitman (21, Section 6), Duquesne & Le Gall (10), Marckert & Mokkadem (16) for considerations on the asymptotics of normalized trees. It is straightforward that the set of trees encoded by E^{(k)}_{2n} is the subset of T_n of trees having exactly k leaves (say T^{(k)}_n ), a leaf being a node without any child. A corollary of Theorem 4, is that random plane tree with n edges and K_{2n} leaves, converges, normalized by β_{2n}/2, to the continuum random tree introduced by Aldous (1), which is encoded by 2e. The variable Λ_{2nt} gives the number of leaves visited at time 2nt. By Theorem 4, sup_{t∈[0,1]} |(Λ_{2nt} − tK_{2n})/n|^{proba.}−→ 0. This translates the fact that the leaves are asymptotically uniformly distributed on a random tree chosen equally likely in T^{(K2n)}_n .

1.2 Consequences in terms of parallelogram polyominoes

We refer to Delest & Viennot (8) for more information on parallelogram polyominoes. Unit squares having their vertices at integer points in the Cartesian plane are called cells. A polyomino is a finite union of cells with connected interior. The number of cells is the area and the length of the border is called the perimeter (see Figure 3). A polyomino P is said to be convex if the intersection of P with any horizontal or vertical line is a convex segment. For any convex polyomino P there exists a minimal rectangle R(P) (that can be seen as a convex polyomino) containing P. Then P touches the border of R(P) along four connected segments. A convex polyomino P is said to be a parallelogram polyomino if the south-west point and the north-east point of R(P) belong to P (see Figure 3). Let denote by H(P) and V (P) the horizontal and PSfrag replacements

Figure 3: The first convex polyomino is not parallelogram, the second is. Their areas are 9 and 11, their perimeters equal that of their minimal rectangles, here 18. For both polyominoes H(P) = 4 and V (P) = 5. The last picture represents the Bernoulli excursion associated by ρ with the parallelogram polyomino.

vertical length of the border of R(P), and let Pol_n be the set of parallelogram polyominoes with perimeter n.

Proposition 6. (Delest & Viennot (8, Section 4)) For any integer N ≥ 1, there is a bijection ρ between E_{2N} and Pol_{2N+2}, such that if P = ρ(S), the area of P is equal to the sum of the heights of peaks of S, moreover #S_∧ = H(P), and V (P) = 2N + 2 − 2#S_∧ (where 2N − 2#S_∧ is the number of steps of S that do not belong to a peak).

By symmetry with respect to the first diagonal, the random variables V (P) and H(P) have the same distribution when P is taken equally likely in Pol_{2N+2}. Hence, the proposition says that under P^e_{2N} , 2N + 2 − 2#S_∧ and #S_∧ have the same distribution.

We describe in a few words Delest & Viennot’s bijection: the successive lengths of the columns of the polyomino P give the successive heights of the peaks of S. The difference between the heights of the floor-cells of the ith and i + 1th columns of P plus one gives the number of down steps between the ith and i + 1th peaks of S.

For i ∈ {1, . . . , H(P)}, let v_i(P) be the number of cells in the ith column of P. The values (v_i(P))_{i∈�1,H(P)�} coincide with the ordered sequence (S_i)_{i∈S∧} . Let P^{(Kn)}_{P ol(2n+2)} be the uniform law on the set of parallelogram polyominos with perimeter 2n + 2 and width K_n (that is such that H(P) = K_n). Assume that v is interpolated between integer points, and v(0) = 0. We have

Proposition 7. If (K_n) satisfies (H), under P^{(Kn)}_{P ol(2n+2)} � v(K_nt) β_n � t∈[0,1] (d) −→ (e_t)_{t∈[0,1]}

in C[0, 1] endowed with the topology of uniform convergence.

Proof. Let (V_i)_{i∈{1,...,Kn}} be the successive height of the peaks in S. Assume also that V (0) = 0 and that V is interpolated between integer points. By Delest & Viennot’s bijection, β^{−1}_n v(K_n.) under P^{(Kn)}_{P ol(2n+2)} has the same distribution as β^{−1}_n V (K_n.) under P^{e,(Kn)}_n . Since (β^{−1}_n S(nt))_{t∈[0,1]}^{(d)}−→ (e_t)_{t∈[0,1]}, to conclude, it suffices to show that sup t∈[0,1] � � � V (K_nt) − S(nt) β_n � � �^{proba.}−→ 0. (10)

Let J(i) be (abscissa of) the ith peak in S. We have, for any t ∈ {0, 1/K_n, . . . , K_n/K_n},

V (K_nt) − S(nt) = S(J(K_nt)) − S(nt). (11)

As one can see using the convergence of λ_n to ^b,

sup_t � �J(K^nt) − nt n � �^{proba.}−→ 0. (12)

Indeed, sup_t |J(K_nt) − nt|/n ≤ sup_t |Λ_{nt} − tK_n|/n^{proba.}−→ 0. Since (s_n) converges in C[0, 1] under P^{e,(Kn)} n , by a simple argument about its modulus of continuity, using (11) and (12), formula (10) holds true. �

We would like to point out the work of de Sainte Catherine & Viennot (9), who exhibit a quite unexpected link between the cardinalities of excursions having their peaks in a given subset of N and the famous Tchebichev polynomials.

1.3 Consequences in terms of Kolmogorov-Smirnov statistics

We refer again to Krattenthaler (14, Example 3.3.2 and Theorem 3.4.4). Let X = (X_1, . . . , X_n) and Y = (Y_1, . . . , Y_n) be two independent sets of independent random variables, where the X_i (resp. the Y_i) are identically distributed. Assume that the cumulative distributions F_X and F_Y of the X_i’s and Y_i’s are continuous, and that we want to test the hypothesis H that F_X = F_Y in view of X and Y .

Let Z = (Z_1, . . . , Z_{2n}) be the order statistics of (X_1, . . . , X_n, Y_1, . . . , Y_n); in other words Z_i is the ith smallest element in (X_1, . . . , X_n, Y_1, . . . , Y_n). We may associate almost surely to Z a Bernoulli bridge S ∈ B_{2n} saying that S(i) − S(i − 1) = 1 or S(i) − S(i − 1) = −1 whether Z_i is in X or in Y .

It is easy to see that S is uniform in B_{2n} (for any n) when F_X = F_Y and that it is not the case when F_X ≠ F_Y : assume that F_X (x) ≠ F_Y (x) for some x and denote by N_X (x) = #{i, X_i ≤ x} and N_Y (x) = #{i, Y_i ≤ x}. By the law of large numbers

N_X (x) n (a.s.)

−−−→_n F_X (x) and

N_Y (x) n (a.s.)

−−−→_n F_Y (x)

which implies that S(N_X (x)+N_Y (x)) is at the first order n(F_X (x)−F_Y (x)), that is much bigger than the √ n order expected by Theorem 2. We examine now, as in (14) the run statistics

R_n(S) = #{i ∈ �1, 2n − 1�, S(i + 1) ≠ S(i)}

that counts the number of runs in S (up to at most 1, twice the number of peaks) and

D^+_{n,n}(S) = 1 n max_i S(i) and D_{n,n}(S) = 1 n max_i |S(i)|,

the one-sided and two-sided Kolmogorov-Smirnov statistics.

The run statistics R_n has been introduced by Wald and Wolfowitz (24). It is shown to be independent of F_X when F_X = F_Y . It is well adapted in many cases since no assumption on F_X (but its continuity) is needed. Theorem 3.4.4 of Krattenthaler (14) (see also the consideration just above Example 13.3.3) provides the exact enumeration of Bernoulli walks S for which D_{n,n} ≤ t/n and R_n = j.

The random variable R_n satisfies obviously

|R_n − 2Λ_{2n}| ≤ 1. (13)

A simple consequence of assertion (7) and (13) is the following result

Corollary 8. If F_X = F_Y then �√ n √ 2 D^+_{n,n}, √ n √ 2 D_{n,n},

R_n − n/2 √ n �_{(d)} −−→_n (sup b, sup |b|, N)

where b is a Brownian bridge independent of N, a centered Gaussian random variable with variance 1/2.

This means that asymptotically the run statistics and the Kolmogorov statistics are independent.

Comments 1. Notice that the process t → Λ_{nt} can also be used to build a test H based on the runs of S (using Corollary 5). It is clearly much more precise than R_n alone.

2 Combinatorial facts : decomposition of trajectories

The decomposition of the trajectories is determinant in our approach, since we will prove directly the convergence of finite dimensional distributions under P^x_n. An important difference with the case where the peaks are not considered is that under P^{x,(k)}_n , S is not a Markov chain. Indeed, the law of (S(j))_{l≤j≤n} depends on S(l), on the number of peaks in �0, l�, and also on the step (S(l − 1), S(l)). The computation of the distributions of vector (S(t_1), . . . , S(t_k)) in these various cases admits the complication that S may own a peak in some of the positions t_1, . . . , t_k. In order to handle the contribution of these peaks, we have to specify what the types u or d (+1 or −1) of the first and last steps of the studied parts (S(t_i), . . . , S(t_{i+1})) are. We set the following notation : ΔS_l = S(l) − S(l − 1), and write for convenience, ΔS_l = u when ΔS_l = 1, and ΔS_l = d when ΔS_l = −1. In this paper, we deal only with discrete trajectories S such that ΔS_k ∈ {+1, −1} for any k. We will not recall this condition. For a and b in {d, u}, and l, x, y, j in Z, set

T^j_{ab}(l, x, y) = {S : S = (S(i))_{0≤i≤l}, #S_∧ = j, ΔS_1 = a, ΔS_l = b, S(0) = x, S(l) = y} T^{j,≥}_{ab} (l, x, y) = {S : S ∈ T^j_{ab}(l, x, y), S(i) ≥ 0 for any i ∈ �0, l�}.

For any l, j_1, j_2, x, y ∈ Z, set � l, j_1, j_2, x, y � = �l + y − x 2 − 1 j_1

�l − y + x 2 − 1 j_2 � . We have

Proposition 9. For any y ∈ Z, l ≥ 0, j ≥ 0,

#T^j_{ab}(l, 0, y) = � l, j − 1_{b=d}, j − 1_{a=u}, 0, y � . (14)

For any x ≥ 0, y ≥ 1, l ≥ 0, j ≥ 0,

#T^{j,≥}_{uu} (l, x, y) = � l, j, j − 1, x, y � − � l, j − 1, j, −x, y � , #T^{j, ≥}_{ud} (l, x, y) = � l, j − 1, j − 1, x, y � − � l, j − 2, j, −x, y � , For any x ≥ 1, y ≥ 1, l ≥ 0, j ≥ 0,

#T^{j, ≥}_{du} (l, x, y) = � l, j, j, x, y � − � l, j, j, −x, y � , #T^{j, ≥}_{dd} (l, x, y) = � l, j − 1, j, x, y � − � l, j − 1, j, −x, y �

(notice that #T^{j,≥}_{db} (l, 0, y) = 0 and #T^{j,≥}_{au} (l, x, 0) = 0). In other words

#T^{j, ≥}_{ab} (l, x, y) = � l, j − 1_{b=d}, j − 1_{a=u}, x, y � − � l, j − 1_{a=u} − 1_{b=d}, j, −x, y � . (15)

Proof. Let n, k ∈ N. A composition of n in k parts is an ordered sequence x_1, . . . , x_k of non negative integers, such that x_1 + · · · + x_k = n. The number of compositions of n in k parts (or of compositions of n + k in k positive integer parts) is

�_{n+k−1} k−1 � . We call run of the chain S = (S(i))_{0≤i≤l}, a maximal non-empty interval I of �1, l� such that (ΔS_i)_{i∈I} is constant. The trajectories S of T^j_{ab}(l, y) are composed by j + 1_{b=u} runs of u and j + 1_{a=d} runs of d. The u-runs form a composition of (l + y)/2 (this is the number of steps u) in positive integer parts, and the d-runs form a composition of (l − y)/2 in positive integer parts. Hence, #T^j_{ab}(l, y) = � (l + y)/2 − 1 j + 1_{b=u} − 1 � (l − y)/2 − 1 j + 1_{a=d} − 1 � , and Formula (14) holds true.

The proofs of the other formulas are more tricky; the main reason for it is that the reflexion principle does not conserve the number of peaks. What still holds is, for any x ≥ 0, y ≥ 0, j ≥ 0, l ≥ 0 #T^{j,≥}_{ab} (l, x, y) = #T^j_{ab}(l, x, y) − #T^{j,�}_{ab} (l, x, y)

where T^{j,�}_{ab} (l, x, y) is the set of trajectories belonging to T^j_{ab}(l, x, y) that reach the level −1. Since #T^j_{ab}(l, x, y) = #T^j_{ab}(l, 0, y − x) is known, it remains to determine T^{j,�}_{ab} (l, x, y). We define two actions on the set of chains :

■ let S = (S(i))_{i∈�0,l�} ∈ W_l. For any t ∈ �0, l� we denote by S^′ = Ref(S, t) the path S^′ = (S^′_i)_{0≤i≤l} obtained from S by a reflexion from the abscissa t; formally : � S^′(i) = S(i) for any 0 ≤ i ≤ t, S^′(i + t) = 2S(i) − S(i + t) for any 0 ≤ i ≤ l − t . When g is a function from W_l taking its values in �0, l�, we write simply Ref(., g) for the reflexion at abscissa g(S).

■ let S = (S(i))_{i∈�0,l�} ∈ W_l. For any c and d in N, 0 ≤ c ≤ d ≤ l, we denote by S^′ = Cont(S, [c, d]) the path S^′ = (S^′(i))_{0≤i≤l−d} obtained from S by a contraction of the interval [c, d] : � S^′(i) = S(i) for any 0 ≤ i ≤ c, S^′(c + i) = S(d + i) − S(d) + S(c) for any 0 ≤ i ≤ l − (d − c) . As before, we write Cont(., [g_1, g_2]) for the contraction of the interval [g_1(S), g_2(S)]. We denote by T_{−1}(S) = inf{j : S(j) = −1} the hitting time of −1 by S. We proceed to a classification of the paths S from T^{j,�}_{ab} (l, x, y) according to the two first steps following T_{−1}(S), that exist since y is taken positive. We encode these two first steps following T_{−1} above the symbol T : for any α, β ∈ {u, d}, set

(αβ) T j,� ab (l, x, y) = {S : S ∈ T^{j,�}_{ab} (l, x, y), ΔS_{T−1(S)+1} = α, ΔS_{T−1(S)+2} = β}.

PSfrag replacements PSfrag replacements

Figure 4: On the first column S and Ref(S, t), on the second column S and Cont(S, [c, d])

Hence, T^{j,�}_{ab} (l, x, y) is the union of four elements of that type. Let us compute #^{(αβ)}T_{ab} for any α, β.

For any a ∈ {u, d}, x ≥ 0, y ≥ 1, the following bijections (denoted by ↔) hold

(du) T j,� ad (l, x, y) ↔^{(ud)}T j,� au (l, x, −2 − y) ↔ T^{j−1}_{au} (l − 2, x, −2 − y)

(du) T j,� au (l, x, y) ↔^{(ud)}T

j+1,�

ad (l, x, −2 − y) ↔ T^j_{ad}(l − 2, x, −2 − y).

On each line, the first bijection is Ref(., T_{−1}), the second one is Cont(., [T_{−1}, T_{−1} + 2]). Notice that this last operation does not create any peak because ΔS_{T−1(S)} = d. The cardinalities of the sets in the right hand side are known, hence,^{(du)}T_{dd},^{(du)}T_{ud},^{(du)}T_{du},^{(du)}T_{uu} are determined. Set (α) T j,� ab (l, x, y) =^{(αu)}T j,� ab (l, x, y) ∪^{(αd)}T j,� ab (l, x, y). We have (u) T j,� ad (l, x, y) ↔^{(d)}T

j−1,�

au (l, x, −y − 2) ↔ T^{j−1}_{au} (l − 1, x, −y − 1) (u) T j,� au (l, x, y) ↔^{(d)}T j,� ad (l, x, −y − 2) ↔ T^j_{ad}(l − 1, x, −y − 1) The first bijection is Ref(., T_{−1}), the second one Cont(., [T_{−1}, T_{−1} + 1]). Now, #^{(dd)}T j,� ab = #^{(ud)}T

j+1,�

ab (l, x, y + 2) = #^{(u)}T

j+1,�

ab (l, x, y + 2) − #^{(uu)}T

j+1,�

ab (l, x, y + 2) = #^{(u)}T

j+1,�

ab (l, x, y + 2) − #^{(du)}T

j+1,�

ab (l, x, y) in the first line, we have replaced ΔS_{T−1} = d by u, in the third line we have replaced uu by du. �

2.1 Proof of Proposition 1

(i) To build a path with k peaks, dispose k peaks, that is k pairs ud. Take a composition x_1, . . . , x_{2(k+1)} of n − 2k in 2(k + 1) non negative parts. Fill in now the k + 1 intervals between these peaks : in the lth interval dispose x_{2l−1} steps d and x_{2l} steps u.

(ii) Assume n = 2N is even. To build a bridge with k peaks, dispose k pairs ud. Take two compositions x_1, . . . , x_{(k+1)} and x^′_1, . . . , x^′_{(k+1)} of N −k in k +1 parts. Fill now the k +1 intervals between these peaks : in the lth interval dispose x_l steps d and x^′_l steps u.

(iii) #E^{(k)}_n = #T^{k, ≥}_{ud} (n − 1, 0, 1) + #T^{k−1, ≥}_{uu} (n − 1, 0, 1)

For (iv), one may use the bijections described in Section 4.4, or proceed to a direct computation as follows; first,

#M^{(k)}_n = #E^{(k)}_n + � y≥1 T^{k,≥}_{uu} (n, 0, y) + T^{k,≥}_{ud} (n, 0, y). (16)

Denote by W (n, k) the sum in (16). The integer W (n, k) is the number of meanders with length n, ending in a positive position. Using that

�_n k � + �_n k−1 � = �_{n+1} k � , we have

W (n, k) = � y≥1 � n, k, k − 1, 0, y � − � n, k − 1, k, 0, y � + � n, k − 1, k − 1, 0, y � − � n, k − 2, k, 0, y � .

= � y≥1 �n + y 2 k �n − y 2 − 1 k − 1 � − �n + y 2 k − 1

�n − y 2 − 1 k � . Let a, b, c, k be positive integers, the following formula holds � y≥c � a + y k � b − y k − 1 � − � y≥c � a + y k − 1 � b − y k � = � a + c k � b − c + 1 k � . (17)

Indeed: a term in the first sum counts the number of ways to choose 2k items among a + b + 1, choosing, the a + y + 1th, and k items among the a + y first ones, when, a term in the second sum counts the number of ways to choose 2k items among a + b + 1, choosing, the a + y + 1th, and k − 1 items among the a + y first ones. The choices counted by the first sum but not by the second one, are those where exactly k items are chosen among the a + c first ones. We need to consider the two cases n even and n odd :

• If n is even, using that S(n) = n mod 2 = y mod 2, set N = n/2, Y = y/2 in the sum,

W (2N, k) = � Y ≥1 � N + Y k � N − Y − 1 k − 1 � − � N + Y k − 1 � N − Y − 1 k � = � N + 1 k � N − 1 k � . If n = 2N + 1, take y = 2Y + 1 in the sum

W (2N+1, k) = � Y ≥0 � N + Y + 1 k � N − Y − 1 k − 1 � − � N + Y + 1 k − 1 � N − Y − 1 k � = � N + 1 k � N k � . �

3 Asymptotic considerations and proofs

We first recall a classical result of probability theory, simple consequence of Billingsley (6, Theorem 7.8), that allows to prove the weak convergence in R^d using a local limit theorem.

Proposition 10. Let k be a positive integer and for each i ∈ �1, k�, (α^{(i)}_n ) a sequence of real numbers such that α^{(i)}_n −→_n +∞. For any n, let X_n = (X^{(1)}_n , . . . , X^{(k)}_n ) be a Z^k-valued random variable. If ∀λ = (λ_1, . . . , λ_k) ∈ R^k,

α^{(1)}_n . . . α^{(k)}_n P � (X^{(1)}_n , . . . , X^{(k)}_n ) = (⌊λ_1α^{(1)}_n ⌋, . . . , ⌊λ_kα^{(k)}_n ⌋) � −→ ϕ(λ_1, . . . , λ_k)

where ϕ is a density probability on R^k, then (X^{(1)}_n /α^{(1)}_n , . . . , X^{(k)}_n /α^{(k)}_n )^{(d)}−−→_n X where X is a random variable with density ϕ.

Proposition 3 is a simple consequence of this proposition, since by (1) and Proposition 1, the application of the Stirling formula simply yields √ n P^x_n(⌊Λ_n − n/4⌋ = ⌊t √ n⌋) −−→_n 1 � 2π/16 exp(−8t^2),

for any x ∈ {w, b, e, m} and any t ∈ R. Note that under P^w_n , one may also compute the limiting distribution using that Λ_n(S) =

�_{n−1}

i=1 1_{i∈S∧} , which is a sum of Bernoulli random variables with an easy to handle dependence.

3.1 Finite dimensional distribution of the Brownian processes

Notation For any sequence (o_i)_i indexed by integers, the sequence (Δo_i) is defined by Δo_i = o_i − o_{i−1} and (Δo_i) by Δo_i = o_i + o_{i−1}. For any t > 0 and x, y ∈ R, set

p_t(x, y) = 1 √ 2πt exp � − (y − x)^2 2t � . Let ℓ ≥ 1 and let (t_1, . . . , t_ℓ) ∈ [0, 1]^ℓ satisfying 0 < t_1 < · · · < t_{ℓ−1} < t_ℓ := 1. The distributions of the a.s. continuous processes w, b, e, m are characterized by their finite dimensional distributions. Let f^x_{t1,...,tk} be the density of (x_{t1} , . . . , x_{tk} ) with respect to the Lebesgue measure on R^k. We have

f^w_{t1,...,tℓ} (x_1, . . . , x_ℓ) = ℓ� i=1 p_{Δti} (x_{i−1}, x_i), with x_0 = 0 by convention,

f^b_{t1,...,tℓ−1} (x_1, . . . , x_{ℓ−1}) = √ 2π f^w_{t1,...,tℓ−1} (x_1, . . . , x_{ℓ−1})p_{Δtℓ} (x_{ℓ−1}, 0),

f^m_{t1,...,tℓ} (x_1, . . . , x_ℓ) = √ 2π x_1 t_1 p_{t1} (0, x_1)

�_ℓ � i=2 p_{Δti} (x_{i−1}, x_i) − p_{Δti} (x_{i−1}, −x_i) � 1_{x1,...,xℓ≥0},

f^e_{t1,...,tℓ−1} (x_1, . . . , x_{ℓ−1}) = f^m_{t1,...,tℓ−1} (x_1, . . . , x_{ℓ−1}) x_{ℓ−1} Δt_ℓ p_{Δtℓ} (x_{ℓ−1}, 0).

We end this section with two classical facts: first p_t(x, y) = p_t(0, y − x) and, for any α > 0, f^{αx}_{t1,...,tk} (x_1, . . . , x_k) = α^{−k}f^x_{t1,...,tk} (x_1/α, . . . , x_k/α).

3.2 Finite dimensional convergence

We will show that for any x ∈ {w, b, e, m}, under P^x_n, for any ℓ ∈ {1, 2, 3, . . . } and 0 < t_1 < · · · < t_{ℓ−1} < t_ℓ := 1

(s_n(t_1), . . . , s_n(t_ℓ), λ_n(t_1), . . . , λ_n(t_ℓ))^{(d)}−−→_n � x(t_1), . . . , x(t_ℓ), ^b(t_1), . . . , ^b(t_ℓ) � , where t_ℓ := 1 has been chosen for computation convenience, and (x, ^b) has the prescribed distribution (as in Theorem 4). This implies the convergence of the finite dimensional distribution in Theorem 4.

In order to handle easily the binomial coefficients appearing in � l, j_1, j_2, x, y � that involve half integers, we proceed as follows. Let N = ⌊n/2⌋ and let E_n = n−2N = n mod 2. For i ∈ �1, ℓ−1�, let t^{(n)}_i be defined by 2Nt^{(n)}_i := 2⌊nt_i/2⌋,

t^{(n)}_0 = 0, and t^{(n)}_ℓ by 2Nt^{(n)}_ℓ = 2N + E_n = n (notice that t^{(n)}_ℓ is in {1, 1 + 1/(n − 1)}). Using that for any i, |2Nt^{(n)}_i − nt_i| ≤ 2, we have clearly under P^{x,(Kn)}_n ,

S(2Nt^{(n)}_i ) − S(nt_i) β_n

proba.

−→ 0 and

Λ_{2Nt}(n)_i − Λ_{nti}

γ_n

proba.

−→ 0 (18)

since γ_n and β_n goes to +∞. From now on, we focus on the values of the processes on the discretization points 2Nt^{(n)}_i . For any i ∈ �1, ℓ − 1�, set

~Λ_i := #S_∧ ∩ �2Nt^{(n)}_{i−1} + 1, 2Nt^{(n)}_i − 1�

the number of peaks lying strictly between 2Nt^{(n)}_{i−1} and 2Nt^{(n)}_i .

In order to obtain a local limit theorem, we are interested in the number of trajectories passing via some prescribed positions.

3.2.1 Case x = w

Let 0 = u_0, u_1, . . . , u_ℓ, v_1, . . . , v_{ℓ−1} be fixed real numbers. Set

Θ := (t_1, . . . , t_{ℓ−1}, u_1, . . . , u_ℓ, v_1, . . . , v_{ℓ−1})

and for any i ∈ �1, l − 1�, set K^{(i)}_n = ⌊K_nΔt_i⌋ + ⌊v_iγ_n⌋, and A^w_n (Θ) := {S ∈ W^{(Kn)}_n , S(2Nt^{(n)}_i ) = 2⌊u_iβ_n⌋, for i ∈ �1, ℓ − 1�, S(n) = 2[u_ℓβ_n] + E_n, ~Λ_i = K^{(i)}_n for i ∈ �1, ℓ − 1�}.

For any i ∈ �1, l − 1�, denote by a_i(S) = ΔS_{2Nt}n_{i−1+1} and b_i(S) = ΔS_{2Nt}n_i the first and last increments of the ith part of S between the discretization points. Some peaks may appear in the positions 2Nt^n_i , and then, we must take into account the pairs (b_i, a_{i+1}) to compute the cardinality of A^w_n (Θ). For any S ∈ A^w_n (Θ), the number of peaks in �2Nt_{ℓ−1} + 1, n − 1� is

K^{(ℓ)}_n = K_n − ℓ−1� i=1 K^{(i)}_n − ℓ−1� i=1 1I_{(bi,ai+1)=(u,d)}.

We have #A^w_n (Θ) = � c �_{ℓ−1} � i=1 #T^{K(i)n}_{ai,bi} (2NΔt^n_i , 2⌊u_{i−1}β_n⌋, 2⌊u_iβ_n⌋) � #T^{K(l)n}_{aℓ,bℓ} (2NΔt^n_ℓ , 2[u_{ℓ−1}β_n], 2[u_ℓβ_n] + E_n) (19)

where the sum is taken over every c := ((a_1, b_1), . . . , (a_ℓ, b_ℓ)) ∈ {u, d}^ℓ.

In order to evaluate the sum (19), we introduce some binomial random variables B(l, p_n) with parameters l and p_n and we use the following version of the local limit theorem

Lemma 11. Let (l(n)) be a sequence of integers going to +∞ and σ^2_n = l(n)p_n(1 − p_n). We have

P(B(l(n), p_n) = m) = � l(n) m � p^m_n (1 − p_n)^{l(n)−m} = 1 σ_n √ 2π exp � − (m − l(n)p_n)^2 2σ^2_n � + o(1/σ_n).

(20)

This may be proved using Stirling formula. As a consequence, if (a_n), (a^′_n), (a^{′′}_n) are sequences of integers such that

a_n − nt/2 = O(1) for t ∈ (0, 1), a^′_n β_n

−→ u, a^{′′}_n − tK_n γ_n

−→ v,

then P(B(a_n + a^′_n, p_n) = a^{′′}_n) ∼ 1 √ πtγ_n exp � − (v − u)^2 t � . We then get easily that

#T^{K(i)n}_{ai,bi} (2NΔt^n_i , 2⌊u_{i−1}β_n⌋, 2⌊u_iβ_n⌋) (1 − p_n)^{2NΔtni −2} � p_n 1 − p_n

�_{2K}^{(i)}_{n −}1_{bi=d−}1_{ai=d}

is equivalent to^1_{πΔtiγ2n} exp � −2^{v2i +Δu2i}_{Δti} � = 2γ^{−2}_n p_{Δti} (0, 2v_i)p_{Δti} (0, 2Δu_i) and

#T^{K(ℓ)n}_{aℓ,bℓ} (2NΔt^n_ℓ , 2[u_{ℓ−1}β_n], 2[u_ℓβ_n] + E_n) (1 − p_n)^{n−2Nt(n)ℓ−1−2} � p_n 1 − p_n

�_{2K}^{(ℓ)}_{n −}1_{bℓ=d−}1_{aℓ=d} is equivalent to^1_{πΔtℓγ2n} exp � −2^(

P_{ℓ−1} i=1 v_i)^2+Δu^2_ℓ Δt_ℓ � = 2γ^{−2}_n p_{Δtℓ} (2

�_{ℓ−1} i=1 v_i, 0)p_{Δtℓ} (0, 2Δu_ℓ).

Since p^{2Kn+1}_n (1 − p_n)^{n−2Kn} #W^{(Kn)}_n ∼ 1/(γ_n √ 2π) we obtain

P^{w,(Kn)} n (A^w_n (Θ)) =

#A^w_n (Θ) #W^{(Kn)}_n

∼ c^w_n f^{w/2}_{t1,...,tℓ} (u_1, . . . , u_l)f^{b/2}_{t1,...,tℓ−1} (v_1, v_1 + v_2, . . . , v_1 + · · · + v_{ℓ−1})

where

c^w_n := 2^{1−ℓ}γ^{1−2ℓ}_n p_n(1 − p_n)^{2ℓ} � c � p_n 1 − p_n

�1_{a1=u+}1_{bℓ=d+}^Pℓ−1_{i=1 2}1_{(bi,ai+1)=(u,d)+}1_{bi=d+}1_{ai+1=u}

= γ^{1−2ℓ}_n p^ℓ_n = γ^{1−ℓ}_n β^{−ℓ}_n

The contribution of the sum over c has been computed as follows: � c x^{f(c)} = � � � (a_1,b_ℓ)∈{+1,−1}^2

x1^{a1=u+}1^bℓ^{=d} � � ℓ−1� i=1 � (b_i,a_{i+1})∈{+1,−1}^2

x1^{(bi,ai+1)=(u,d)+}1^{bi=d+}1^{ai+1=u}

= (1 + 2x + x^2)(2x + 2x^2)^{ℓ−1} = 2^{ℓ−1}x^{ℓ−1}(1 + x)^{ℓ+1}.

Finally, this says that

β^ℓ_nγ^{ℓ−1}_n P^{w,(Kn)}_n � S(2Nt_i) 2 = ⌊u_iβ_n⌋, i ∈ �1, ℓ�, ~Λ_i − ⌊K_nΔt_i⌋ = ⌊v_iγ_n⌋, i ∈ �1, ℓ − 1� � → f^{w/2}_{t1,...,tℓ} (u_1, . . . , u_l)f^{b/2}_{t1,...,tℓ−1} (v_1, v_1 + v_2, . . . , v_1 + · · · + v_{ℓ−1}).

Hence by Proposition 10 and (5), and taking into account that for any i, λ_n(t_i) − 2 �_i j=1 eΛ_i−⌊K_nΔ_{ti} ⌋ γ_n proba

−→ 0, this allows to conclude to the finite dimensional convergence in Theorem 4 in the case x = w.

Comments 2. To compute a local limit theorem under the other distributions the numbers u_1, . . . , u_ℓ, v_1, . . . , v_ℓ and the set A^w_n have to be suitably changed. First, in each case, the set W^{(Kn)}_n has to be replaced by the right set.

• In the case of excursions and bridges, n is an even number and u_ℓ is taken equal to 0. • In the case of excursions a_1 = u, b_ℓ = d • In the case of excursions and meanders all the reals u_i are chosen positive. Moreover, T^≥ must replace T in the summation (19).

Up to these changes, the computations are very similar to the case of Bernoulli chains.

3.2.2 Case x = b

The computation is very similar to the previous case; the only differences are : here n = 2N is even, #B^{(Kn)}_n =

�_N

K_n

�_2

, we set u_ℓ to 0 and we take Θ^′ := (t_1, . . . , t_{ℓ−1}, u_1, . . . , u_{ℓ−1}, 1, v_1, . . . , v_{ℓ−1}). We get

P^{b,(Kn)} n (A^b_n(Θ^′)) ∼ c^b_nf^{b/2}_{t1,...,tℓ−1} (u_1, . . . , u_{ℓ−1})f^{b/2}_{t1,...,tℓ−1} (v_1, v_1 + v_2, . . . , v_1 + · · · + v_{ℓ−1}), where c^b_n := c^w_n γ_np^{−1}_n = γ^{1−ℓ}_n β^{1−ℓ}_n .

3.2.3 Case x = e

In this case n = 2N is even, u_ℓ = 0, a_1 = u, b_ℓ = d. In order to avoid some problems with the formulas provided in Proposition 9 that have to be handled with precautions when x or y are 0, we will compute the local limit theorem “far” from 0. This will however suffice to conclude. For i ∈ �1, ℓ−1� we take u_i > 0, and β_n is assumed large enough so that ⌊u_iβ_n⌋ > 0. For the calculus in the case of x = e, in formula (19), we replace T by T^≥. Finally, #E^{(Kn)}_n =^1_N

�_N

K_n

�_N

K_n−1 � . We first treat the contribution of the non extreme parts of the trajectories, namely, i ∈ �2, l − 1�,

#T^{K(i)n ,≥}

a_i,b_i (2NΔt n i , 2⌊u_{i−1}β_n⌋, 2⌊u_iβ_n⌋))(1 − p_n)^{2NΔtni −2} � p_n 1 − p_n

�_{2K}^{(i)}_{n −}1_{bi=d−}1_{ai=u}

is equivalent to 2γ^{−2}_n p_{Δti} (0, 2v_i) � p_{Δti} (0, 2Δu_i) − p_{Δti} (0, 2Δu_i) � . Let us consider i = 1. Notice that #T^{j,≥}_{uu} (l, 0, y) and #T^{j,≥}_{ud} (l, 0, y) may be very different :

T^{j,≥}_{uu} (l, 0, y) =

�_{l+y} 2 − 1 j − 1

�_{l−y}

2 − 1 j − 1 � y j and T^{j,≥}_{ud} (l, 0, y) =

�_{l+y} 2 − 1 j − 1

�_{l−y} 2 − 1 j − 1 � 2jy + l − y j(l + y − 2j + 2)

A_{b1} (n) := #T^{K(1)n ,≥}_{u,b1} (2NΔt^n_1 , 0, 2⌊u_1β_n⌋))(1 − p_n)^{2NΔtn1 −2} � p_n 1 − p_n

�_{2K}^{(1)}_{n −}1_{b1=d}

We notice that under (H)

n = o(K_nβ_n), γ_n = o(n − 2K_n), γ_n ≤ β_n, γ_n = o(K_n).

We then get, A_{b1} (n) ∼ 1 nγ_n(1 − p_n)^2

8u_1 t_1 p_{Δt1} (0, 2u_1)p_{Δt1} (0, 2v_1).

The case i = ℓ is treated with the same method. We obtain

P^{e,(Kn)} n (A^e_n(Θ^′)) =

#A^e_n(Θ^′) #E^{(Kn)}_n

∼ c^e_nf^{e/2}_{t1,...,tℓ−1} (u_1, . . . , u_{ℓ−1})f^{b/2}_{t1,...,tℓ−1} (v_1, v_1 + v_2, . . . , v_1 + · · · + v_{ℓ−1})

where c^e_n = γ^{−ℓ+1}_n β^{−ℓ+1}_n .

3.2.4 Case x = m

The computation is the same as in the case x = e, except that u_ℓ is taken > 0 (and n large enough such that ⌊u_ℓβ_n⌋ ≥ 1)· The last piece in the decomposition of meanders is of the same type as a standard excursion piece. We obtain

P^{m,(Kn)} n (A^m_n (Θ)) =

#A^m_n (Θ^′) #M^{(Kn)}_n

∼ c^m_n f^{m/2}_{t1,...,tℓ−1} (u_1, . . . , u_{ℓ−1})f^{b/2}_{t1,...,tℓ−1} (v_1, v_1 + v_2, . . . , v_1 + · · · + v_{ℓ−1})

where c^m_n = γ^{−ℓ+1}_n β^{−ℓ}_n .

4 Tightness

We begin with some recalls of some classical facts regarding tightness in C[0, 1]. First, tightness and relative compactness are equivalent in C[0, 1] (and in any Polish space, by Prohorov). Consider the function modulus of continuity,

ω : [0, 1] × C[0, 1] −→ R^+ (δ, f) −→ ω_δ(f)

defined by ω_δ(f) := sup

s,t∈[0,1],|s−t|≤δ

|f(t) − f(s)|.

A sequence of processes (x_n) such that x_n(0) = 0 is tight in C[0, 1], if for any ε > 0, η > 0, there exists δ > 0, such that for n large enough

P(ω_δ(x_n) ≥ ε) ≤ η.

If the sequences (x_n) and (y_n) are tight in C[0, 1] (and if for each n, x_n and y_n are defined on the same probability space Ω_n), then the sequence (x_n, y_n) is tight in C([0, 1])^2. We will use this result here, and prove the tightness separately for (s_n) and (λ_n) for every model P^x_n. We say that a sequence (x_n) in C[0, 1] is tight on [0, 1/2] if the sequence of restrictions (x_n|_{[0,1/2]}) is tight in C[0, 1/2]. We would like to stress on the fact that we deal only with processes piecewise interpolated (on intervals [k/n, (k + 1)/n]); for these processes, for n large enough such that 1/n < δ, � sup{|x_n(t) − x_n(s)|, s, t ∈ {k/n, k ∈ �0, n�}, |s − t| ≤ δ} ≤ ε/3 � ⇒ (ω_δ(x_n) ≤ ε).

In other words, one may assume that s and t are discretization points, in our proofs of tightness. We recall a result by Petrov (19, Exercise 2.6.11) :

Lemma 12. Let (X_i)_i be i.i.d. centered random variables, such that E(e^{tX1} ) ≤ e^{gt2/2} for |t| ∈ [0, T ] and g > 0. Let Z_k = X_1 + · · · + X_k. Then

P( max

1≤k≤N

|Z_k| ≥ x) ≤ 2 � exp(−x^2/2Ng) for any x ∈ [0, NgT ] exp(−T x) for any x ≥ NgT.

The tightness of (s_n, λ_n) is proved as follows: first, under P^{w,(Kn)}_n , the passage via an alternative model of “simple random walk” allows to remove the conditioning by Λ_n = K_n. Then, the tightness under P^{b,(Kn)}_n is deduced from that under P^{w,(Kn)}_n , thanks to the fact that the conditioning by S(n) = 0 does not really change the distribution the first half of the trajectories. The tightness under P^{e,(Kn)}_n and P^{m,(Kn)}_n are then obtained from that under P^{b,(Kn)}_n by some usual trajectory transformations that preserve the main properties of the variations and peak distributions of the trajectories.

4.1 A correspondence between simple chains and Bernoulli chains

We denote by H_n the set of “simple chains”, starting from 0 and having n + 1 steps :

H_n = {H = (H_i)_{0≤i≤n+1} : H_0 = 0, H_{i+1} = H_i or H_{i+1} = H_i + 1 for any i ∈ �0, n�}.

We consider the map Φ_n : W_n −→ H_n

S −→ H = Φ_n(S) where H is the simple chain with increments: for any i ∈ �1, n + 1�, � if ΔS_i ≠ ΔS_{i−1} then ΔH_i = 1 if ΔS_i = ΔS_{i−1} then ΔH_i = 0

where by convention ΔS_0 = −1 and ΔS_{n+1} = 1 (see illustration on Figure 5).

PSfrag replacements

Figure 5: Correspondence between simple chains and Bernoulli chains

The mapping Φ_n is a combinatorial trick. Obviously, the map S → H where H is defined by ΔH_i = (ΔS_i + 1)/2 is a bijection from W_n onto H_{n−1}. The map Φ_n is then certainly not a bijection (it is an injection). But, Φ_n owns some interesting properties that will really simplify our task.

Each increasing step in H corresponds to a changing of direction in S. Since ΔS_0 = −1, the first one corresponds then to a valley, and the last one to a valley (which can not be in position n, since ΔS_{n+1} = 1). Hence, for any j ∈ �0, n�,

Λ_j (S) = #S_∧ ∩ �0, j� = � H_{j+1} 2 � . Hence, S_∧ = {T_{2l}(H) − 1, l ∈ N} and (−S)_∧ = {T_{2l+1}(H) − 1, l ∈ N}, where (−S)_∧ is the set of valleys of S and where T_l(H) = inf{j, H_j = l} is the hitting time by H of the level l. The process S may then be described with H:

S(k) =

H_k−1�

i=0 (−1)^{i+1} (T_{i+1}(H) − T_i(H)) + (−1)^{Hk +1}(k − T_{Hk} (H)). (21)

To end these considerations, consider now the subset of simple chains with k increasing steps,

H^k_n = {H ∈ H_n, H_{n+1} = k},

and focus on H^{2k+1}_n . Each element H ∈ H^{2k+1}_n is image by Φ_n of a unique trajectory S that has k peaks in �1, n−1� and k +1 valleys in �0, n� (that may be in position 0 and n by construction), in other words, to a trajectory of W^{(k)}_n .

This may alternatively be viewed as follows: to build a trajectory of W^{(k)}_n choose 2k + 1 integers i_1 < i_2 < · · · < i_{2k+1} in the set �0, n�. Then construct a trajectory from W_n in placing a valley in i_1, i_3, . . . , i_{2k+1}, a peak in i_2, i_4, . . . , i_{2k} and fill in the gaps between these points by straight lines. Hence

Lemma 13. For any k ∈ �0, ⌊n/2⌋�, the restriction of Φ_n on W^{(k)}_n is a bijection onto H^{2k+1}_n .

For any p ∈ [0, 1], let Q^n_p be the distribution on H_n of the Bernoulli random walks with n + 1 i.i.d. increments, Bernoulli B(p) distributed (that is Q^n_p (ΔH_i = 1) = 1 − Q^n_p (ΔH_i = 0) = p). For any H in H_n, Q^n_p ({H}) = p^{Hn+1} (1 − p)^{n+1−Hn+1} , and then, Q^n_p gives the same weight to the trajectories ending at the same level. Hence the conditional distribution Q^n_p ( . |H^{2k+1}_n ) is the uniform law on H^{2k+1}_n . On the other hand, since P^{w,(k)}_n is the uniform distribution on W^{(k)}_n , by Lemma 13, P^{w,(k)}_n ∘ Φ^{−1}_n is also the uniform law on H^{2k+1}_n . Hence

Lemma 14. For any p ∈ (0, 1), n ∈ N, k ∈ �0, ⌊n/2⌋�, Q^n_p ( . |H^{2k+1}_n ) = P^{w,(k)}_n ∘ Φ^{−1}_n .

Using simple properties of binomial distribution, the value of p that maximizes Q^n_p (H^{2Kn+1}_n ) is p̃_n = (2K_n + 1)/(n + 1). This morally explains why in Section 3, p_n appears as a suitable parameter. For sake of simplicity, we will work again with p_n = 2K_n/n instead of p̃_n. We will see that under Q^n_{pn} , the conditioning by H^{2k+1}_n is a “weak conditioning”, and to bound certain quantities, this conditioning may be suppressed, leading to easy computations. The archetype of this remark is the following property

Lemma 15. Assume (H). There exists c > 0 such that for n large enough, for any set A_n on H_n depending only on the first half part of the trajectories, (that is σ(H_0, H_1, . . . , H_{⌊n/2⌋})−measurable), ~Q_n(A_n) := Q^n_{pn} (A_n | H^{2K}n^{+1}_n ) ≤ c Q^n_{pn} (A_n). (22)

Proof. The idea is taken from the proof of Lemma 1 in (12) : ~Q_n(A_n) = � j ~Q_n(A_n, H_{⌊n/2⌋} = j) = � j Q^n_{pn} (A_n | H_{⌊n/2⌋} = j, H_{n+1} = 2K_n + 1) ~Q_n(H_{⌊n/2⌋} = j) = � j Q^n_{pn} (A_n | H_{⌊n/2⌋} = j) ~Q_n(H_{⌊n/2⌋} = j).

The latter equality comes from the Markov property of H under Q^n_{pn} that implies that Q^n_{pn} (H_{n+1} = 2K_n + 1|A_n, H_{⌊n/2⌋} = j) = Q^n_{pn} (H_{n+1} = 2K_n + 1|H_{⌊n/2⌋} = j). It suffices to establish that there exists c ≥ 0 such that for n large enough, for any j ~Q_n(H_{⌊n/2⌋} = j) ≤ c Q^n_{pn} (H_{⌊n/2⌋} = j).

Write ~Q_n(H_{⌊n/2⌋} = j) = Q^n_{pn} (H_{⌊n/2⌋} = j)Q^{npn} (H^{⌊n/2⌋} = 2K^n + 1 − j) Q^n_{pn} (H_{n+1} = 2K_n + 1) ; using Lemma 11, the last quotient is bounded, uniformly on j and n ≥ 1. � A simple consequence of Lemma 15 is the following : let X_n be a positive random variable that depends only on the first half part of the trajectories, then the expectation of X_n under ~Q_n is bounded by the expectation of c X_n under Q^n_{pn} .

4.2 Tightness under P^{w,(Kn)}n

Assume that (K_n) satisfies (H), that S ∈ W_n, and let H = Φ_n(S). Set

h_n(t) =

H_{(n+1)t} 2γ_n − tK_n γ_n for t ∈ [0, 1], (23)

where H is assumed to be interpolated between integer points. Thanks to formulas (4), (5), (21), |λ_n(t) − λ_n(s)| ≤ |h_n(t) − h_n(s)| + 2/γ_n. (24) Hence, the tightness of (h_n) under ~Q_n implies the tightness of (λ_n) under P^{w,(Kn)}_n . By symmetry of the random walk under these distributions, we may prove the tightness only on [0, 1/2]. By Lemma 15, the tightness of (h_n) on [0, 1/2] under Q^n_{pn} implies the tightness of (h_n) on [0, 1/2] under ~Q_n, and then that of (λ_n) on [0, 1/2] under P^{w,(Kn)}_n . Hence, it suffices to prove the tightness of (h_n) on [0, 1/2] under Q^n_{pn} to prove that of (λ_n) on [0, 1] under P^{w,(Kn)}_n .

Comments 3. The conditioning by the number of peaks is a strong conditioning on W_n. Indeed, W^{(Kn)}_n may have a very small (even exponentially small) probability under P^w_n when K_n is far away from n/4 : no tight bound can be derived using comparison between P^w_n and P^{w,(Kn)}_n by just removing the conditioning by Λ_n = K_n. The passage by Q^n_{pn} allows to remove this conditioning.

Tightness of the sequence (λ_n) under P^{w,(Kn)}_n

At first sight, under Q^n_{pn} , (h_n) is a random walk with the right normalization, and it should converge to the Brownian motion (and then the tightness should follow). However, we were unable to find a reference for this result under the present setting. We will then prove it. In the sub-case where there exists δ > 0 such that, for n large enough, p_n satisfies n^{δ−1} ≤ p_n ≤ 1 − n^{δ−1} then under Q^n_{pn} , h_n^{(d)}−−→_n w in C[0, 1] : it is a consequence of Rackauskas, & Suquet (22, Theorem 2). In this case the tightness holds in a space of Hölder functions, with exponent smaller than 1/2· When p_n = o(n^{δ−1}) or 1 − p_n = o(n^{δ−1}), for any δ, (h_n) is not tight in any Hölder space; this may be checked by considering a single normalized step.

Let ε > 0 and η > 0 be fixed, and let us prove that for any n large enough, Q^n_{pn} (ω_δ(h_n) ≥ ε) ≤ η for δ sufficiently small. So take a parameter δ ∈ (0, 1). We have

ω_δ(h_n) ≤ 2 max

0≤j≤⌊1/(2δ)⌋ � max_{Iδ}

j (n)

h_n − min_{Iδ}

j (n)

h_n � (25)

where I^δ_j (n) = � 2j⌊δ(n + 1)⌋ n + 1

∧ 1,

2(j + 1)⌊δ(n + 1)⌋ n + 1 ∧ 1 �

(notice that the length of I^δ_j (n) is larger than δ for n large enough, and smaller than 3δ). The factor 2 in (25) simply comes from the splitting up [0, 1] into parts. Since the extremities of the I^δ_j (n)’s coincide with the discretization points, by the Markov property of h_n,

Q^n_{pn} (ω_δ(h_n) ≥ ε) ≤ (1/(2δ) + 1) Q^n_{pn} � sup_{Iδ}

0 (n)

|h_n| ≥ ε/2 � . (26)

We need to control the supremum of a random walk, and we then use Lemma 12.

Lemma 16. Let B(p_n) be a Bernoulli random variable with parameter p_n. There exists K > 0, such that for any n ≥ 1, any |t| ≤ γ_n,

E(e^{t(B(pn )−pn)/γn} ) ≤ exp � 2K n t^2 2 � . (27)

Proof. There exists K > 0 such that, for any |x| ≤ 1, e^x ≤ 1 + x + Kx^2. Hence, for any |t| ≤ 1, E(e^{t(B(pn )−pn)}) = p_ne^{t(1−pn )} + (1 − p_n)e^{−tpn} ≤ 1 + Kt^2(p_n(1 − p_n)) ≤ e^{2Kt2pn(1−pn)}. Hence, for any |t| ≤ γ_n, (27) holds (recall that (1 − p_n)p_n/γ^2_n = 1/n). �

Let us end the proof of tightness of (h_n). Since, for N ∈ �0, n�, h_n(N/(n+1)) =^{Npn}_{2(n+1)γn} +D_N /2 where D_N is a sum of N i.i.d. r.v. with law of (B(p_n)−p_n)/γ_n. Notice also that^{Npn}_{2(n+1)γn} = o(1). By Lemmas 12 and 16, we get

Q^n_{pn} � sup_{j≤N} |D_j | ≥ ε/2 � ≤ 2 exp � −ε^2n/(16NK) � for any ε ≤ 4Nγ_nK/n.

Let ε > 0 and δ > 0 be fixed. For n large enough,

Q^n_{pn} (ω_δ(h_n) ≥ e) ≤ (1/(2δ) + 1) Q^n_{pn} � sup 0≤t≤3δ

|h_n(⌊(n + 1)t⌋)| ≥ ε/2 �

≤ 2(1/(2δ) + 1) exp � − ε^2 16K(3δ) �

and this is smaller than any η > 0 for δ small enough, and n large enough. �

Tightness of (s_n) under P^{w,(Kn)}_n

Let δ ∈ (0, 1). First, it suffices to prove the tightness of (s_n) under P^{w,(Kn)}_n on [0, 1/2]. Consider formula (21). Denote by G_{i+1}(H) = T_{i+1}(H) − T_i(H). For any s and t such that ns and nt are integer, and s < t, we have

s_n(t) − s_n(s) = β^{−1}_n

H_{nt}−1�

i=H_{ns}

(−1)^{i+1}G_{i+1}(H) + (−1)^{Hns} ((ns − T_{Hns} (H)) − (nt − T_{Hnt} (H))) . (28)

The range of s_n in a subinterval I ⊂ [0, 1/2] is then a function of the values of h_n in the same interval. Denote by y_n(s, t) the right hand side of (28). We may control the range of s_n under P^{w,(Kn)}_n by making some computations on y_n(s, t) under ~Q_n, and then, by Lemma 15, we may work with y_n(s, t) under Q^n_{pn} . Under Q^n_{pn} , the variables G_i(H) are geometrically G(p_n) distributed (P(G_1 = k) = p_n(1 − p_n)^{k−1}1_{k≥1}), and then the computations are simplified. By Formula (28), we have

|y_n(s, t)| ≤ � � � H_{nt}−1�

i=H_{ns}

β^{−1}_n (G_{i+2}(H) − G_{i+1}(H))1_{i≡Hns mod 2} � � � + 3β^{−1}_n max_{j≤Hn} Gj (H)

where, in the sum, we have packed the variables G_i(H) per 2.

Denote by ỹ_n(s, t) the sum. Using that max_{k≤m} G_k is a non decreasing function of m, we have

Q^n_{pn} � sup_{j≤Hn} G_j (H) β_n ≥ ε � ≤ Q^n_{pn} (H_n > 4K_n) + Q^n_{pn} � sup_{j≤4Kn} G_j (H)

β_n ≥ ε � . (29)

Since H_n is a binomial random variable with parameters n and p_n = 2K_n/n, by the Bienaymé- Tchebichev’s inequality, the first term in the right hand side is O(K^{−1}_n ). For the second term, write Q^n_{pn} � sup_{j≤4Kn} G_j (H) ≥ εβ_n � = 1 − (1 − P(G_1 ≥ εβ_n))^{4Kn} . Since P(G_1 ≥ εβ_n) = (1 − p_n)^{⌈εβn⌉−1}, we find that the second term goes to 0 when n → +∞.

It remains to control the variables ỹ_n(s, t). Using the Markov property of the random walk z_k =

�_k i=1 β^{−1}_n (G_{2i}(H) − G_{2i−1}(H)), we get that under Q^n_{pn} , sup s,t∈I^δ_j (n)

|ỹ_n(s, t)|^{(d)}= sup_{s,t∈Iδ}

1 (n)

|ỹ_n(s, t)| ≤ 2 sup_{t∈[0,3δ]} |ỹ_n(0, t)|.

Writing ~G_i instead of G_{2i} − G_{2i−1}, we have � sup_{t≤3δ} |ỹ_n(0, t)| ≥ ε 2 � ⊂ � {H_{3nδ} > 12K_nδ} � � sup j≤6K_nδ � � � β_n^{−1} j� i=1 ~G_i(H) � � � ≥ ε � . Once again, by Bienaymé-Tchebichev, Q^n_{pn} ({H_{3nδ} > 12K_nδ}) = O(1/(δK_n)). For the second set in the union, we have to control the maximum of a random walk with increments the variables ~G. Lemma 17. Let G_1 and G_2 be two independent geometrical random variables with parameter p_n. There exists c > 0, c^′ > 0, such that for any |t| ≤ c^′γ_n, E � exp � t G_1 − G_2

β_n � ≤ exp � ct^2 np_n � (30)

Proof. Write E (exp (u(G_1 − G_2))) =^{p2n}_{(e−u+pn−1)(eu+pn−1)} . The denominator D is equal to 1 + (1 − p_n)^2 − (1 − p_n)(e^u + e^{−u}). There exists a constant c > 0, such that for any |u| ≤ 1, (e^u + e^{−u}) ≤ 2 + cu^2. And then D ≥ p^2_n − c(1 − p_n)u^2 ≥ p^2_n(1 −^{c(1−pn)u2}_{p2n} ) ≥ p^2_n exp(−^c_2^{(1−pn)u2}_{p2n} ) this last equality holds when^c_2^{(1−pn)u2}_{p2n} ≤ 1. Hence E (exp (u(G_1 − G_2))) ≤ exp(^c_2^{(1−pn)u2}_{p2n} ) for |u| ≤

�_2

c(1−p_n) pn. Hence, (30) holds for |t| ≤ c

′β_np_n/ √ 1 − p_n, and then for |t| ≤ c^′γ_n. �

We end now the proof of tightness for the family (s_n). According to Lemmas 12 and 17, for ε > 0, δ > 0 fixed, for a constant c^{′′} > 0 and n large enough

Q^n_{pn} � β^{−1}_n sup_{j≤6δKn} ~G_j (H) ≥ ε/2 � ≤ exp(−ε^2/(c^{′′}δ)).

This allows to conclude as for (h_n). �

4.3 Tightness under P^{b,(Kn)}n

In this section, n is an even number. Since P^{b,(k)}_n is the uniform distribution on B^{(k)}_n , it coincides with the conditional law P^{w,(k)}_n ( . |S(n) = 0). We first establish a lemma that allows to control the probability of a set under P^{b,(Kn)}_n , by the probability of the same set under P^{w,(k)}_n . Lemma 18. Assume (H). There exists a constant c > 0 such that for n large enough, any A_n ⊂ W_n, P^{b,(Kn)} n (A_n) ≤ c β_n P^{w,(Kn)}_n (A_n).

Proof. Write

P^{b,(Kn)} n (A_n) =

P^{w,(Kn)} n (A_n, S(n) = 0) P^{w,(Kn)} n (S(n) = 0) ≤ P^{w,(Kn)} n (A_n) P^{w,(Kn)} n (S(n) = 0) . Now P^{w,(Kn)} n (S(n) = 0) = #B^{(Kn)}_n /#W^{(Kn)}_n ∼ � 2/πβ^{−1}_n , by the local limit theorem. �

Since γ_n → +∞, this lemma is interesting only for sets with probability o(γ^{−1}_n ), e.g. :

Lemma 19. Assume (H). Let (α_n) be a sequence such that α_n → +∞. There exist c > 0, c^′ > 0, such that for n large enough

P^{w,(Kn)} n � Λ_{n/2} − K_n/2 � ≥ α_nγ_n � ≤ exp(−c^′α^2_n),

and then P^{b,(Kn)} n � Λ_{n/2} − K_n/2 � ≥ α_nγ_n � ≤ cβ_n exp(−c^′α^2_n).

Proof. Assume again that H = Φ_n(S). The variable Λ_{n/2−1}(S) = ⌊H_{n/2}/2⌋ depends only on the first half of the trajectories. By Lemma 15, for any set I_n,

P^{w,(Kn)} n � Λ_{n/2−1}(S) ∈ I_n � = ~Q_n � ⌊H_{n/2}/2⌋ ∈ I_n � ≤ c^{′′} Q^n_{pn} � ⌊H_{n/2}/2⌋ ∈ I_n � . Under Q^n_{pn} , H_{n/2} is a binomial random variable with parameters n/2 and p_n. Now, using Lemmas 12 and 16 with I_n = ∁[K_n/2 − α_nγ_n, K_n/2 + α_nγ_n], we get the first assertion. The second assertion is a consequence of Lemma 18. �

Consider W_n the set of simple walks satisfying

W_n = {S : S ∈ W_n, � Λ_{n/2} − K_n/2 � ≤ γ^{5/4}_n }.

Since by Lemma 19, P^{b,(Kn)}_n (W_n) → 1, we will from now on concentrate on these trajectories. We stress on the fact that γ^{5/4}_n = o(K_n). Assume that the following lemma is proved.

Lemma 20. Assume (H). There exists a constant c > 0 such that for n large enough, for any subset A_n ⊂ W_n depending only on the first half of the trajectories,

P^{b,(Kn)} n (A_n) = P^{w,(Kn)}_n (A_n | S(n) = 0) ≤ c P^{w,(Kn)}_n (A_n). (31)

This lemma, very similar to Lemma 15, allows to obtain the tightness of (s_n, λ_n) under P^{b,(Kn)}_n from that under P^{w,(Kn)}_n ; proceed as follows. By symmetry of bridges under P^{b,(Kn)}_n , it suffices to prove the tightness on [0, 1/2]. Since P^{b,(Kn)}_n (W_n) → 1, we restrict our study to the trajectories of W_n. By (31), the tightness of (s_n, λ_n) under P^{w,(Kn)}_n on [0, 1] (and then on [0, 1/2]) implies that under P^{b,(Kn)}_n on [0, 1/2]. It only remains to prove Lemma 20.

Proof of Lemma 20 First, for any A_n, depending only on the first half of the trajectories,

P^{w,(Kn)} n (A_n|S(n) = 0) = � (l,x,a)

P^{w,(Kn)} n (A_n | (Λ_{n/2}, S(n/2), ΔS_{n/2}) = (l, x, a)) (32)

× P^{w,(Kn)} n ((Λ_{n/2}, S(n/2), ΔS_{n/2}) = (l, x, a) | S(n) = 0) (33)

where the summation is taken on all possible triples (l, x, a). Indeed, under P^w_n , the sequence Y_k = (Λ_k, S(k), ΔS_k) is a Markov chain, and also under P^{w,(Kn)}_n . Then write P^{w,(Kn)}_n (A_n|S(n) = 0) = � (l,x,a) P w,(K_n)

n (S(n) = 0|A_n, Y_{n/2} = (l, x, a))P^{w,(Kn )}_n (Y_{n/2} = (l, x, a))/P^{w,(Kn )}_n (S(n) = 0), then the first conditioning by A_n may be deleted, by Markov. A trite computation leads to the result.

Now, assume that A_n ⊂ W_n. The summation in (32) can be done on the triples (l, x, a), such that l ∈ J_n := �K_n/2 − γ^{5/4}_n , K_n/2 + γ^{5/4}_n �, x ∈ �−n/2, n/2�, a ∈ {u, d}. To end the proof, we check that there exists c > 0, valid for any (l, x, a) ∈ J_n × �−n/2, n/2� × {u, d}, and n large enough, such that

P^{w,(Kn)} n � Y_{n/2} = (l, x, a) | S(n) = 0 � ≤ c P^{w,(Kn)} n � Y_{n/2} = (l, x, a) � . (34)

We choose to condition by the last increment of S in �0, n/2� for computation reasons. For any a ∈ {u, d}, denote T_{−a} = T_{ua} ∪ T_{da} and similar notation for T_{a−} and T_{− −}. • Case a = d. In this case, the left hand side of (34) equals

#T^l_{− d}(n/2, x, 0)#T^{Kn −l}_{− −} (n/2, x, 0) #B^{(Kn)}_n and the right hand side #T^l_{− d}(n/2, x, 0)#W^{(Kn −l)}_{n/2} #W^{(Kn)}_n . Since for any c > 0, the map x → Γ(x)/Γ(x − c) is log-concave,

#T^{Kn−l}_{− −} (n/2, x, 0) =

�_{n/2−x} 2 K_n − l

�_{n/2+x} 2 K_n − l � ≤ � ⌊n/4⌋ K_n − l � ⌈n/4⌉ K_n − l � := g_{n,l}.

Using that #B^{(Kn)}_n #W^{(Kn)}_n = p_n#B^{(Kn)}_n p^{2Kn}_n (1 − p_n)^{n−2Kn} #W^{(Kn)}_n p^{2Kn+1}_n (1 − p_n)^{n−2Kn}

∼ p_n √ 2πγ_n 2πγ^2_n/2 To prove (34) when a = d it suffices to prove that

lim sup_n max_{l∈Jn} γ_n p_n g_{n,l} #W^{(Kn−l)} n/2 < +∞

(notice that ⌊n/4⌋ + ⌈n/4⌉ = n/2 for any even n.) We have

γ_n p_n g_{n,l} #W^{Kn−l}_{n/2}

= γ_n

�_{⌊n/4⌋}

K_n−l

�_{⌈n/4⌉}

K_n−l � �_{n/2}

2(K_n−l)

� �_{n/2+1}

2K_n−2l+1 pn �

The (second) parenthesis in the denominator is bounded. It remains to prove that lim sup_n max_{l∈Jn} G_n(l) is bounded, for

G_n(l) := γ_n

�_{⌊n/4⌋}

K_n−l

�_{⌈n/4⌉}

K_n−l � �_{n/2}

2(K_n−l) � .

We will prove this assertion by showing that for any sequence (l_n) of integers, that satisfies l_n ∈ J_n for any n, (G_n(l_n)) converges to a constant that does not depend on (l_n). This allows to conclude, since one may take the sequence (l_n) s.t. G_n(l_n) maximizes G_n(l) on J_n for any n. Set ρ_n = 4(K_n − l_n)/n. Since l_n ∈ J_n, for any n, ρ_n ∈ (0, 1).Now, one checks easily that

G_n(l_n) = γ_nP (B(⌊n/4⌋, ρ_n) = K_n − l_n) P (B(⌈n/4⌉, ρ_n) = K_n − l_n) P (B(n/2, ρ_n) = 2(K_n − l_n)) . Since K_n − l_n ∼ K_n/2, by the central local limit theorem, it converge to 2/ √ π. • Case a = u. In this case, the left hand side of (34) equals

#T^l_{− u}(n/2, x, 0)(#T^{Kn −l}_{u −} (n/2, x, 0) + #T^{Kn−l−1}_{d −} (n/2, x, 0)) #B^{(Kn)}_n and the right hand side

#T^l_{− d}(n/2, x, 0)(#W^{(Kn −l)}_{n/2,u} + #W^{(Kn−l−1}_{n/2,d} )) #W^{(Kn)}_n , where W^k_{n,a} is the set of trajectories S with k peaks with ΔS_1 = a. Once again, it suffices to check that the quotient

#T^{Kn−l}_{u −} (n/2, x, 0) + #T^{Kn−l−1}_{d −} (n/2, x, 0) = � 1 +^{n/2−x}_2

k − l

�_{n/2+x} 2 − 1 K_n − l − 1 �

divided by #W^{Kn−l}_{n/2,u} + #W^{(Kn−l−1)}

n/2,d = � n/2 + 1 2(K_n − l) �

is bounded by c #B^{(Kn)}_n /#W^{(Kn)}_n . The same arguments lead to the same conclusion.�

4.4 Tightness under P^{m,(Kn)}n

The case n even

Assume first that n = 2N is even. We recall a bijection Ψ_{2N} : B_{2N} → M_{2N} , illustrated on Figure 6, that maps B^{(k)}_{2N} on M^{(k)}_{2N} , and that moreover preserves sufficiently the trajectories, to prove that the tightness of (s_{2N} , λ_{2N} ) under P^{b,(K2N )}_{2N} yields that under P^{m,(K2N )}_{2N} .

The map Ψ_{2N} : B_{2N} → W_{2N} (we will see later that Ψ_{2N} (B_{2N} ) = M_{2N} ) is defined as follows. Let S ∈ B_{2N} and m = min S ≤ 0 its minimum. For j ∈ {1, . . . , −m}, let t_j = τ_{−j}(S) the reaching time of −j by S. Write I_S = {t_j , j ≥ 1}. Notice that when m = 0, I_S = ∅. The trajectory Ψ_{2N} (S) = Z = (Z_i)_{i=0,...,n} is defined by Z_0 = 0 and :

ΔZ_i = � ΔS_i if i /∈ I_S, −ΔS_i = +1 if i ∈ I_S.

Proposition 21. For any even 2N, Ψ_{2N} is a bijection from B_{2N} onto M_{2N} ; moreover, for any k, its restriction to B^{(k)}_{2N} is a bijection onto M^{(k)}_{2N} that preserves the peak positions.

Proof. First, it is easy to see that if Z = Ψ_{2N} (S), for any i ≤ 2N,

Z_i = S(i) + 2 min_{j≤i} S(j). (35)

Hence, Ψ_{2N} (B_{2N} ) ⊂ M_{2N} . Since Ψ_{2N} is clearly an injection, the first assertion of the Proposition follows #B_{2N} = #M_{2N} . Since Ψ_{2N} neither creates nor destroys any peaks, nor even changes the position of the peaks, the restriction of Ψ_{2N} onto B^{(k)}_{2N} is a bijection onto Ψ_{2N} (B^{(k)}_{2N} ) ⊂ M^{(k)}_{2N} . The equality #B^{(k)}_{2N} = #M^{(k)}_{2N} suffices then to conclude. �

PSfrag replacements

Figure 6: Synthetic description of Ψ_{2N} . The map Ψ_{2N} turns over each increment corresponding to a reaching time of a negative position. The map Ψ^{−1}_{2N} turns over the last increments reaching each position x ∈ �1, Z_{2N} /2� (Z_{2N} is even).

By Proposition 21, the tightness of (λ_{2N} ) under P^{m,(K2N )}_{2N} is a consequence of that under P^{b,(K2N )}_{2N} . For (s_{2N} ), (35) implies that the modulus of continuity of the non normalized trajectories are related by ω_Z(δ) ≤ 3ω_S(δ) for any δ ∈ [0, n]

and then, the tightness of (s_{2N} ) under P^{m,(K2N )}_{2N} follows that under P^{b,(K2N )}_{2N} .

The case n odd

The case n = 2N + 1 odd is very similar. There exists a bijection Ψ_{2N+1} between ~B_{2N+1} and M_{2N+1} where ~B_{2N+1} is the subset of W_{2N+1} of trajectories ending at position +1. The map Ψ_{2N+1} has the same properties as Ψ_{2N} to conserve the peak positions, and the set B̃^{(K2N+1)}_{2N+1} := ~B_{2N+1} ∩ W^{(K2N+1)}

2N+1 is sent on M

(K_{2N+1}) 2N+1 . To conclude, we need a tightness result for the uniform

distribution on B̃^{(K2N+1)}_{2N+1} . But the result of Section 4.3 regarding B^{(K2N )}_{2N} may be generalized to B^{(K2N+1)}

2N+1 .

PSfrag replacements

Figure 7: Synthetic description of Ψ_{2N+1}. The map Ψ_{2N+1} turns over each increment corresponding to a reaching time of a negative position. The map Ψ^{−1}_{2N+1} turns over the last increments reaching each position x ∈ �1, ⌊Z_{2N+1}/2⌋� (Z_{2N+1} is odd).

Hence, (s_{2N+1}, λ_{2N+1}) is tight under P^{m,(K2N+1)}_{2N+1} , and then we may conclude that (s_n, λ_n) is tight under P^{m,(Kn)} n . 4.5 Tightness under P^{e,(Kn)}n Here n = 2N is an even number. Consider

B̌_{2N+1} = {S, S ∈ W_{2N+1}, S(2N + 1) = −1}, Ě_{2N+1} = {S, S ∈ W_{2N+1}, S(j) ≥ 0 for any j ∈ �0, 2N�, S(2N + 1) = −1}

and B̌^{(K)}_{2N+1} = B̌_{2N+1} ∩ W^{(K)}_{2N+1}, Ě^{(K)}_{2N+1} = Ě_{2N+1} ∩ W^{(K)}_{2N+1}. Informally, Ě_{2N+1} (resp. Ě^{(K)}_{2N+1}) are Bernoulli excursion from E_{2N} (resp. with K peaks) with an additional ending d-step, and B̌_{2N+1} and B̌^{(K)}_{2N+1} are trajectories ending at −1 (resp. with K peaks). Consider the map R : Ě_{2N+1} × �0, 2N� −→ B̌_{2N+1} (S, θ) −→ R(S, θ) = S^{(θ)} = (S^{(θ)})_{i=0,...,2N+1} defined by ΔS^{(θ)}_k = ΔS_{k+θ mod 2N+1} or equivalently S^{(θ)}_k = S(k + θ mod_{2N+1}) − S(θ) − 1_{k+θ>2N+1}. Informally, S → S^{(θ)} exchanges the θ first steps of S with the last 2N + 1 − θ’s ones. The map R is a bijection between Ě_{2N+1} × �0, 2N� and B̌_{2N+1}: this is the so-called cyclical lemma attributed to Dvoretzky- Motzkin, or Kemperman, or Otter see Pitman (21, Chapter 5) and Bertoin & al. (3). The peaks positions of S^{(θ)} are obtained from that of S by a shift of −θ mod 2N +1, and #S^{(θ)}_∧ = #S_∧ −1 iff θ ∈ S_∧ (if θ /∈ S_∧ then #S^{(θ)}_∧ = #S_∧).

For any S ∈ W_{2N+1}, set Ξ_0(S) = 0, and for any k ≤ 2N − #S_∧,

Ξ_m(S) := min{j, j ≥ Ξ_{m−1}(S), j ≤ 2N, j /∈ S_∧},

the successive non-peak positions of S in �0, 2N�. Consider the map

^R : Ě^{(K)}_{2N+1} × �0, 2N − K� −→ B̌^{(K)}_{2N+1} (S, ℓ) −→ ^R(S, ℓ) = S^{(Ξℓ(S))} .

Proposition 22. For any K ≤ N, any N ≥ 0, the map ^R is a bijection from Ě^{(K)}_{2N+1}×�0, 2N−K� onto B̌^{(K)}_{2N+1}.

Proof. It is a consequence of the two following points: for any S, m → Ξ_m(S) is a bijection from �0, #�0, 2N� \ S_∧� onto �0, 2N� \ S_∧, and R is a bijection. �

Consider (S, θ) in Ě^{(K)}_{2N+1} × �0, 2N − K�; for any u, sup |m_1−m_2|≤u

|S(m_1) − S(m_2)| ≤ 2 sup_{|m}

1−m_2|≤u

|S^{(θ)}(m_1) − S^{(θ)}(m_2)| (36) sup |m_1−m_2|≤u � � �(Λ^m1 − Λ^m2 )(S) − m_1 − m_2 2N K_{2N} � � � ≤ 2 sup

|m_1−m_2|≤u � � �(Λ^m1 − Λ^m2 )(S^{(θ)}) − m_1 − m_2 2N K_{2N} � � � . Endow Ě^{(K)}_{2N+1} ×�0, 2N −K� with the uniform distribution and consider a random element (S, θ) under this law (S is then uniform on Ě^{(K)}_{2N+1}). By the last proposition, S^{(θ)} is uniform on B̌^{(K)}_{2N+1}. By (36), we have

P^{e,(K2N )}

2N (ω_δ(s_{2N} ) ≥ ε) ≤ P^{w,(K2N )}_{2N+1} (2ω_δ(s_{2N} ) ≥ ε|S(2N + 1) = −1)

and the same result holds for λ_{2N} . Once again the result of Section 4.3 concerning P^{b,(K2N )}_{2N} = P^{w,(K2N )}

2N (.|S(2N = 0)) can be generalized to P^{w,(K2N )}_{2N} (.|S(2N + 1) = −1). �

Acknowledgments

We would like to thank Mireille Bousquet-Mélou who pointed many references, and for helpful discussions. We thank the referee for pointing out some important references.

References

[1] D. Aldous, (1991) The continuum random tree. II: An overview., Stochastic analysis, Proc. Symp., Durham/UK 1990, Lond. Math. Soc. Lect. Note Ser. 167, 23-70. MR1166406

[2] B. Belkin, (1972) An invariance principle for conditioned recurrent random walk attracted to a stable law., Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 21 , 45–64. MR0309200

[3] J. Bertoin, L. Chaumont & J. Pitman, (2003) Path transformations of first passage bridges, Elec.

Comm. in Probab., 8 , Paper 17. MR2042754

[4] J. Bertoin, & J. Pitman, (1994) Path transformations connecting Brownian bridge, excursion and meander, Bull. Sci. Math., II. Sér. 118, No.2, 147-166.

[5] Ph. Biane, & M. Yor (1987) Valeurs principales associées aux temps locaux browniens., Bull. Sci.

Math. (2) 111 (1987), no. 1, 23–101.

[6] P. Billingsley, (1968) Convergence of probability measures, New York-London-Sydney-Toronto: Wiley and Sons. MR0233396

[7] E. Csáki & Y. Hu, (2004) Invariance principles for ranked excursion lengths and heights., Electron.

Commun. Probab. 9, 14-21.

[8] M.P. Delest, & G. Viennot, (1984) Algebraic languages and polyominoes enumeration., Theoret.

Comput. Sci. 34, No. 1-2, 169–206. MR0774044

[9] M. de Sainte Catherine, G. Viennot, (1985) Combinatorial interpretation of integrals of products of Hermite, Laguerre and Tchebycheff polynomials. in “Polynômes orthogonaux et applications,” Proc. Laguerre Symp., Bar-le- Duc/France 1984, Lect. Notes Math. 1171, 120-128.

[10] T. Duquesne, & J.F. Le Gall (2002) Random trees, Lévy processes and spatial branching processes, Astérisque, 281. MR1954248

[11] D.L. Iglehart (1974) Functional central limit theorems for random walks conditioned to stay positive.·, Ann. Probability 2, 608–619.

[12] S. Janson & J.F. Marckert, (2005) Convergence of discrete snake., J. Theor. Probab. 18, No.3, 615-645. MR2167644

[13] W.D.Kaigh, (1976), An invariance principle for random walk conditioned by a late return to zero., Ann. Probability 4, No. 1, 115–121. MR0415706

[14] C. Krattenthaler, (1997), The enumeration of lattice paths with respect to their number of turns, Advances in combinatorial methods and applications to probability and statistics, Stat. Ind. Technol., Birkhäuser Boston, 29–58. MR1456725

[15] T.M. Liggett, (1968), An invariance principle for conditioned sums of independent random variables, J. Math. Mech. 18, 559–570. MR0238373

[16] J.F. Marckert & A. Mokkadem, (2003) The depth first processes of Galton-Watson trees converge to the same Brownian excursion., Ann. of Probab., Vol. 31, No. 3. MR1989446

[17] P. Marchal, (2003) Constructing a sequence of random walks strongly converging to Brownian motion, 181–190 (electronic), Discrete Math. Theor. Comput. Sci. Proc., AC, Assoc. Discrete Math. Theor. Comput. Sci. MR2042386

[18] T.V. Narayana, (1959) A partial order and its applications to probability theory, Sankhyā, 21, 91–98.

MR0106498

[19] V.V. Petrov, (1995) Limit theorems of probability theory. Sequences of independent random variables., Oxford Studies in Probab. MR1353441

[20] J. Pitman (1999) Brownian motion, bridge excursion, and meander characterized by sampling at independent uniform times., Electron. J. Probab. 4, No.11. MR1690315

[21] J. Pitman (2005) Combinatorial Stochastic Processes, Lectures from St. Flour Course, July 2002.

(http://stat.berkeley.edu/users/pitman/621.ps), To appear in Springer Lecture Notes in Mathematics. MR2245368

[22] A. Rackauskas, & Ch. Suquet, (2003) Hölderian invariance principle for triangular arrays of random variables. (Principe d’invariance Hölderien pour des tableau triangulaires de variables aléatoires), Lith. Math. J. 43, No.4, 423-438 (translation from Liet. Mat. Rink 43, No.4, 513-532 (2003)).

[23] R.P. Stanley, Richard (1999) Enumerative combinatorics. Vol. 2. Cambridge University Press.

MR1676282

[24] A. Wald, & J. Wolfowitz, (1940) On a test whether two samples are from the same population, Ann.

Math. Statistics, 11, 147–162. MR0002083