On a generalized nonlinear equation of
Schrodinger type.

Xueshang Feng

Abstract

Here is established the global existence of smooth solutions to a generalized
nonlinear equation of Schrodinger type in the usual Sobolev spaces H® and
certain weighted Sobolev spaces by using Leray-Schauder fixed point theorem
and delicate a priori estimates.

1 Introduction

In recent years, the initial (initial-boundary) value problem for the nonlinear Schré-
dinger (NLS) equation
104 + Uz + 2Jul*u = 0 (1.1)

and its generalized forms have been widely studied in a lot of papers such as [3-12,
19, 20]. The high order nonlinear Schrédinger equation is

104 + Uay + S|uPus, + 2uul, + 4ugPu + 6uiu* + 6|ul*u = 0 (1.2)

which is the second equation in the Lax hierarchy of NLS equation [1,3,16,21,22].
NLS equations have been of great interest due to their occurrences as mathemat-
ical models in several scopes of physics and their implication in the development of
solitons and inverse scattering transform theory [1, 2, 4, 14, 16, 17, 21, 22]. Partic-
ularly, it is found that the nonlinear Schrodinger equation (1.1) and the following
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generalized Schrodinger type equation

10pu + Uy + 2ul*u + 3 (u4x + 8lu|*ug, + 2uPul, + 4|ug|*u 4 6ulu* + 6]u]4u) =0

(1.3)
are closely related to the isotropic Heisenberg spin ferromagnetic chain equation
[14, 17 and references therein], which arises in high- energy physics, nuclear physics,
condensed matter physics and statistical mechanics, ect.. It has been pointed out
in [14, 17] that the Heisenberg spin ferromagnetic chain equation and its natural
extension of 4th order correction are gauge equivalent to equations (1.1) and (1.3),
respectively. Here I would like to apologize for some omission of other papers related
to Schrodinger equation since there is a large amount of work on this subject.

The purpose of this paper is to study the convergence of solutions(as « or § —
0)to the following initial value problem

i+ (g + 2| ul?u) + Bt + 8|u*us, + 2uub, + 4| ug | *u+6uiu* +6|u|tu) = 0 (1.4)

u(z,0) = ¢() (1.5)

where subscripts stand for partial differentiation, ¢ = /=1, |u| is the norm of
complex-valued function u, and u* is the complex conjugate of u. Here the real
couple (a, #) # (0,0). The problem is discussed in the usual Sobolev spaces H® and
weighted Sobolev spaces J? (see definition below). Furthermore, the main results lie
mathematically in that the convergence of solutions for the natural extension of the
4th order correction of the Heisenberg spin ferromagnetic equation to its own ones
is, to some extent, valid. Such a kind of analysis is, of course, very important in
physics. In a future paper, based on the convergence results of this paper, various
physical phenomena and relations between equation (1.4) and the Heisenberg spin
ferromagnetic chain equation will be disclosed from a pure physical point of view.
The methods here follow the same lines as those of the author’s [3].

The paper is organized as follows: Section 2 deals with preliminaries. Section 3
deals with the a priori estimates. Sections 4 and 5 are devoted to solving problem
(1.4), (1.5) in H*® and J?, respectively.

2 Preliminaries and Results

This part is to give the notation that will be used throughout this paper and to
announce the results of this paper.

As usual, LP(R), 1 < p < oo, and H*(R), s € R will be the usual Lebesgue and
Sobolev spaces with norms | e |, and || e |5, respectively. If I is an interval and X
a Banach space with norm || e ||x, LP(I; X) = {u : I — X such that |ju|x €
LP(I)}. Wr(0,T; H*(R)) denotes the space of function f(x,t) that has derivatives
020 f(t,x) € LP(0,T; L*(R)) with 0 < s <r, 0<h < k. Wedenote by C, C(.,.,.)
generic constants, not necessarily the same at each occurrence, which depend in an
increasing way on the indicated quantities.

Let Z = {0,1,2,---}, w(z) = (1 + 2?)/2 and S(R) be the Schwartz space of
all rapidly decreasing infinitely differentiable functions on R. Then for any s, r €
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R, H? is the completion of S(R) under the norm, ||u||,s = |w" (1 — 0?)3uly. Let
J§ = H (N Hg with the norm |[{|ul|],s = ([|u]|2, + HuH%S)% For H? and J? we have
3, 19]

Lemma 2.1.

a) HY CHS, J5CJS s<s, r<v

b) [Hev: He2y = H((lljg))fjjgfj, 0<6<1, s;, r;€ER, j=1,2

1) 72
where [; g denotes the complex interpolation.

¢) Jg CHY, Hly = H{} 4, 0<0<1, sr€cR.

d) nr,sEZ J: = nr,sEZ = S(R>

e) (J7) =H?, + Hg*

f) Letr, s>0. Ifue J*, thenu € H_| and ||ul|,—1s < C(r, s)|||ul||r,rs
g) Let r € R and s > 0. Then for h € Z we have

l10zulllrs < C(r, s)[lulllr, s

where v’ = (s + h)r/s and s = s+ h.
h) If s > %, then for all u, v € JB we have

Hwv[lr.s < CCry )[[|ull]rsll0]]]r.s
Remark: By the lemma above and Sobolev embedding theorem we see that if
u € JI6+) with s, r € Z and r # 0, then
Supserlw(z) ™ u()| < C(r, s)|lullr-1.541 < C(r, 8l |ull]r 541
that is |03u(z)| = O(|z|~") as |z| — oo.

The following statement follows from a straightforward calculation and its proof
is omitted here.

Lemma 2.2. Let p(x) € CP(R) such that 0 < p <1, p=1if|z] <1 and
w=0if |x| > 2. Let pe(x) = p(ex) for0 <e<1. Then ase — 0

te(x) — 1 uniformly on any bounded set of R,

O pic(x) — 0 uniformly on R for j#0

Moreover for any j € Z we have
02 (2)] < C)e"(w(@) ™V, 0<h <

where C(7) > 0 is independent of € .
Lemma 2.3. Let q, r be any real numbers satisfying 1 < q, r < oo and
Jj, m € Z such that j < m. Then for u with 0'u € L", w € L? we have

03ul, < C(jym,q,r, )|l |uly™

where 1/p = j+a(l/r —m)+ (1 —a)l/q for all a in the interval j/m < a < 1.
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Lemma 2.4. (Gronwall’s inequality). Suppose that g(t), h(t) satisfy the in-
equality

t
g(t) < My + M2/ g(s)h(s)ds, for any 0<t<T,
0

where My, My are two nonnegative constants.  Moreover, h(t) satisfies
S h(t)dt < co. Then we have

olt) < Mieap(hy [ n(e)it), 1 [0.7]

Our results are as follows:

Theorem 2.5. Let T' be any given positive constant. For any initial data ¢ €
H*, se€Z and s > 4, then problem (1.4), (1.5) has a solution u such that

ue () WL(O,T;H*(R))
k+4h<s

where k, h e Z.

Theorem 2.6. Let T' be any given positive constant. For any initial data ¢ €
J¥(R) with s, r € Z and s > max(3r,4),then problem (1.4), (1.5) has a solution u
such that

ue N W (0,7;:J2)

s’ +4h<s;r’s+4hr<rs

where s', h € Z and r' > 0 real.

Corollary 2.7. For anyT > 0 fized, if o € S(R), then the solution u to problem
(1.4), (1.5) belongs to C>=([0,T]; S(R)).

Corollary 2.8. Let uq g be the solution obtained in Theorems 2.5 and 2.6. Then
as f — 0(a — 0), uqa g converges in

N W0, 75 H)( N W (0,75 7))

k+4h<s s/ +4h<s;r! s+4hr<rs
to a solution to the following equations
iug + a(ugy + 2Ju)?u) =0
and
iug + 0 (mx + 8|u|2ug, + 2uPub, + 4|uy|Pu + 6uiu* + 6]u]4u) =0

respecctively.

Corollary 2.8 is the main result of this paper, which will be served as a basis in
disclosing some important physical phenomena of the Heisenberg spin ferromagnetic
equation in a future paper.
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3 Global a priori estimates

In the study of global existence for the dispersive equations, the global a priori esti-
mates play an important role. It is a common technique to use the conservation laws
to establish the global a priori estimates of solutions to the lower order dispersive
nonlinear equations such as the usual KdV equation, the standard Schrédinger equa-
tion (1.1). Generally speaking, the first known explicit conservation laws associated
to them are sufficient. But when dealing with the higher order dispersive equations
infinite many conservation laws are needed(see [3]). Although it is known that the
standard Schrodinger equation has infinite many conservation laws, one finds it dif-
ficult to calculate them all explicitly. In this part we succeed in deriving the global
a priori estimates of the solution to (1.4), (1.5) by constructing substitutes for the
higher order conservation laws corresponding to equation (1.4).

Lemma 3.1. Let u be the solution of problem (1.4), (1.5) with the given initial
data ¢ € H°, s € Z, and s > 4, then we have the following identities

Eolt) = / |2 da = Eo(0),

Ei(t) = o [(~fusl? + ful)da

0 [ (Juel? = Sfullua|? — 2Re(u? (1)) + 2Jul®) d
= Oé[l + BIQ = El(O)

Es(t) = @/ (Juze? = 8Juflue]? — 2Re(u?(u2)?) + 2Jul) da

+ﬁ/(—!u?>a:!2 + 120u?|uze [* + 2Re(u? (u3,)*) — 12Re(|ue|*uus,)

+6Re(Juluus,) — ul*((Jul?)e)? — 24Jul*|ue|* = 11|ug[* + 5lul*)dx
= Oé[g + B[g = EQ(O),

E3(t) = oalz+ B[ |uge + 8|ul?uzs. + 2u?ub, + 4u|*u + 6uiu* + 6]u]4]2 dx
= F3(0)

Proof. Multiply (1.4) by u*, integrate in z and ¢ and take the imaginary part
to obtain the first identity. Multiply (1.4) by u;, integrate in z and ¢, and take the
real part to obtain the second identity. Multiply (1.4) by (u3, + 2[ul?u*);, (32),
proceed as before to obtain the third and fourth identities. Here %j is the functional
derivative of I(for definition see [1, 21]). In fact we can use the properties of
complete integrability [1, 21] of NLS equation (1.1) as a Hamiltonian system in the
above proof.

Corollary 3.2. Under the condition of lemma 3.1 we have

(lalSuposico|[u()]3 + 8] Suposi<ao||u(t)][7) < Clav, B, [|8]]1)
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This proposition can be proved by using lemma 3.1, lemma 2.3, and Young’s in-

equality.
Lemma 3.3. Let T" > 0 be arbitrarily given. Under the conditions of lemma

3.1, we have
Supo<i<r|[u(t)|]s < C(||¢]ls, T) (3.2)

Proof. In order to show (3.2) we consider the following derivative

d *
A [lwel? + ReC(u? w7y 0)?) + DeluPluenyal?] do

where O, and D, are constants to be determined later. For the first two terms in

the above derivative we have

d
pr [/ || + ReCs/u2(ufS_1)x)2dx]

= 2Re/u:xusxtdx + QCSRe/uut(ufs_l)x)de + QCSRe/u28;_1u*68_1u:dx
- 2[m/6;u*6; [ﬁ (8]u]2u% + 2uPub, + 4|ug|Pu + 6uiu + 6]u]4u)
+or(ugy + 2]u]2u)} dx + QBCSIm/uu4x(ufs_1)x)2dx
+203CsIm / u (SMQU% + 2uub, + 4ug|Pu + 6uiu + 6]u]4u) (6;‘%*)2 dx
+20¢CSIm/u (u% + 2]u]2u) (6;‘%*)2 dr — QBCSIm/UQG;_lu*G;_lude
—QBCSIm/u26;_1u*8;_1 [8]u]2u§x + 2(u*)2u%} dx
—QCsIm/Qﬂﬁj_lu*@;_l[ﬁ (4’%5’2”* + 6(u;)2u + 6]u]4u*)
+a (U;x + 2]u]2u*)]dx
= 25[m/8§u*6;(8]u]2u% + 2u?ub, )dr + 25[m/6§u*6;(4]ux]2u + 6uiu*)dr
+QBCSIm/UU4x(3§_1u*)2dx — QBCSIm/u%;_lu*a;_luzxdx

—26CIm / w0 05 [8|ulPus, + 2(ut)*us,)dr + Remaining term

5
=) L; + Remaining term (3.3)
=1

For the remaining term we have

|Remaining term| < C'(1 + |ugs|3) (3.4)
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In what follows we estimate each term L;, Using integration by parts, lemma 1.3
and Young’s inequality we have

Ly = 23Im / D202 (8|uluz, + 2uPulb,)dx

<20 [s[m/(S]u]Q)xﬁiu*G;“udx + 8[m/ lu|?05u* 05 udx
+2[m/u26;u*8;+2u*dx + 25[m/(u2)x8;u*6;+1u*dx] + O(1 + |ug3)
<28(s— 1)Im/(8]u]2)x8;u*6;+ludx — 4BIm/u2(6;+1u*)2dx
+O(1+ |ugl3) (3.5)

Ly = 25[m/6§u*6;(4]ux]2u + 6uu*)dz
< 125[m/u*6;u*6;(ux)2dx + SBIm/uaiu*ailudex + C(1 4+ |use3)
< 245[m/u*ux8;u*6;+1udx - SBIm/uu;‘Ca;u*a;“udx + C(1+ |uss3)
=20 [Im/(S]u]Q)xﬁiu*afludx + 4Im/(u;u)x]6;u]2dx + C(1+ |use3)
< 28I'm / (8[u[?)s 82w @ udz + C(1 + |usel?) (3.6)
Ly = QBCSIm/uu4x(6;_1u*)2dx
= —26C,Im {/ Upuze (05 Tu*)? + 2/uu3x6;_1u*8ju*dx}

< O(1+ |us3) (3.7)

L, = —QBCSIm/u26;_1u*8;+3u*dx

< —28C, / W0 ) 2dr + C(1 + Jusel?) (3.8)

For L5 we can easily obtain
Ls < C(1+ [us|3) (3.9)

Now consider
iDS/ (2|55 u 2dz
dt r

= 2D8Re/ lﬁi_luPu*utdx—l—QDsRe/ lu| 205 w05 uydr
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= 2D, Re {—z/ 105~ M| *u* [ﬁ(mx + 8u*ug, + 20, + 4|u,|*u
+6(ug )?u* + 6|u)*u) + a(ug, + 2]u]2u)} dx}

+2D;Re {—2/ lu?05 turos ! [ﬁ(mx + 8lu*ug, + 2uu,

4]t u + 6(uz)u” + 6[ul*v) + o (uz; + 2Jul*u)| dv}
gmmgm/@ﬂmewmumum/mﬁg%wﬁ%m+cu+w£)
B
2
Considering (3.3)-(3.10) and taking Cs = —2, D, = —4s, we have

< DJm/@M%ﬁm%?%m+CO+WM® (3.10)

d
pr {/ || *d — 45/ lu|?|05  u|*dr — 2Re/u2(6;_1u*)2dx}

< C(1+ [|usell2) (3.11)

Thus, integrating the above inequality with respect to ¢t we get
t
e} < C+C [ Jus(r)lidr, te[0,7] (3.12)
0

Therefore, applying Gronwall’s inequality to (3.12) gives
lusz|3 < C, t€[0,T]

which completes the proof of the lemma.

4 Proof of Theorem 2.5

The proof depends on a series of lemmas. We first establish the existence of a unique
global solution u(x,t) to the initial value problem

U + €(—Upy + Ugy — U2,) = —i(aK7(u) + BK2(u)), 0<e<1 (4.1)
with the initial data u(x,0) = ¢(z), where
K (u) = ug, + 2Jul*u,

Ko (u) = uay + 8lul*us, + 20 ubz + 6u™(ug)® + 4us|*u + 6]u) u.

We reduce (4.1) to a problem of finding fixed points of completely continuous maps
by conidering the family of nonlinear problems

U+ €(—Usp + Usy — Ugg) = —iT (K (u) + BKa(u)), 0<e<1l, 0<7<1 (4.2)
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and the related linear problem
u + €(—Upy + Uy — Uzy) = —iT (a1 (v) + fKo(v)), 0<e<1l, 0<7<1 (4.3)

We introduce two sets X (n,T"), Y (n,T) of functions on R x [0, 7] with finite norms:

T T
<<v>>hn= [ B+ [ o)t + Supoceer o)

and

T
<<v>>%n= [ @R adt + Suposier [0

respectively. Let n > 4. If v € Y(n,T) there exists a global solution u(x,t) in
X (n,T) to (4.3) which is uniquely determined by its initial values. Thus problem
(4.3) defines a nonlinear operator u” = ®(v; 1), whose fixed points are solutions of
(4.2). The fixed points of ® for 7 = 1 are solutions of (4.1). In the following we first
apply the Leray-Schauder theorem [13] todetermine the fixed points of ®. Then we
show that the solution u¢ to problem (4.1) converges to a solution of (1.4). Now
this limiting procedure is well-known, Hence, in this part we are mainly concerned
with the solvability of (4.1) and the global estimates of its solutions. The following
statements are aimed at verifying the conditions of Leray-Schauder theorem.
Lemma 4.1. Let n > 4. If u"(x,t) is a solution in X (n,T) of (4.2), then

T t
| 1ot and e [l @ dt + Supocrsrll @2 (44)

are magjored by a constant depending only on ||¢||, and T' < oo, most importantly it
18 independent of T.

Proof. It should be pointed out that in the process of the proof we use the
property of complete integrability of NLS equation (1.1) as a Hamilitonian system
[1,21].

1) Multiply equation (4.2) by u*, integrate over R and take the real part of the
resulting expression to obtain

d 3.
gD +2¢ 3 0u(t)]; = 0

j=1

which leads to

t 3 )
u)f +2¢ [ |02t = [0l (15)
j=1
2) Procced as in lemma 3.1 to obtain
dLE; OE;
d—tj + QERe/(—Uﬁx + Ugy — uQx)(s—ujdx =0, j=1, 2, 3 (4.6)

By Sobolev embedding theorem, (4.5) and (4.6) one obtains

Supo<i<oo (| [[ull5 + [5]]|u]) +6/Ooo(!04!HUHE +[Blllull?)dt < Cla, 3, [Iglls)  (4.7)
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3) Assume that the second result in (4.4) is proved for all values less than or
equal to s — 1. We now prove it for s. To this end, use (3.11) in proposition 3.2 to
obtain

dFE, 0B
+ 2eRe [ (~ttgs + waa — uz) 2o < C(L+ [uf3) (4.8)
dt dou
where E,(t) = [ {|us|® — 4s|u|?*|057 u)? — 2Re(u? (05 *u*)?)} dx. By definition we
have

OF

=2 = (—1)*u3,, — 4|0y P + (=1)*4s0;" (Juf*0; )

—4u(9; ) + (—1)*40;7 (w03 )

Now we have

OE
2¢Re /(—U(jx + Ugy — uQx)de
3 .
= 2¢ |07 uf2 + 2¢Re / (—ttgs + Uty — tze) {(—1)°4595(|u[205 ")
j=1
+(—=1)%40°" ((u*)205  u) — 45|03 uPu* — du (05 'u*)? Ydr (4.9)

Using Sobolev embedding theorem and Young’s inequality we can obtain the follow-
ing estimates

8S€’R€/(—U6x + Uy — Uy )05 (]u]26;_1u*) dx

€ — s S
<3 (105 5u(®)3 + 105 u(®)3) + C(lls)e (105 ul3 + |5ul3 + 057 ul3)  (4.10)

8¢ Re/(—um + Uy — Uy )05 ((u*)Qﬁi_lu) dx‘

< 5 (1057l + 10 a(®)B) + C(lllls)e (10 ul} + |05ul3 + 105" ul3)  (4.11)
8¢ Re/(—um + Ugy — m@u*]@i‘%ﬁdm‘

< e (Jueel3 + [uasl3 + [uss[3) + C(I6]2)el 05 ul3lOul3, (4.12)
8¢ Re/(—um + Usgy — mw(@i‘%*)%x‘

< efueels + |uaal3 + [uze[3) + C(|0|2)el 05 ul3105ul3 (4.13)

iFrom (4.9) to (4.13) there appears that

t 3 ] T
Bt)+ e [ 3105 ufdt < C(Iolle T) +C [ (elosul3 + Dlozuliar (4.14)
j=1
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By the expression of E,(t) and Young’s inequality, from (4.14) it follows that
t 3 } T
sl e [ S0 u)fidt < C(loll 1)+ C [ (o ul} + 1)jozulidr (4.15)
0= 0

Now applying Gronwall’s inequality to (4.15) to complete the proof of the second

inequality. The first inequality in (4.4) can be easily obtained by multiplying (4.2)

by uf, integrating in z and ¢ and taking the real part. This finishes the proof.
Lemma 4.2. Ifn >4 and u € X (n,T) solves (4.3), then

!2+e/ Z!aﬂ (t)|3dt < C(<<w >>Y(nT +|9/3),

[l + €3 05 < Clas v > ) 1161,

7=1
T 3 )
hu(tli +e [ 3010 Tu(t)iide S C(<< v == +HIOIR), h<n
j:

where C' depends on €, T, and the size of ¢.
Proof. Multiply equation (4.3) by u*, integrate and take the real part of the
resultant expression to obtain

D+ [ Zraf Wade <168+ 5 [ B+ 5 [ 1K) R
which implies (by Gronwall’s inequality)
w3 +e [ Zraﬂ (Ol3dr < COo3+ [ 15 ()3

where K(v) = aKi(v) + fK3(v), By the standard estimates and the definition of
Y (n,T) we have

OF+e [ Zraf Bt < C6f3+ << v>>Pm)  (416)

To obtain the second inequality of the lemma, multiply equation (4.3) by wu;}, inte-
grate in x and t, take the real part and proceed as before to finish the proof.

The final estimate is established by first taking Op, of (4.3), multiply by uj,.
Then integrate the resulting expression in x and ¢ and take the real part to obtain

T 3 ) T
0P u(t)]2 + 2 / Zya§+ﬂu(t)y§dtgya§¢yg+‘ / / 6£u*8£K(v)dxdt‘ (4.17)
(Nt 0
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where K (v) is the same as above. Obviously,
T T
18] {/ /8£u*6£+4vdajdt‘ = |3 {/ /8£+3u*6£+lvdajdt‘
0 0

T T
< / O3 (1) 2dt + C, / O+ (8) [2dt (4.18)
0 0

For 1 < h <2 we have

T —
/ /6;%*62[(1 (v)dxdt‘ =
0

T —
/ /aj;“u*ajg—lf(l (v)dxdt‘
0

T
< e/ O u(t)5dt + C << v >>% (4.19)
A ,

where K (v) = oKy (v) + B(8|v[2vg, + 20203, + 60 (v,)? + 4|v.] >0 + 6|v]?).
For h > 3 we have

T —
/ / O3 =3 I, (v)dadt
0

T —
/ /6211*62[(1 (v)dxdt‘ =
0

T
< %/ |00 u(t) 5dt + Ce << v >> (4.20)
A :

Now the final result follows from (4.17)-(4.20).

Now we turn to the proof of the solvability of equation (4.1). If n > 4 and
¢ € H"(R), then it is known that there exists a unique solution v € X (n,T) to the
linear parabolic equation (4.3) for each 7 € [0,1] and v € Y (n,T'). This defines a
nonlinear operator v = ®(v; 7), which for each 7 € [0, 1] determines the solution to
(4.3). To obtain the existence of fixed points of ® we apply Leray-Schauder theorem.
In what follows we proceed as in [13, 18] to verify the conditions of Leray-Schauder
theorem.

Consider ®(v;7) on the set B of Y (n,T) consisting of funcions v € Y(n,T)
satistying the inequalities (4.4) with the bound increased by adding the positive
number v > 0. We shall verify that ®(v;7) on B x [0,1] is

a) continuous in v, uniformly in 7,

b) continuous in 7 , uniformly in v,

c¢) completely continuous on B x [0, 1] We also show that all fixed points of &
lie strictly in the interior of the set B and that v — ®(v;0) has nonzero degree. We
then apply Leray-Schauder theorem for existence of fixed points of ®.

I) ®(v;7) is continuous with respect to v in Y (n,T') uniformly for 7 € [0, 1].
Begin with two elements v, © from B so that u = ®(v;7) and @ = ®(v; 7). Then

U=u—uand V =v— v satisfy

Uy + e(~Uss + Uty — Usy) = —ir[K (v) — K ()] (4.21)

U(z,0)=0
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Proceeding as in the proof of lemma 4.2 we can obtain

T 3 )
\Ut)]3 + e/o Zl 0JU (1) [3dt < C <<V >>%, 1
iz

T 3 )
/0 Ut + € YOIV < C << V 552,

j=1
T 3 )
ORU ()2 + 6/0 Zl DU @)3dt < C << V >0 -
o

where the C' does not depend on 7 € [0, 1]. The above three equalities give the proof
of a).

I1) ®(v; 7) is continuous in 7, uniformly in v on B x [0,1]. Let u™ 27 = ®(v; 7 +
A7), u" = ®(v;7) and u = u"A" — u7. By equation (4.3) we obtain

U + €(—Upy + Ugy — Uzy) = —IATK (V)

By standard estimates and proceeding as in the proof of lemma 3.2 it is not difficult
to know that

T 3 }
u(t)+e [ 3 |oulidt < CAr,
()

T 3 ,
| lu@)Bat + €3 jogu(o); < car,
0

j=1
T 3 )
Ohu(t)+e [ 3 |l (e < CAr,
(et

which give
<< u(t) >>% < CAT

This completes the proof of b).

IIT) ® on B is completely continuous. The preceding results show that & is
continuous at every point in B x [0,1]. By lemma 4.2 ®(v;7) for each 7 € [0, 1]
maps a set B in Y(n,T) into a set {u} with

<< U >>xepn< C <<v>>ypn

where C' is independent of 7 € [0,1]. From Lions [15], Schwartz [18] or an easy
direct proof we know that a bounded set in X (n,T") is compact in Y (n,T"). Thus, ®
maps an arbitrary set (v;7) in Y (n,T) x [0, 1] into a set that is compact in Y (n,T').
This shows that the set of values of ®(v;7) on B x [0, 1] is compact.

IV) all possible fixed points u lie strictly in the interior of the set B. The a priori
estimates for the solution to (4.2) in lemma 4.1, and the definition of B show that
all possible fixed points u of ® lie strictly in the interior of the set B.
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V) v — ®(v; 7) has nonzero degree. For 7 = 0, ® maps B into a single point u,
the unique solution to u; + €(—ugy + Uy — U2,) = 0. Thus v — ®(v; 7) is invertible
and has nonvanishing degree.

Now the appalication of Leray-Schauder theorem tells us that for each 7 € [0, 1]
there exists at least one fixed point u(z,t) for ® , which for 7 = 1 is a solution to
(4.1). The uniqueness of solutions to (4.1) can be proved by the standard energy
estimates. Obviously, For € € (0,1) fixed and ¢ € H* there exists a unique solution
u € C([0,T]; H®) to (4.1), which satisfies the estimate (4.4) for every integer n.

Proof of Theorem 2.5.Here, only an outline is given. From the arguments

above we know that for ¢ € H®, s > 4, there exists a unique solution u(z,t)
o (4.1) for each ¢ € (0,1), which satisfies the estimate (4.4) for n = s and the
bound is independent of € € (0,1). By the standard limiting process ¢ — 0 we
know that there exists a subsequence u¢ converging weakly star in L>(0,T; H®) to
some u, which is a desired solution to (1). In view of equation (1) one sees that
uy € L*(0,T; H*™*). In this way we can obtain u € Nyyun<s W2(0,T; H*(R)).

5 Proof of Theorem 2.6

It is of interest to know that equation (1.4) has solutions decreasing faster than
H*(R) convergence as x tends to infinity, in particular, solutions in the Schwartz
space S(R), for each t provided that its initial data is in S(R). This can be realized
by considering the initial value problem (1.4), (1.5) in the weighted Sobolev space
JS(R). For the J*(R) convergence of solutions to problem (1.4),(1.5) we have The-
orem 2.6 and Corollary 2.7. In the proof of our result we employ the same method
as in Tsutsumi[19] or the present author [3]. In fact, the proof of this part can be
reproduced from [3]. In order for the paper to be self-contained we give it out in
detail.
Since S(R) is dense in J#(R), there exists a sequence {¢*} € S(R) such that

{¢k} — ¢ strongly in JJ(R) as k— o0 (5.1)
We first consider the parabolic regularization of equation (1): for k € Z'\ 0,

l

Ty = E[ufiac — U4y + qu;] + Oz(qu; + 2]u]2u)
Bty + 8|ulug, + 20w, 4 6u* (ug)? + 4|ug|*u + 6|u)*u) (5.2)
with
u(@,0) = ¢"(x) (5-3)

For problem (5.2), (5.3) we have

Lemma 5.1. For every fized k € Z \ 0, problem (5.2), (5.3) has a unique global
solution u* € C*°([0,T]; S(R)), T > 0.

Proof: By the results of section 4 we know that problem (5.2), (5.3) has a unique
global solution u* € C*°([0,T]; H*®) and

1T (S
Supocicrl|a ()2 + 7 | (Z ra;+8uk<t>rz) dt < C (5.4)
j=1
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where C' is independent of k& but depends on the size of ¢ and T'. In order to prove
the assertion of this lemma, it suffices to show that

uf € L°°(0,T; J°(R)) (5.5)
for every r € Z. The proof of (5.5) together with
olu* € L*(0,T; JX(R)), j=1, 2, 3 (5.6)

is done by induction on r. when r = 0, it is obvious. Assume that the result is
known for all values less than or equal to » — 1(r > 1). We prove it for r. Let
wu(z), pe(x) be as given in Lemma 1.2. For simplicity we sometimes suppress k in

u®. Differentiating ||u*(t)||?, with respect to ¢, using equation (5.2) and integrating
g 7,0 8
by parts we have

LI+ L 3 ()|
2 dt Hell r,O kaI HeOyp U 7,0

%W O p O Ot u* | da

+- ZRe/am

d“t"“‘_ dljl lhl @
—|—Im/ (pe)*w* u* K (u)dz = 0 (5.7)

Since |0%w?"| < C(d)(w(z))?* =% and |0 p(x)| < C(j)(w(z))™ we obtain

%W 9 " Olu* | da

ZRe/am

d+]+n+h< d']' 'h' N
1 3
_k Z |0 ul 7 o +CZHajUHr 1,0 (5.8)

Now consider

Im/ (pe)*w* u* K (u)dr = Bfm/ (fte) 2w2ru*u4xdx+1m/ (1) *w? u* K (u)dz (5.9)
For the second term of (5.9) we have
1 2
|the second term| < o > o ull? o 4 C (k)| peul 2,9 (5.10)
m=1

For the first term of (5.9) we have

BIm /(uE V2w uFugd
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2 )
= Blm/u o , %110 p 0" O | da
? dﬂ.;hﬂ dj'nlh)
h<2
1 )
= Gk 2 Z |05 ul [0 + Z 107" ul17-1.0 (5.11)
Considering (5.7)—(5.11) we get

Hue ot T Z 10fu()llo < C (k)| |neul |70 + Z 103ully -1 (5.12)

where C'(k) is a positive constant independent of e. We integrate (5.12) with respect
to t and use the assumptions of the induction. Then Gronwall’s inequality yields
that

Supocrer| e (1)]2o < C (5.13)
T .
[ ittt <c j=1, 2 3 (5.14)
O |

where C' is a positive constant independent of e. Therefore, {yu*} remains in
a bounded set of L>(0,T;J°(R)). So, taking the limit as ¢ — 0, we see that
peu® — u¥ weakly star in L>(0,7T; JO(R)) and the assertions (5.5), (5.6) hold for
r since L>=(0,T; J°) = (L'(0,T; H°, + L?))’. This ends the proof of the lemma.

Proof of Theorem 2.6. Wlth lemma 5.1 we now consider the convergence of
u* as k — oo. From lemma 5.1 we know that for any given 7' > 0,

Supo<i<r|[u”(t)|]os < C (5.15)

holds for all integers s. From this it follows that {u*} forms a bounded set of
L>=(0,T; J§(R)). We next show that for r > 0, {u*} remains bounded in
L>=(0,T; J°(R)). In fact, we have

1
—|JuF(t )Hro = /eru*utdx = ER@/W2TU*(U6;E — Ugy + Uy )d

—Blm/w%u*mxdaj - Im/w2r K Ki(u)det = By + Ba+ B3+ By + Bs  (5.16)
In what follows we bound each term B;. Using Lemma 1.3 and (5.15) we obtain
[Bs| < Cllull7o (5.17)

Integrating by parts and using Lemma 1.3 and (5.15) we have

|By| = || rlm/u2x(2rw2(r_1)u* + 4r(r — 1?2y + draw? Yy da

= ]BHIm/u%(Qer(r_l)u* + 4r(r — Dw?C=2D22y*)dx
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—Im /(4rw2(r_1)u*uQx + drzw? T Dutug, + 8r(r — 1) 220Dy ug, ) dz |
= |3 rlm/(Qer(r_l)u*uQx + drzw? T Dyt ug, 4+ 4r(r — 1) 2202 Dy ug, ) da
< C (Iullro + luzellF-10 + sl |7 (5.18)
> r,0 2z ||r—1,0 3z|lr—1,0 :

1 1
B = %Re/w%u*u%dx = —ERe/( 2l + 2rw Y put ) u,de

1
S%H%H +Clull2_y (5.19)
B 13/ 2 gt = — g |2
= ——Re | w”u ugdr = ——||ug,
2 k 4 w2l

1
—%Re/ (2rw2(r_1)u*uQx + draw?T Dy s, + 4r(r — 1)w2(r_2)x2u*u%) dx

1
< =g lluael 2o + CllullZo + Nzl 710 + el [F-1.0) (5.20)

1 1
B, = %Re/w%u*umdx = —%Hu;),x]]%

1
2 Re 1@ ot 4 3 ), + 3w oot s do
1 J
<~ s+ O3 [0 (5.21)
7=0

(From (5.16)-(5.21) there appears that since s > max(3r,4) and [[u|[§ , is bounded
on [0, 7], by using f) of lemma 1.1 we have

d
ZlE @120+ £ Z!W ro < Ol +CZH@] 11710
7=0
< O|lu*[[7, +CZH!uk!Hm_CHukH + O[5, < CIWMF+1)  (5.22)

where C' is independent of the natural number k. Integrating (5.22) with respect to
t and using Gronwall’s inequality give

Supo<i<r|[u"(t)]]ro < C (5.23)

with the constant C' independent of k. From (5.15) and (5.23) there follows that {u*}
forms a bounded sequence in L*(0,7; J*(R)). Hence, there exists a subsequence of
{u*} (also denoted by {u*}) and u € L>(0,T; J*(R)) such that

uf — u weakly star in L*(0,T;J:(R))
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Then, it can be easily seen by the standard argument that u is a desired solution of
(1.4), (1.5) (see Lions [15]). From g) of lemma 1.1 it is shown that

Usy € L2(0,T; 5 (R))
where s’ = s —4 and ' = @. Here, in view of equation (1.4) we can conclude
that

u € L(0,T; J5(R))

with ¢’ and 7’ as above. Continuing in this way and using equation (1.4) we obtain
the conclusion of Theorem 2.6.
Corollary 2.7 is just a result of Theorem 2.6 and d) of lemma 1.1 combined.
Corollary 2.8 can be seen from the process of the proof of theorems 2.5 and 2.6.
Remark: The main results of this paper are Corollaries 2.7 and 2.8, which show
that the convergence of solutions for the natural extension of 4th order correction of
the Heisenberg spin ferromagnetic chain equation to its own ones is, to some extent,
valid. The methods here can follow from those of the present author’s paper [3].
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