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Abstract: System of integral equations has been solved in many papers, espe-
cially, system of integral equations with degenerate kernels has been solved with
Adomian’s decomposition method by some authors. In present paper, we try to
solve system of integral equations by using collocation method with Legendre poly-

nomials which is more efficient and needs less computations than Adomian’s de-
composition method.
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1 Introduction

Consider system of Fredholm integral equations [18]

b
Au(z) = f(x) —|—/ k(z,t)u(t)dt, (1)
where A € R, and
u(z) = [ui()], i=1,..,n,
f(x) = [fl(x)L = ]-7 ey Ty
k(Ivt) = [klj(xvt)]v ,j=1,..,n
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This type of equations has been solved in many papers with different methods such
as Taylor’s expansion [11, 13], operational matrices method [4, 15], homotopy
perturbation method [1, 9], Sinc collocation method [16, 17] and Adomian’s de-
composition method [5, 8, 12]. All of these methods involve solving this kind of
equations, but some of them have restrictions such as k; j(x,t) being degenerate
and some of them are focused on system of integral equations of the second kind,
with more computations leading to solution with low accuracy. The aim of this
paper is to solve system of integral equations by using collocation method with
Legendre polynomials [2] as the basis for this projection method, and compare this
method with Adomian decomposition method which has been used for solving this
type of equations in [7]. Convergence of Legendre polynomials for solving Fred-
holm integral equation of the second kind has been discussed in [14], which we
shall apply this discussion for system of integral equations.

2 Discretization of equations
In this section we apply collocation method to convert equation (1) to algebraic

system of linear equations AX = b. For this result, by using Legendre polynomials,
we approximate u;(z)’s, such that

ui() =Y cipLipo1(x), (2)
k=1

where L (x) is kth Legendre polynomial and ¢;;’s are unknown coefficients which
are determined by solving an algebraic system of linear equations AX = b. By
substituting relation (2) in (1) we have

m n b m
A Z cikLp—1(z) = fi(z) + Z/ kyi(z,t) Z CikLp—1(t)dt,
k=1 =179 k=1

m n b m
/\ZCQkLk—l(ﬂf) = fo(x) + Z/ kai(x,t) ZcikLk—l(t)dta
=1 i—17a =1

m n b m
MY e (@) = falz) + > / kni(2,8) Y cinL—1(t)dt.
k=1 i=1"@ k=1
Now, we choose some collocation points such as

.
R Gl P A
m

which are equidistant, and define system of residual equations by

m n b m
Ri(z) = A Z cigLp—1(x) — fi(z) — Z/ kii(x,t) Z cikLi—1(t)dt,
k=1 =172 k=1



m n b m
Ry(xz) = A Z carLp—1(x) — fo(x) — Z/ koi(x,t) Z ciLy—1(t)dt,
k=1 =172 k=1

n

m b m
R, (x) = /\Z enkLg—1(x) — fn(z) — Z/ kni(x,t) Z ik Li—1(t)dt.
k=1 k=1

i=1v%

Then, by imposing the conditions
Ri(z;) =0, i=1,2,...,n, j=12...,m,

(where x;’s are collocation points) to system of residual equations, we deduce an
algebraic system of linear equations AX =b [3, 10].
For example, for n = 2 we have

Aui(z) = fi(x) + [2 k(2 ur (E)dt + [° ko (e, tus(t)dt,
(3)
Nug(z) = fo(a) + [ ko (z, t)ur (£)dt + [ koo (x, tyus(t)dt,

which after discretization, an algebraic system of linear equations AX = b is derived
as follows

A:(aij)’ iaj:1’2""’2m7
b7 = [f1(x1), fr(@2), -, fi(@m), fa(21), fa(@a), -, fal@m)],
XT = [cllchQa"'7clm’021’022""’62m]’
where
b 1=1,2,....m
)\L]_l(xi) - fa kll(zht)Lj—l(t)dt’ ] = 1,27. oam
b 1=1,2,...,m
= Jo Fr2(@i, ) Lj—m—1(t)dt, { j=m+1,...,2m
aij -
b @':m—i—l,...,Qm
— [, k2 (@iom, t) L1 (t)dt, { i=12,....m




3 Convergence of Method

In this section by using the following Proposition we try to prove a convergence
theorem which shows the error bound of the numerical method that we applied in
the previous section.

Proposition 1. Let f(t) € H*(—1,1) Sobolev space, P, (f(t)) = >ivyaiLi(t) be
the best approximation polynomial of f(t) in La-norm. Then

1) = Prn(F ()| Laf1.1) < Com™ || £ (0) | a0 (~1.1)

where Cy is a positive constant, which depends on the selected norm and is inde-
pendent of f(t) and m.

See [6], for the proof of Proposition 1.
For the above proposition we have defined the following norms

1@l = ([ 11 f%)dt)l/z,

k 1 1/2
IOl (-1,1) = (Z/ |f<i>(t)2dt> .
i=0 /1

Theorem 1. Assume k: H*(—1,1) — Ly[—1,1] is an operator defined by

w(u(z)) = /_ k{a Du(td,

where k(x,t) € Ly in square [—1,1] x [=1,1] which was introduced in equation I,
and wy, (x) is the numerical solution of the equation 1. Then

sup (@) = wn (2)] < Crm™ || u(t)l| (1,15
ze|[—1,

where Cy 1is a positive constant.

Proof. Assume that the exact solution of equation 1 is u(z), i.e.

1
u(z) = £(z) + / K(z, £)ut)dt.
—1
If we define the numerical solution of this equation by u,,(z), then

uy,(z) = f(z) +/ k(x,t) Py (u(t))dt.

—1



Hence

IN

sup |u(z) — up(z)
z€[—1,1]

’/11 Ko u(de = /, 11 k(x, t) P (u(t))dt

1/2

([ #eoa) ju-raw

1/2

1
max (/ kz(x,t)dt) < M.
ze[—1,1] -1

By using Proposition 1, we have

IA

Since k(z,t) € Lo,

[ = P (u)l| < Com™ " a() ]l zx (1,1,

and finally,
sup [u(z) — upm(z)| < MCom™*[u(t)l| g(-1,1)-
ze[—1,1]
Letting C; = M Cj completes proof of the theorem. O

4 Numerical Experiments

In this section, we compare Adomian’s decomposition method which has been stated
in [7] with Legendre collocation method and present some examples that show the
drawbacks of the Adomian’s decomposition method.

In [7], Adomian’s decomposition method was defined, and for solving system of
integral equations 1, introduce the following successive process

W, = Ga™ = GBa("*l),

where B, G and a were defined in [7]. Then the solution of (1) is given by
u= EiL:o u;. In this process, if we increase the number of iterations, high powers
of matrix B are needed to compute. Also round-off errors in computing powers of B
and a(® are other weak points of this process that destroy the accuracy of solution.
In Adomian’s decomposition method we need to generate matrix B which depends
on the number of terms of degenerate kernels, for example if each ki;; ¢,7 = 1,2
has only one term then the rank of matrix B will be (4 x 4), by increasing the terms
of kernels to two, the rank of matrix will be (8 x 8). So, the entries of matrix B
will increase exponentially which lead to so much computations.

Example 1. In [7], the system of Fredholm integral equations
ui(z) = 2¢* — L [H(LeFtug () + t2us(t))dt,
up(z) = 3 — 2 + fol(xQeftul(t) — zug(t))dt,

!



Table 1: Numerical results for Example 1

uy () uz ()

X EAdomian ELegendre EAdomian ‘ ELegendre
0.0 2x 1077 1.66392 x 10~10 0 2.0212 x 10714
0.25 | 2.56805 x 1077 | 1.23479 x 10~12 3.75 x 1078 3.53051 x 10714
0.5 | 3.29744 x 107 | 1.02318 x 10712 5x 1078 7.01772 x 10713
0.75 | 4.234 x 1077 | 1.0103 x 10712 3.75 x 1078 1.99962 x 1012

1 | 5.43656 x 1077 | 1.21414 x 1072 | 1.11022 x 10716 | 3.92941 x 10~ 2

has been solved by Adomian’s decomposition method, where the exact solutions
are ui(x) = €” and ua(z) = x. After 30 steps of this method which need lots of
computations, the following solutions are obtained

uy () = 1.0000002 €2,
us(x) = 1.0000002 z — 0.0000002 2.

We have solved this system by using Legendre collocation method which was de-
fined in previous section for m = 10. The numerical results are shown in Table
1. In this table Eadomian and Eregendre mean errors of Adomian’s decomposition
method and Legendre collocation method for different values of x, respectively.

Example 2. In this example which has been stated in [7], we have the follow-

ing system
u(z) = fo+ 3+ [y S (ui(t) + ua(t))dt,
{ us(z) = 2% — W 4+ 1+ [ wt(ui(t) + ua(t))dt,
where the exact solutions are u;(z) = 1+ 2z and uz(x) = 1 + 22. The results

from Adomian’s decomposition method for 30 steps given in [7] are compared with
Legendre collocation method for m = 10 in Table 2.

Table 2: Numerical results for Example 2

uy () uz ()

X E Adomian ‘ ELegendTe E Adomian ‘ ELegendre
0.0 | 4.7x107° | 3.04201 x 10~ 4 0 4.66294 x 10~ 14
025 | 6x107% |1.33227x107" | 4x107% | 6.66134 x 10716
05 | 8x107% | 1.55431 x 107 | 7x 1076 | 4.44089 x 1016
0.75 | 9x107% | 1.55431 x 1071° | 1.1 x 1075 | 1.33227 x 1015

1 [ 1.1x1075]2.22045 x 10715 | 1.5 x 1075 | 1.33227 x 10~15




Example 3. In this example, we present a system of integral equations with
degenerate kernels, but unfortunately the Adomian’s decomposition method [7] is
not able to solve this system. In regard to the Adomian’s decomposition method
for the system

up(w) = —3F + 2z + a2 + 23 + fol(Qt2 — 2?)(u (t) + uz(t))dt,

up(z) = —ta — 2La2 1 [13024(uy (1) + ua(t))dt,

where the exact solutions are uy(z) = 2® 4+ 2z and uz(x) = 2% — £ we have the
following process for solving it

4 1 . 1 121
u(x) = [Ul(x),UQ(l‘)L f(x) = [fl(x)an(‘r)] = [737’;4»2‘%4» 1*;3324*583,75:67@.%2],

gii(z) =1, gia(x) =22, giz(z) =1, gua(z) =22 go1(2) = 22, goo(w) = 22,
hiy(t) = 2t%, hio(t) = —1, hig(t) = 2t his(t) = —1, hoi(t) = 3t, hao(t) = 3t,

1
a® = / [h1 f1, haafi, hisfa, hiafa, hoifi, hoofoldt
0

7 =7 =73 151 21 —443]

= Gy B 7 e 16 210

and the matrices G, B are as follows

G- [ gu(@) gi2(x) gi3(x) gua(x) 0 0
0 0 0 0 g21(x)  gaz(x)
[ foi hiigrdt foi hi1giadt fé hi1giadt f01 hi1guadt 0 0
Jo hi2gudt [ hiagiadt [ hiagizdt [y hiagradt . 0 X 0
B_ 0 0 0 0 fol hi3ga1dt fol h13gazdt
X 0 X 0 X 0 X 0 Jo Pragardt [ hiagaodt
Jo h2rguidt [ horgiadt [ haigizdt [ hoigradt ) 0 ) 0
L 0 0 0 0 Jo ha2gndt  [§ haagaodt |
so that
2 2 2
i 3 3 3 0 0
-1 3 -1 3 0 0
g_| 0 0 0 0o 2 2
o o o o F F
3 3 3 3 (o g
2 4 2 1
o o o o 2 3




Using the above information and the fact a® = Ba(™~1) for 30 steps of [7], we

obtain

uio

Uil

U2

U1,30

The approximated solution for some values of x after 30 steps of [7] and Legendre
collocation method by m = 10 are given in Table 3 which shows the advantage of

a7,
30

53

450
S
54

17
2+ —z’+ 2 ,

3
12
41
60"
61 ,

z-,

900

—0.0120628 + 0.0153814x2,

the Legendre collocation method.

1 121
u ——r - —
20 3 60 )
8 ,
Ug1 = _ﬁx )
T,
” _
22 1200

g 30 = —0.025615322.

Table 3: Numerical results for Example 3 by 30 steps

uy () uz ()

X E pdomian ‘ ELegendre E Adomian ‘ ELegendre
0.0 | 2.01549 | 1.45472 x 10~ 13 0.0 2.24643 x 10~ 14
0.25 | 1.85487 | 7.70495 x 10714 | 0.267494 | 1.10849 x 10~ 14
0.5 | 1.37299 | 5.66214 x 10~ | 1.06998 | 4.41869 x 10~14
0.75 | 0.569873 | 2.28706 x 10714 | 2.40745 | 9.94205 x 1014

1 | 0.554498 | 2.44249 x 10~14 | 4.2799 1.7697 x 10~13

Increasing the number of iterations provide no improvement in accuracy of
solutions. Numerical results for the above system by 60 steps for Adomian’s de-
composition method are presented in Table 4.

Table 4: Numerical results for Example 3 by 60 steps

x Values 0 0.25 0.5 0.75 1
E pdomian(uy) 2:4132 2.22088  1.64392 0.682323 0.663914
EAdomm”(w) 0.0 0.320277 1.28111 2.8825 5.12444

Example 4. In this example, we try to solve a system of equations which has
nonseparable kernels. It is mentioned In [7] that if the kernels in system of integral
equations are nonseparable, then Taylor’s expansion method can degenerate them
and the Adomian’s decomposition method [7] is able to solve it. This claim is
not correct because of two reasons, first of all, Taylor’s expansion has not enough
authority to approximate a function with two variables, second reason is that if



we increase the terms of Taylor’s expansion, the rank of matrix B will increase
exponentially which leads more computations with lots of round off errors.
Now, in equation (3) let

k11(z,t) = sin(xt + t)
k12($,t) = th
kop(x,t) = 2%t — 3

:rt3
k22(xat) =e?z

—e®(2—2z+x2 x)(cos T)—

filw) = FEEEEED 4 cos(d4ma) + PSR
fa(z) = 16371'2 - % +a?

and the exact solutions are ui(x) = cos(4nz) and ug(z) = x2. Numerical results

for Legendre collocation method with m = 15 and m = 20 are shown in Tables 5
and 6.

Table 5: Numerical results for Example 4 for m = 15

z Values 0 0.25 0.5 0.75 1
Elegendre(u) 4356 x107° 5342 x 107> 6.139 x 107> 7.019 x 107> 7.830 x 107"
ElLegendre(us) 9-505 X 107%  1.223 x107° 1.816 x 107° 2.742 x 10™° 4.002 x 10~°

Table 6: Numerical results for Example 4 for m = 20

x Values 0 0.25 0.5 0.75 1
Elegendre(u;) 5417 x107° 2445 x 1077 2.827 x 1077 3.178 x 107" 3.612 x 10"
Elegendre(us) 7-026 x 107%  6.684 x 107 9.293 x 10® 1.334 x 1077 1.883 x 10~"

Now, if we degenerate the kernels of above system and then solve the new system
by Legendre collocation method for m = 20, the following numerical results are
obtained in Table 7 that show the weakness of Taylor’s expansion for degenerating
of kernels in spite of the good accuracy that we got in Table 6.

Table 7: Numerical results for Example 4 by Taylor’s expansion of order 5.

x Values 0 0.25 0.5 0.75

1

E., 2256 x 1072 2.822 x 1072 3.613 x 1072 4.996 x 1072 7.438 x 1072
Ey, 1.331 x 1072 1.046 x 1072 2.702 x 1072 1.016 x 1072 2.833 x 1072

In the following we present an example to show the efficiency of this numerical
method for solving first kind system of integral equations.



Example 5. In this example, we try to solve a system of equations

fi(z) = f_ll sin(a? + t)uy (t)dt — f_ll 3te P uy(t)dt,

fo(z) = — f_ll 3 cos(xt)uq (t)dt + f_ll twed™ uy(t)dt,

where
4
f ( ) _ _36”271(—e+ex ) sin(x243z)+sin(z2—3) + (sin(z—22)+sin(z2+1))
nr) = 2(1+z2) 6 2 ;
f ( ) _ et satt —6 cos 2z cos 22 +3x sin 2 sin £+6 cos 2(cos 2—x sin x sin z?)
20T) = 2(e+3ex) 224 s

and the exact solutions are uj(z) = sin2z and us(z) = e ~1. Numerical results

for Legendre collocation method with m = 10 and m = 15 are shown in Table 8.

Table 8: Numerical results for Example 5

E., E.,

X m=10 [ m=15 m = 10 m =15
-1 1.7036 x 107 | 4.5999 x 10710 [ 1.0224 x 10~° | 5.4499 x 108
-0.75 | 9.6772 x 1072 | 1.4551 x 1071 | 1.7953 x 10~7 | 6.3424 x 10~10
-0.5 | 5.2555 x 1079 | 1.4789 x 10~ | 6.9364 x 1078 | 1.7594 x 10710
-0.25 | 3.5251 x 1079 | 1.0557 x 10711 | 9.4624 x 10719 | 1.1806 x 1019

0 ]3.3230x 10710 | 4.1108 x 10713 | 2.2215 x 10~7 | 1.0512 x 10~ 10
0.25 | 2.4917 x 1078 | 7.3872 x 10711 | 1.3333 x 107® | 8.2249 x 10~ !
0.5 | 1.7392 x 1077 | 4.3160 x 10710 | 1.0306 x 10~® | 3.3478 x 10~ 11
0.75 | 8.4662 x 1077 | 2.4831 x 1079 | 9.7882 x 1078 | 1.4628 x 10~ 10

1 3.8222 x 1075 | 1.1492 x 1077 | 5.8332 x 1076 | 4.3467 x 108

Conclusion

In this paper, a projection method known as collocation method with Legendre
polynomials are chosen to discretize the system of integral equations, this method
has some advantages. This method is easy to apply for first and second kind sys-
tem of integral equations. It also requires less computations than other methods
discussed in [7, 9, 11, 15, 16, 17]. For example when this method is applied to
many systems of integral equations, by solving an algebraic system of linear equa-
tions with rank less than 10 x 10, we can get good accuracy. In some methods the
kernels of system are required to satisfy some conditions such as being separable
but the method of this paper does not have such conditions.

Acknowledgment. The authors would like to extend their sincere thanks to the
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