Generalized divisor problem

C. Calderén” M.J. Zarate *

The authors study the generalized divisor problem by means of the residue theorem
of Cauchy and the properties of the Riemann Zeta function.

By an elementary argument similar to that used by Dirichlet in the divisor
problem, Landau [7] proved that if o and (3 are fixed positive numbers and if o # 3,
then

> 1=¢(B/a)a + ((a/B)z'/" + OV ).

monP <z

In 1952 H.E. Richert by means of the theory of Exponents Pairs (developed by J.G.
van der Korput and E. Phillips ) improved the above O-term ( see [8] or [4] pag. 221 ).
In 1969 E. Krétzel studied the three-dimensional problem. Besides, M.Vogts (1981)
and A. Ivi¢ (1981) got some interesting results which generalize the work of P.G.
Schmidt of 1968. In 1987 A.Ivié obtained Q-results for [ A? (a4, ..., ax, 2)dx where
Ag(ay,...,ag,x) is the error-term of the summatory function of d(ay,...,a,n).
Moreover, he proved that his results hold for the function

qu (bls)CqQ (bQS)CqS(b?,S) RN 1<b<by<bs...

gj, b; being some positive integers. In 1983 E.Krétzel studied the many-dimensional
problem
> omit o omdn,
m?lm?l" <z
using the properties of the Riemann Zeta-function. M. Vogts (1985) also studied
that problem but using elementary methods. Here, we will analyse some sums of
the above kind by means of non-elementary methods.
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Theorem. Leta; > —1,b; >0, (j =1,...,n), (n > 2) be real numbers .
Suppose that the fractions lzﬂ belong to the gap
J

( 1 + min{0 1 1 =1
¢— —,c+min{0, — — — =1,....n
2b17 Y 2bj 2b1 7] Y Y
and
14+ aq 1+ a;
C = = Imax .
by 1<j<n bj

If
() ) 1 <1

j=1 m(b;(c — ﬁ) a;) ~
where

then we have

< xS C—L €
D A . ) (H“%s—an):wu ),
s= j=1

b1 b
myt..my <z bk

1+a]-

When the fractions 149 e different, the point s = 1s a simple pole of ((bjs—a;
b J J

J bj
and we have

s non 1+a Itap
2. B, (H“bﬂ‘s ) ‘“’)) PN IR e
k

j=1 k=1 j=1
J#k
When
1+a7’_1+a7’+1_ _1+ar+q—1
br br—l—l o br+q—1
(1<r<r+4+q—1<n), the sum
rat 14 ay, Loy
> TI¢; e
k=r j=1 k
J#k

is replaced by x%Prvq(logx) where P, ,(logx) is a polynomial in logx of degree
qg—1.
Proof. The function [T}_; ((bjs — a;) can be expresed as a Dirichlet series abso-

lutely convergent for o > ¢

o0

S Y meme | N

N=1 m}l’lmm?ln:N



Generalized divisor problem 61

By Lemma 3.12 [10] if  is the half of an odd integer we have

cte

1 ctetiT T
>ompme = [ s - ay) ds+0(”’

27'('2 ct+e—iT T )
m?l...m?lngac J=1

We will consider the rectangle Ry with vertices ¢ — ﬁ +4T,c+ e £iT. Therefore,

1 cte+iT T s
—/ HC(bjS—aj)%dé’:

210 Jete—iT 525

1
—Z ng(sl (HC )——1-2—([1-1-]2-1-[3)
s=——k Ty
where I, I, I3 are the integrals along the other three sides of the rectangle

cte T
Il + Ig < / ) H ’C(bj()' — aj + ibjT)’l'aT_ldU.

3y j=1

Let
(o) = inf{&, C(o +it) = O(|t|%),as t — oo}
then
cte n
Il —|—Ig <</ ) TZ]':l “(bja_aj)‘f'ET—lxado, <

T_H'Z;'l:l lt(bj(0+€)—aj)+6xc+e + T_H—Z;l:l p(bj(c— ﬁ)—aj)—kexc— ﬁ ]

From hypothesis (1) we can deduce

n 1
1+ pulbjlc—5-) —a;) <0
= 2b,
therefore
L JZ'C+E
Il+13<<33' leTE—l— .
T
For the integral /> we have
12<<xc—ﬁ+xc—ﬁ/ Hyg ) aj+bt)]—<<
by
L 11
< 5 4 gblf/ H!C ) aj + byt)|dt.

Calling

1
my = mibjle = 5;-) = a;)
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by the Hélder inequality and hypothesis (1) we get

1
IQ < Z’C_WTE.

Then

m}l)1 z"<ac j:l
JZ'C+E L
+0( T )+ O(x™ 217T°).
Taking T' = x¢ for some sufficiently large d > 0 we obtain (2) and theorem is proved.
]
Case A. Let by=...=b,=1,a;>-1,0<a;—a; <1/2for j=1,...,n. If

> 1 <1

j=1 m((1/2) + a1 — a;)

then

> omf = Res (H s —a; ) . + Oz H1/2+e
< s=1+a; 1 S
mi...Mp <T J
for every € > 0.

For example, let a; > —1 and a; = a; — 2n , (j = 2,...,n). be real numbers.
For 4 <n <10, from Theorem 8.4. [2], the hypothesis (1) is Veriﬁed and the above
formula holds.

Case B.Leta;=...=a,=a>—-1y0<b; <...<0,. If
11 14+a 11 1
< —(= — 7=1,...
b0 < S G =L

and, besides
i 1

<1
2 G+ @ =

J=1

then

> (mimn)" =3 Res (f[é(bjs—@)%s

b1 bn =
my..my <z

1
+O (a2,
In particularif a =1 and 0 < by < b; < 4:% and if the condition about the moments

3
is satisfied, the order of the O-term is 221" for every € > 0.
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