When are induction and conduction
functors isomorphic ?

Claudia Menini* Constantin Nastasescu

Introduction

Let R = @ cq Ry be a G-graded ring. It is well known (see e.g. [D], [My], [N],
[INRV], [NV]) that in the study of the connections that may be established between
the categories R-gr of graded R-modules and R;-mod (1 is the unit element of G),
an important role is played by the following system of functors :

(=)1 : R-gr — Ry-mod given by M + M), where M = @, M, is a graded left
R-module,

the induced functor, Ind : R;-mod — R-gr, which is defined as follows : if N € R;-
mod, then Ind(N) = R®p, N which has the G-grading given by (R ®pg, N); =
Rg ®R1 N,Vg S G,

and the coinduced functor, Coind : R;-mod — R-gr, which is defined in the following
way : if N € Ri;-mod, then Coind(N) = @,cCoind(V),, where

Coind(N), = {f € Homg, (g, Rr,N) | f(Ry) =0, Vh#g'}.

(Note that if G is finite, then Coind(N) = Homg, (g, Rr, N)).

It was shown in [N] that the functor Ind is a left adjoint of the functor (—); and the
unity of the adjunction o : 1, ,\(q — (—)1 0 Ind is a functorial isomorphism, and
that Coind is a right adjoint of the functor (—); and the counity of this adjunction
7:(=)10Coind — 1, ) ,q is a functorial isomorphism.

If the ring R is a G-strongly graded ring (i.e. RyR, = Ry, Vg,h € G) then
the functors Ind and Coind are isomorphic. Thus the following question naturally
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arises : “if the functors Ind and Coind are isomorphic, does it follow that the
ring R is strongly graded ?” A simple example (see Remark 3.3) shows that the
answer to this question is negative. So we may ask this other question : “if R
is a graded ring and the functors Ind and Coind are isomorphic, then how close
is R to being strongly graded ?” The study of this problem is done in §3. The
main results of this section are contained in Theorems 3.4, 3.5, 3.6, 3.9, 3.11, 3.12,
etc. In particular Theorems 3.9, 3.11 and 3.12 provide the following answer to
the above question : if R = @,cq Ry is a G-graded ring and if Ind~Coind then
H = Supp(R) = {9 € G | R, # 0} is a subgroup of G and R = @,y R is an
H-strongly graded ring whenever one of the following conditions is satisfied : 1) the
category Rj-mod has only one type of simple modules (in particular this holds if
Ry is a local ring), or more generally if 2) every finitely generated and projective
module in R;-mod is faithful, 3) R; has only two idempotents 0 and 1 (in particular
if Ry is a domain).

It is obvious that the problem of when the functors Ind and Coind are isomorphic
may be considered in the non graded case too. More exactly, if v : R — S is a ring
morphism, we can define the Induced functor S ®z — : R-mod — S-mod and the
Coinduced functor Hompg(gSs, —) : R-mod— S-mod which are respectively the left
and the right adjoint of the restriction of scalar functors v, : S-mod— R-mod.
These two functors are isomorphic if and only if (see Theorem 3.15) ¢ : R — S is a
(left) Frobenius morphism in the sense of KASCH [K] (see also [NT]). In particular
we get that these “left” functors are isomorphic if and only if the corresponding
“right” functors are isomorphic. Using results of graded ring theory, we get in 3.18
new examples of Frobenius morphisms.

Although there is a great similarity between the definitions of the functors Ind and
Coind in the graded and non graded cases, the problems discussed in Section 3 seem
to require different treatments for the two cases. The unification of the two cases
may be done using a category which is more general then the categories R-gr and
R-mod, namely the category (G, A, R)-gr, where A is a G-set. This is what we do
in Section 2. More exactly, if f : G — G’ is a group morphism, A is a G-set, A’ is a
G'-set and ¢ : A — A’ is a map such that ¢(ga) = f(g)p(a) for every g € G,a € A,
and R is a G-graded ring, R is a G'-graded ring and ¢ : R — R’ is a ring morphism
such that ¥(R,) C R, for every g € G, the system T' = (f,p, 1) allows us to
define the functors

T.: (G A" R)-gr— (G, A, R)-gr ,

T : (G, A, R)-gr — (G, A", R)-gr ,

and
T:(G,A R)-gr— (G' A, R)-gr .

The functor T}, is exact, T* is a left adjoint of T, and T is a right adjoint of T}. Since
T* (resp. T) is a left adjoint (resp. right adjoint) of the functor T, we can consider
the unity o : 1(g a,r)-gr — T o T* (resp. the counity 7 : T o T — LG a,r)-gr ) of
this adjunction.

In §2 we investigate when the morphism ¢ is an isomorphism. In this case 7 is an
isomorphism too (Theorem 2.6). The main results are contained in Theorems 2.6,
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2.9, 2.18, 2.21, 2.24, 2.27, 2.38. We remark that Theorem 2.24 is a generalization of
a well-known result of Dade ([D], Theorem 2.8).
The situations studied in §2 and §3 may be considered in a more general context,
namely for functors between Grothendieck categories. This is what we do in the
first section. The results of §1 are then used in the other two sections.

Let us add some final remarks concerning section 3. If we have a graded ring
R = @geq Ry such that the group G is finite, then the induced and coinduced
functors in the graded and non graded cases are R ®g, — : Ry-mod — R-gr
and Homg, (g, Rr, —) : Ri-mod — R-gr , and R ®p, — : Ri-mod — R-mod and
Hompg, (r, Rr, —) : Ri-mod — R-mod, respectively.
Clearly if the functors Ind and Coind, in the graded case, are isomorphic, then the
corresponding non graded functors are also isomorphic. Example 3.21 shows that
the converse does not hold.

0 Notations and Preliminaries

All rings are associative, with identity 1 # 0 and all modules are unital. Let
R be a ring. R-mod (resp. mod-R) will denote the category of left (resp. right)
R-modules.
Let G be a multiplicative group with identity element “1”. A G-graded ring is a ring
together with a direct sum decomposition R = @, R, (as additive subgroups)
such that RyRy, C Ry, for all g,h € G. The set Supp(R) = {9 € G | R, # 0} is
called the support of R.
R is called a strongly graded ring it RyR);, = Ry, for all g,h € G. It is well known
(see [NV]) that R is a strongly graded ring <= R R,~1 = R, for every g € G .
A (left) G-set is a non-empty set A together with a left action of G on A given by
Gx A— A, (g,a) — ga, such that la = a for all a« € A and (g¢')a = g(¢'a) for
all g, € G, a € A.
If H is a subgroup of G then the set of left cosets G/H = {gH ; g € G} with
G-action given by ¢(¢'H) = gg'H for g,¢' € G, is a G-set. Given a G-graded ring
R, we set R") = @, yR,. Then R is an H-graded ring.
Given a left G-set A, a left graded R-module of type A is a left R-module M such that
M = @,caM, where each M, is an additive subgroup of M and forallg € G, a € A
it is RgM, C My, .
It M=8&,aM, and N = @,c4 N, are left graded R-modules of type A, then a
graded morphism f : M — N is an R-linear map such that f(M,) C N, for all
a€ A If f: M — N is a graded morphism we will denote by f, : M, — N, the
corestriction to N, of the restriction of f to M,, a € A, and we will call it the
a-component of f.
(G, A, R)-gr will denote the category of left graded R-modules of type A and graded
morphisms. (G, A, R)-gr is a Grothendieck category (see [NRV]).
If G = A with the natural left action of G on itself, then (G, G, R)-gr is just the
category R-gr of left graded R-modules.
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Let A be a G-set. For each a € A the a-suspension R(a) of R is the object
of (G, A, R)-gr which coincides with R as an R-module, but with the graduation
defined by

R(a)y = P{R, | g € G, ga =b} forbe A.

The family (R(a))qc4 is a system of projective generators of (G, A, R)-gr (see [NRV]).

1 General results on adjoint functors

1.1. Let A and B be Grothendieck categories. Throughout this section we will
assume that U : B — A is a covariant functor having a left adjoint 7" : A — B and
a right adjoint H : A — B. Note that U is exact and that T is right exact, while H
is left exact.
Let

a__ : Homp(T,15) — Hom(14,U)

and
v-.— : Homu(U,14) — Homp(15, H)

be the adjunction isomorphisms. Let
c:1y—UoT |, (:1p3— HoU
be the unities of these adjunctions and let
p:TolU—1g , T:UoH — 1y
be the counities of these adjunctions. For every L € A and M € B we have :
or = arrw(lrw) : L — U(T(L)) ,
PM = O‘I_J%M),M(lU(Mﬂ :T(UM)) — M,
v = YvoonLoan) : M — HU(M)) ,
7L = V(). (Luw) : UH(L)) — L .
It is well known that :
1) apu(f) =U(f) ooy for every f € Homg(T (L), M)
2) gy (h) = pa o T(h) for every h € Homu(L, U(M))
3) vu,2(9) = H(g) o Cu for every g € Homa(U(M), L)
4) Y3 (0) = 7, 0 U(¢) for every ¢ € Homp(M, H(L))
It follows that :
a) U(par) © ovan) = Loy
b) prry o T(oL) = 17,

¢) H(t) o Crry = Lu)
d) Ty 0 U(Cur) = Loy -

1.2. Assume that o is a functorial isomorphism. For every L € A let n, =
Yry.(or). Then n, = H(op") o Cpry © T(L) — H(L) and the ny’s, L € A,
define a functorial morphism n : 7" — H .
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. . . . . 1 1
Similarly, whenever 7 is a functorial isomorphism, we set A\, = a H(L) (17), for

every L € A. Then A\, = pg) o T(77") and the A\.’s, L € A, define a functorial
morphism A : T — H.

Theorem 1.3 Assume that o and T are functorial isomorphisms and that T'(L) ~
H(L) in B, for every L € A. Then n and A are functorial isomorphisms.

Proof. For every L € A, let 81, : T(L) — H(L) be an isomorphism in B. In view of
3) and 4) of 1.1 we get :

H(TU(T(L)) oU(H(or)ofz))o CrL) =

= V()0 w)(Vriny oy H (L) 0 0r)) = H(ar) o 0y, .

As 1y(r(ry), or and 6 are isomorphisms it follows that (rz) and hence also n; =
H(op") o Cp(r are isomorphisms.
Similarly in view of 1) and 2) of 1.1 we get

prry o T(U(T(11) 0 01) o ovm(r)) =

= O‘(;%H(L)),H(L)(O‘U(H(L))vH(L)(T(TL) 0f)) =T(r1)00L

so that pg(r) and hence also A\p, = pr(r) o T(TL_l) are isomorphisms.

1.4. Let
C={MeB|UM)=0}

It is well known that C is a localizing subcategory of B i.e. C is closed under
subobjects, quotient objects, extensions and under arbitrary direct sums.

Let t be the radical associated to C. For every M € B, t(M) is the largest subobject
of M belonging to C. We will say that M is C-torsion if t(M) = M and that M is
C-torsion free if t(M) = 0.

Lemma 1.5 For every M € B, we have:
1) t(M) < Ker(Cur) ;
2) Im(par) < N for every N < M such that M/N € C.

Proof. 1) Let i : ¢(M) — M be the canonical injection. Then, from the commuta-
tive diagram

t(M) ! M
Ct(M)l lCM
H(U(t(M))) Sy H(U(M))

as U(t(M)) =0, we get (p0i =01ie. t(M) < Ker(Cy) -
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2) Consider now an exact sequence

0—>NLMIM/N—0

and assume that M/N € C. Then U(j) : U(N) — U(M) is an isomorphism so that,
from the commutative diagram

(T o U)(N) e (T o U)(M)
PNl lpM
N J M

we get Im(par) = Im(j o py) so that N = Im(j) D Im(pnr) -

Proposition 1.6 Let M € B.

1) If o is a functorial isomorphism, then Ker(py) and Coker(par) belong to C
and Im(par) is the smallest subobject N of M such that M /N belongs to C.

2) If T is a functorial isomorphism, then Ker(Cy) and Coker(Cyr) belong to C
and Ker(Cy) = t(M).

Proof.
1) In view of a) of 1.1 we have

Ulpam) o ovny = oy -

Therefore, as oy (ar) is an isomorphism, U(pas) is an isomorphism too. Since U is an
exact functor we get that Ker(pys) and Coker(pys) belong to C. Apply now Lemma
1.5.

2) In view of d) of 1.1 we have :

Tumny © U(Cm) = Lo -

The conclusion follows from this fact in a way analogous as in 1).

Proposition 1.7 1) For every L € A, H(L) is C-torsion free. Moreover it has the
following property : for any diagram in B of the form

0 — X' - X Coker(u) — 0

H(L)

with Coker(u) € C, there exists a unique morphism in B, g : X — H(L), such that
gou=f (i.e. H(L) is C-closed in the sense of Gabriel).

2) If T is a functorial isomorphism, for every M € B, Im((y) is an essential
subobject of H(U(M)).
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Proof.

1) In view of [G], Lemma 1 page 370, it is enough to show that for every map
u: X’ — X such that Ker(u) and Coker(u) belong to C, the map Hom(u, H(L)) is
an isomorphism. We have the commutative diagram

Hom (U (X), L) = Homp (X, H(L))
HomA(U(u),L)l lHoms(uvH(L))
Hom4(U(X'"), L) L Homgp(X', H(L))

As U(u) is an isomorphism, Hom(u, H(L)) is an isomorphism too.

2) Let H(U(M)) L Ybea morphism such that M oy H(U(M)) L. ¥ is a monomor-
phism. We have to prove that f is a monomorphism. As U is a left exact functor,
we have that U(f o (y) = U(f) o U(Cy) is a monomorphism. Since 7y(pr) is an
isomorphism, by d) of 1.1 we get that U((ys) is an isomorphism. Thus U(f) turns
out to be a monomorphism and hence Ker(f) € C. By 1), H(U(M)) is C-torsion
free and therefore Ker(f) = 0.

Proposition 1.8 Assume that o and 7 are functorial isomorphisms. Let L € A.
Then :

1) Ker(ng) and Coker(nr) belong to C ;

2) Ker(Ar) and Coker(Ar) belong to C.

Moreover Ker(ny) = t(T(L)) =Ker(Ar) and Im(ny) is essential in H(L).

Proof. Asn, = H(o;") o (rzy and Ay = pg(zyo T(7; "), by Proposition 1.6 we get
1) and 2). By 1) of Proposition 1.6, H(L) is C-torsion free and hence T'(L)/Ker(nz,)
and T'(L)/Ker(AL) are C-torsion free so that Ker(n,) = ¢(T'(L)) = Ker(AL).
Finally, by 2) in Proposition 1.7, Im(n;) is essential in H(L).

Proposition 1.9 Assume that o is a functorial isomorphism and that, for every
MeB, T(UM))~HU(M)). Then, for every M € B, we have

M ~t(M)® M/t(M) .
Moreover M/t(M) is C-closed.

Proof. Let M € B. By 1) of Proposition 1.6, the kernel of py : T(U(M)) — M
belongs to C. As T(U(M)) ~ H(U(M)) and as, by Proposition 1.7, H(U(M)) is
C-torsion free, we get that Ker(pa) =0 .

Consider now the diagram

0o — T(U(M)) _m M

1T(U(M))l

T(U(M))
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Again by 1) of Proposition 1.6, Coker(pys) € C so that, being T'(U(M)) ~ H(U(M))
C-closed we have a morphism 0y : M — T(U(M)) such that dyr o pyr = Lrw ().
Hence M = Im(py;) @ X for some object X € B where X ~ Coker(py) € C. Hence
X Ct(M). Since M/X ~ Im(py), then M/X is C-torsion free and therefore we get
X =t(M). Hence M ~ t(M) & M/t(M) .

Lemma 1.10 Let F : A — B be a left adjoint of a functor G : B — A. Then F' is
a category equivalence iff G is a category equivalence. In this case F'o G ~ 1z and
GoF ~ 1A .

Proof. Assume that F' is a category equivalence and let G’ : B — A be a functor
such that G’ o FF ~ 14 and F o G’ ~ 15. Then G’ is a right adjoint of F' so that
G ~ G'. It follows that F'o G ~ 15 and G o F' ~ 1 4. In particular, we get that G is
a category equivalence. The converse follows by duality.

Proposition 1.11 The following assertions are equivalent :
(a) T is a category equivalence ;

(b) U is a category equivalence ;

(c) H is a category equivalence.

Moreover, if one of these conditions is satisfied, T' ~ H.

Proof. The equivalence among (a),(b) and (c) follows from Lemma 1.10. The last
statement follows by the uniqueness of the left (or right) adjoint.

Proposition 1.12 If o : 14 — UoT (resp. 7 : U o H — 1p) is a functorial
isomorphism, then U is a category equivalence <= p:TolU — 1p (resp. ¢ : 1 —
HoU) is a functorial isomorphism.

Proof. Assume that U is a category equivalence. Then, by Lemma 1.10, there is a
functorial isomorphism p' : T o U — 1g5.
Let M be an object in B. Then we have, by 1) and 2) of 1.1,

Phr = Oél_J%M),M(O‘U(M),M(pIM» = pa o T(U(phy) © ou(any) -

As ply; and o) are isomorphisms we get that pys is an isomorphism.
The converse is trivial.
The proof for 7 instead of ¢ is analogous.

Corollary 1.13 Assume that 0 : 14 — UoT and 7 : U o H — 1 are natural
equivalences.

Then the following statements are equivalent :

(a) p:T oU — 1g is a functorial isomorphism;

(b) C:1p — HoU is a functorial isomorphism;

(c) T is a category equivalence;

(d) U is a category equivalence;

(e) H is a category equivalence.

Moreover, if one of these conditions is satisfied, n : T" — H and \ : T — H are
functorial isomorphisms.
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Proof. It follows from Propositions 1.11, 1.12 and Theorem 1.3.

We end up this section with some general facts that will be useful in the sequel.

Lemma 1.14 Let C be a Grothendieck category, £ : C7 — Cs be a morphism in C.
Then & is an isomorphism iff Home (&, -) : Home(Cy, ) — Home(Ch, +) is a functorial
1somorphism.

Proof. Assume that Home (&, -) is a functorial isomorphism and let K be a cogener-
ator of C. Then Home (€, K) : Home(Cs, K) — Home(Ch, K) is an isomorphism. As
the functor Home(—, K) is faithful, it is easy to get that £ is both an epimorphism
and a monomorphism in C.

Proposition 1.15 Let C and D be Grothendieck categories and let F,G : C — D
be rightexact covariant functors that commute with arbitrary direct sums. Assume
that (L;)icr is a family of generators of C and that, for every i € I, an isomorphism
0, : F(L;)) — G(L;) is given such that, for every morphism « : L; — Lj in C,
i,jel, itis O, o F(a) = G(a)oly, .

Then, for every L € C, there is an isomorphism 0y, : F(L) — G(L) . Moreover if
the L;’s are projective, the 0;°s, L € C, define a functorial isomorphism 0 : F — G.

Proof. Assume that L = @,crA; where Ay € {L; |i € [} foreveryt. Let e : Ay — L
and m; : L — A4, t € T, be resp. the t-th canonical injection and projection. As F
and G commute with direct sums there is a (unique) morphism 60, : F'(L) — G(L)
such that 0,0 F (€;) = G(€;)o04, for every t € T It follows that G(m;)of, = 0,0 F (m;)
for every t € T.

Let now L' = @pep Ay where Ay € {L; | i € I} for every t’ and let « : L — L' be
a morphism in C. Then 01, o F'(a) = G(«) o 0. In fact, in view of our assumptions,
for every t € T and t' € T" we have :

G(my) o (O 0 F(a)) o F(er) = 0p, o F(mpoaoe) =G(mpoaoe)oly =
= G(my) 0 G(a) 0 G(er) 0 Oa, = G(mrr) o (Ge) 001) 0 F(er) -

Let now L be an arbitrary object of C. Then, in C, we have an exact sequence of the

form :
LS L, 5L =0

where Ly and Lo are direct sums of objects belonging to {L; | i € I}. By the
foregoing, we have the commutative diagram with exact rows :

FL) —2 o pry —F9 L Py — 0
eLll eLQl
GL) —2Y o G,y —9 L gy — 0

where 67, and 6, are isomorphisms. It follows that there is a unique morphism



530 C. Menini — C. Nastasescu

01, : F(L) — G(L) such that 0,0 F(3) = G(8) 00L,. Moreover 6, is an isomorphism.
Assume now that the L;’s, i € I, are projective and let f : L — L' be a morphism
in C. We have to prove that

O o F(f)=G(f)obL (1)
As before, for L' we have an exact sequence in C :
PR PRy SR

where L) and L} are direct sums of objects belonging to {L; | i € I} and 00 F (') =

G(B') o0, .

Since L is projective, there exists a morphism ¢ : Ly — L such that fo3 = ('og :
L L L
gl Lf

r 2o =0

As F(f) is an epimorphism, to prove (1) is equivalent to prove :
0o F(f)o F(B)=G(f)obLo F(B)  (2)
We have :
O 0 F(f) o F(5) = b 0 F(#) 0 F(g) = G() 0 0, 0 F(g) =
= G() 0 Glg) 0 b1, = G(f) 0 G(B) 0 O, = G(f) o b 0 F(P)

where 01, o F'(g) = G(g) o 0r,, in view of the foregoing results concerning direct
sums of L;’s.

Lemma 1.16 Let (L;)icr be a family of generators of a Grothendieck category C.
Let F,G : C — D be right exact covariant functors that commute with arbitrary
direct sums.

Let € : F — G be a functorial morphism. If er, : F(L;) — G(L;) is an isomorphism
for every i € I, then € is a functorial isomorphism.

Proof. For every L € C we have an exact sequence of the form
L %Ly 5L —0

where L; and Ly are direct sums of objects belonging to {L; | i € I}. By our
assumptions, we have a commutative diagram with exact rows :

F(L) — 2 p(L,) Gl F(L) — 0
ELll ELQl ELl
G(L1) L (L2) L GL) — 0

Since €, and €r, are isomorphisms, €, is an isomorphism too.
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2 Applications

2.1. Let f : G — G’ be a morphism of groups, let A be a left G-set, A’ a left G'-set
and assume that a map ¢ : A — A’ is given such that

w(ga) = f(g)p(a) for every g € G,a € A .

Let R and R’ be graded rings over the groups G and G’ respectively and let v :
R — R’ be a ring morphism such that

V(Ry) C Ry, for every g € G .

Set T = (f, . ).
Let T, : (G', A", R')-gr — (G, A, R)-gr be the functor defined by setting, for every

M e (G' A, R)-gr
T.(M) = D "M@
a€cA
where “M,q) = My(q) for every a € A.
For every m € M, let “m denote the element of “M,,) which coincides with m.
The multiplication by the elements of R on T,(M) is defined by setting

rgm = (¢ (rg)m)

foreveryge G, a€ A, ry € Ry, m € My, .
For every a € A, we have

(T.(M)), ~ Homgr v r)-gr (R (0(a)), M)

so that
T* (M) ~ @ Hom(G/VA@R/)_gr(R’(gp(a)), M) .

a€A

The functor T, is a covariant exact functor.
Let T*: (G, A, R)-gr — (G', A’, R')-gr be the functor defined by setting, for every
L e (G, A R)-gr,

T*(L)=R ®gr L

endowed with the A’-gradation defined in the following way :

(T*(L))a = subgroup of R’ ®pr L spanned by the elements of the form 7\ ® {,, where
ANeG, ae A M(a)=4d, r\eR,\, l, €L, , for every ' € A'.

The functor T is a covariant right exact functor and it is a left adjoint of the functor
T, (see [Ma]).

The adjunction isomorphism

(67 HOm(G/7A/7R/)_gr (T*, 1(G/,A/,R/)—gl"> — Hom(G,A,R)—gr(1(G,A,R)-gr7 T*)
is defined as follows : for every L € (G, A, R)-gr, M € (G', A’, R')-gr

xr M- HOm(G/7A/7R/)_gr (T*(L), M) — HOm(G’AR)_gr(L, T*(M))
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is defined by
(arn(u))(le) = (1 ® la) € My(a) = (Tu(M))a

for every w: T*(L) — M morphism in (G, A’, R')-gr, a € A, {, € L,, and extending
it by linearity.
Moreover, we have :

04271]\/[ : HOm(G’AJ{)_gr(L, T*(M)) — HOm(G/7A/7R/)_gr (T*(L), M)
is defined by
() (' ® La) = r'v(l)

for every v : L — T,(M) morphism in (G, A, R)-gr, a € A, ' € R', {, € L,, and
extending it by linearity.
Consider now the functor T': (G, A, R)-gr — (G', A, R')-gr defined by

T(L) = b (T(L))o L e (G, A, R)-gr

where

(T(L))ar = Homg,a r)-gr (Te(R'(a')), L)
for every o’ € A', and given ¢’ € G', 1, € R, o' € A, { € (T(L))a/
6 TR (gd) — L
is defined by setting
rg€ =& o))
where it R'(g'a") — R'(a’) is the right multiplication by r}, on R'.

The functor T is left exact and it is a right adjoint of the functor T} (see [My]).
The adjunction isomorphism

v : Homg a,r)-gr (T, L(a,a,r)-gr) — Homar ar ry-gr (1, ar,my-gr, T)
is defined as follows : for every M € (G', A', R')-gr, L € (G, A, R)-gr
YM,L - HOm(G’A7R)_gr(T*(M), L) — Hom(G/,A/,R/)—gI"(Ma T(L))

is defined by

(yar,L(w)(mar) = wo Tl ptm, ) |
where fi,, , : R'(a’) — M is the right multiplication by m, on M , for every
u:Ty(M) — L morphism in (G, A, R)-gr, o’ € A', my € My, and extending it by
linearity.
Moreover we have :

iz Homer v pry-gr (M, T(L)) — Homg,a,p)-gr (T(M), L)

is defined by
(VL (V) (Mepa)) = V(Mipa)) (1)
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for every v : M — T(L) morphism in (G', A’, R')-gr, a € A, My € (Tu(M)), =
M, and extending it by linearity.
Let L € (G, A, R)-gr. We have :

or = OéL,T*(L)(lT*(L)) L — T*(T*(L))

O’L(fa) =1®/{(, € T*(T*(L))a = (R/ QR L)w(a)
for everya € A, {, € L, ,

=25, (aay) s TUT(L)) — L

1.(§) = &(1), for every & : T.(R'(¢(a)) — L morphism in (G, A, R)-gr, a € A.
Let M € (G', A, R')-gr. We have :

PM = O‘;*I(M),M(]-T*(M)) :THT(M)) — M

pur (1’ ® Typ(a)) = 1" Ty

for everya € A, " € R, Ty(a) € Mya) = (Ti(M)),
v =y on(r. o) - M — T(T*(M))

Cu(zar) = Tu(pha,,)

where o’ € A, 2y € My and p, , : R'(a’) — M is the right multiplication by x, on
M.

2.2 Examples

1. Let A be a left G-set, H a subgroup of GG, B a subset of A such that hB C B for
every h € H. Set T = (f,¢,%) where f : H — G, ¢ : B~ A, ¢ : R) — R are
the canonical injections. Then the left and right adjoints of the functor

T.=T% . (G A R)-gr — (H,B,R™)-gr
M — MP) =@, pM,

are the functors T* = S and T = Sp as introduced in [NRV].
Given L € (H, B, R'D)-gr, one has :

SB(L) =R & gH) L
equipped with the A-grading : (SP(L)), = subgroup of R ®pim L spanned by the
elements of the form r,® ¢, , g€ G, be B, gb=a, rg € Ry, by € Ly .
Sp(L) = @aeca(Ss(L))a , where, for each a € A,
(S5(L))a = Homyy g gan)-gr(T7(R(a)), L) = {f € Hompan (R, L) | f(Ry) =0

if ga ¢ B and f(R,) C L, if ga € B}
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In particular if A = G, B = H = {1}, then the left and right adjoints of the functor
T = (=) : R-gr — Ry-mod, M + M;, are those defined in [N]. Following the
terminology in [N], the functor S will be denoted in this case by Ind and called
the (left) induced functor, while the functor Sp will be denoted by Coind and called
the (left) coinduced functor.

Note that, given L. € R;-mod and g € G, one has :

(Coind(L)), = {f € Homg, (R, L) | f(Ry) =0 Yh#g '} .

2. In the situation of 2.1 assume that G = G, R = R and T' = (1¢, ¢, 1g). Then
the left adjoint of the functor

T.=95, : (GA,R)-gr — (G,A R)-gr
M = GBaEAaMGD(a)

where *Mq) = M(q), is the functor 7% = T, as introduced in [NRV]. Given
L e (G,A,R)-gr T,(L) is the R-module L with the A’-gradation defined by

(T,(L), =®{Ls | a€ A, pla)=0d'} forad eA .
Moreover one has, in this case,

(T(L)y =[[{La | a € A, p(a)=d'}  fora' € A".

Civen g € G, 1, € Ry, 7% = (14) aca it is

p(a)=a’

where

/

gga = (yb) beA and Yb = TgTg—1p -
»(b)=ga’

In particular if A’ is a singleton with G acting trivially on it, then (G, A’, R)-gr =
R-mod, and T* = U, the “ forgetful functor”

U:(G,A,R)-gr - R-mod .
T, is its right adjoint, usually denoted by F/,
F: R-mod — (G, A, R)-gr .

Given M € R-mod, F(M) = @,ca"M where *M = M for every a € A.
Forge G, ac A, ry € Ry, m € M we have :

rom =9(rym) .
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3. In the situation of 2.1, assume that G = G' = A= A" = {1} and T = (1¢, 14, v).
Then (G, A, R)-gr=R-mod, (G',A’",R') = R-mod, and ¢ : R — R’ is just a ring
morphism. In this case T, is the restriction of scalars functor 1, : R'-mod — R-mod,
where if M € R'-mod, ¥.(M) = M and the structure of left R-module is given by
r*m = (r)m for any r € R . Moreover T* = R' ® g — : R-mod — R'-mod, where
here p/R'; is considered as an R’-R-bimodule and also T = Hompg(gr Ry, —) : R-mod
— R'-mod, where here p R, is considered as an R-R’-bimodule.

The functor R’ ®p — (resp. Hompg(rRy,—) ) is called the (left) Induction (resp.
(left) Coinduction) functor.

2.3. Our present aim is to apply the foregoing results in §1 to the functors 7., T*, T
For this purpose we investigate whenever ¢ and 7 are isomorphisms. In the following
we will use the notations and hypotheses of 2.1.
Lemma 2.4 Letw : R ®r R — R be the map defined by
w(r' @ r) =r"y(r) reR rekR.
Then, for every a € A, w can be regarded as an isomorphism in (G', A', R')-gr,
wa : T"(R(a)) = R(p(a)) -
Proof. It is well known that w is an isomorphism of left R’-modules. Let o’ €
A, Ne G, a e Asuch that Ap(a) = a' and let 7y € R}, g € G such that ga = «
and ry € Ry. Then rii(ry) € R, and
Af(g)e(a) = Ap(ga) = Ap(a) =d .
Therefore wa((T*(R(a)))a/) C (R(p(a)))e and w, is a morphism in (G', A', R')-gr.

Lemma 2.5 For everya € Aletv, : Homg ar)-gr(R(a),-) — ( )a be the functorial
isomorphism which evaluates the morphisms in 1g € R(a), . Then

Va © Hom(G,A,R)—gT‘(T*(wa> O OR(a); * )
is the restriction of T to Homg, a,ry-gr(T+(R'(0(a)), - ) = (TxoT), .
Proof. Let L € (G, A, R)-gr and § € Hom g 4,r)-gr(Tx(R'(#(a))), L) . Then
(va © Homyg . my-gr (T (wa) © 0ngays L)) (€) = (€ 0 Tu(wa) © o)) (1r) =

= {(Tu(wa)(1r ® 1g)) = E(Ir(1R)) = E(1r) = 71(§) -

Theorem 2.6 o : 1(g ar)-gr — Tx o T" is a functorial isomorphism if and only if

7T, 0T — 1(GA,R)-gr 1s a functorial isomorphism.
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Proof. In view of Lemma 2.5, 7 is a functorial isomorphism whenever o is.
Conversely, assume that 7 is a functorial isomorphism. Then, always by Lemma
2.5, for each a € A, Hom(g,4,r)-gr(T%(wa) © OR(a), - ) is a functorial isomorphism, so
that, in view of Lemma 1.14, T\ (w,) © 0g(q) is an isomorphism in (G, A, R)-gr. As,
by Lemma 2.4, T\(w,) is an isomorphism, we get that op(,) is an isomorphism in
(G, A, R)-gr. Therefore, by Lemma 1.16, o is a functorial isomorphism.

2.7. Given a left G-set A, for every a,a € A we set

Co={geG|ga=a}.

Clearly, given g € C%, f(g)p(a) = ¢(ga) = o(a) ie. f(g) € C:j((gg . Therefore
b(®1R | g€ Ca}) CO(Ry | o € CLL}-

We denote by v the corestriction to @{R,, | g’ € C:j((; } of the restriction of 9 to
S{R, [ g€ Ca}.

Moreover we set

X" = Tu(wa) © O(a) : R(a) — T.(R'(¢(a))) -

Lemma 2.8 For every a,a € A the a-component, x% of x* coincides with Y2 .

Proof. We have

X% R(a)a = B{Ry | g € C2} — Tu(R(p(a))a = R(p(a))pe
= ®{R, | g eCq}

o(a)

and, for every r € R(a),, it is :

Xa(r) =x"(r) = (Ti(wa) 0 0R@)(r) = Tu(wa) (1 ® 1) = wa(l @ 7)
= L-p(r) = (r) = ¥5(r) .

Theorem 2.9 0 : 1(g,a,r)-gr — Ts o T is a functorial isomorphism if and only if,
for every a,a € A,

U @Ry | g€ C) — Ry | o € CL
18 bijective.
Proof. In view of Lemma 1.16, o is a functorial isomorphism if and only if, for every
a €A, op@) : R(a) = T.(T*(a)) is an isomorphism in (G, A, R)-gr. By Lemma 2.4
this holds if and only if, for every a € A, x* = Ti(ws) 0 0R) : R(a) — TW(R'(p(a)))
is an isomorphism in (G, A, R)-gr. Given a € A, as x* is a morphism in (G, A, R)-gr,

it is an isomorphism iff, for every a € A, its a-component x2 is bijective. By Lemma
2.8, for every a,a € A, x& = 92 and we conclude.
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Corollary 2.10 If 0 : (g a,r)-gr — Ts o T™ is an isomorphism, then

1) for every g € G, Vg, is injective ;

2) for every a € A, if ¢ € Supp(R') and g'p(a) € Im(yp), then ¢’ € Im(f) ;
)R — RAMD) 4 surjective.

Proof.

1) Let g € G. Given a € A, then g € Cf for a = ga so that, by Theorem 2.9, 1,
is injective.

Note now that, as ¢¥(Ry) C R}, for every g € G, given a,a € A, ¥ is surjective

iff, for every ¢’ € C:j((gg, we have

Ry =2 {v(Ry) | g€ Canf(d)}-
2) Let ¢’ € Supp(R') and assume that, for a certain a € A, ¢'p(a) € Im(p). Then
g p(a) = p(a) for a suitable o € A i.e. ¢ € C:j((gg . As R, # 0, by the foregoing we
get [7H(g) #0 .
3) Let ¢ € Im(f) , ¢ = f(g) for a suitable g € G. Given a € A set & = ga. Then
o(a) = f(g)p(a) so that ¢' € C:j((gg and hence

Ry =% {¢(Rg) | g € Can f(g)} S Im(v) .

2.11 Example Let f : G — G’ be a group morphism and let K be any ring. Then
f induces, in a natural way, a ring homomorphism

=15 K|G] = K[G'] ,
where K[G] and K[G'] are the usual group rings over G and G’ respectively, such
that ¢k = 1x and ¢(g) = f(g) for every g € G. Let A=G, A' =G, ¢ =.

Then, given a, @ € G we have C% = {aa™'} and C:j((gg = {f(aa™")} . Since for every
g€ Gand k € K it is

U(kg) = kf(g) ,
we conclude that ¢ is bijective. Therefore, by Theorem 2.9 ¢ is an isomorphism.
Note that v is not injective if f is not injective.

2.12. Given a’ € A, we set
V" @{R(0) | be ¢ (a)} — Tu(R(d))

the codiagonal morphism of the family of morphisms {x* | b € ¢~*(a’)}. Clearly, if
p i) =0, V' =0.

Proposition 2.13 1) If 1 : R — R’ is injective, then, for every ' € A’, V¥ is
mjective.

2)IfY: R— RAM$)) s surjective and o’ € A’ is such that g'a’ € Im(p), with
g € Supp(R'), implies ¢ € Im(f), then V* is surjective.
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Proof. Let o/ € A'. As V¥ is a morphism in (G, A, R)-gr it is injective (resp.
surjective) if and only if, for every a € A, its a-component Vg is injective (resp.
surjective). By definition of VY, given a € A, Vg is the codiagonal morphism of
the family of morphisms {x% | b € ¢~!(a’)}. By Lemma 2.8, x* = ¢%, «a,b € A.
Moreover

(®{R() |bee™(d)}) =R, [geCl, bep ()} <R
and /
B{R, g eCo )} <R .
It follows that V¢ coincides with the corestriction ¢ to OIR, | ¢ € C;/(a)} of
the restriction of ¢ to (@{Rg lgeCl, be ga_l(a’)}) . Therefore V¢ is injective

whenever 1 is and 1) is proved.
2) Let v € A, ¢ € C;/(a) N Supp(R’). Then, in view of our assumptions, ¢’ € Im(f)

so that R, C Im(¢)). By the foregoing, we get that V@ =4 is surjective. Hence

/. . .
V% is surjective.

Corollary 2.14 Assume that ¢ : R — RUAMUD) s g ring 1somorphism and that,
for every ¢ € Supp(R') and a € A, ¢ p(a) € Im(p) implies g € Im(f), then, for
every a € A,

VAY  B{R(D) | b e o (p(a)} — Tu(R (p(a))

is an isomorphism in (G, A, R)-gr.

Proposition 2.15 Assume that o : 1g.ar)-gr — T o T" is a functional isomor-
phism. Then : R — R’ is injective if and only if ¢ : A — A’ is injective. Moreover,
in this case, V@ : R(a) — T.(R'(p(a))) is an isomorphism in (G, A, R)-gr.

Proof. Assume that ¢ : R — R’ is injective. Then, in view of Corollary 2.10, the
hypotheses of Corollary 2.14 are fulfilled and hence

D{R() | be ¢ (p(a)} = Tu(R (¢(a)) ,
for every a € A. On the other hand, given a € A,
X" = Ti(wa) © Ora) : Rla) — To(R'(p(a)))
is an isomorphism and hence we get :
R(a) = @{R(b) | b€ ¢ (¢(a))} .

Hence [p7!(p(a))] = 1 for every a € A, i.e. ¢ is injective.
Assume now that ¢ : A — A’ is injective. Then, given a € A, we have

T.(R(¢(a)) = D R (e(a))p(e) < R (p(a))

acA

and hence x* : R(a) — Ti(R'(¢(a))) coincides, in view of Lemma 2.8, with .
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Proposition 2.16 Assume that o : 1(g ar)-gr — T« o T* is a functorial isomor-
phism. If f|5upp(R) is injective, then also v : R — R’ and o : A — A’ are injective.

Proof. By Corollary 2.10, g, is injective, for every g € G.

Let r € R, r # 0. Write r = ngi where g; # g; for ¢« # j, gi,9; € G, and
i=1
0 # ry € Ry, for every i. Then 0 # ¢(ry,) € Ry, - As [ is injective, the f(gi)’s

are all distincts so that we get 0 # Y (ry,) = ¥(r). Therefore ¢ is injective and
i=1
hence, by Proposition 2.15, also ¢ : A — A’ is injective.

Remark 2.17 The converse of Proposition 2.16 does not hold. In fact let N # {1}
be a normal subgroup of a group G and let A = A" = G' = G/N. Let R = R’ be
any graded ring over G such that G = Supp(R). Let f : G — G/N be the canonical
projection and T = (f,14,1g). Then (G, A, R)-gr = (G', A’, R')-gr, o is obviously
a functorial isomorphism, v = 1g and @ = 14 are isomorphisms, but f is not
mjective.

Theorem 2.18 Assume that

1) ¢: A— A is injective;

2)¢Y: R — RAMUD) s g ring 1somorphism;

3) for every a € A, if ¢ € Supp(R') and ¢'p(a) € Im(p), then g € Im(f).

Then o : 1gar-gr — TeoT* and 7 : T\ o T — 1(G,a,R)-gr are functorial isomor-
phisms.

Proof. Let a,a € A, ¢ € C:j((gg N Supp(R’). By assumption 3), ¢’ € Im(f).
Therefore, by 2), R, C Im(¢) and hence R, = Y>{¢(Ry) | g € f~'(¢')}. Let

g € f7Yg"). Then p(ga) = f(g)p(a) = g'¢(a) = p(a) and hence, as ¢ is injective,
ga = a. It follows that R, = >{¢(R,) | g € C4Nf~'(¢g')} and hence 1 is surjective.
By 1) 42 is injective. The conclusion now follows by Theorem 2.9 and Theorem 2.6.

Remark 2.19 Note that the assumptions of Theorem 2.18 are, in practice, those of
Theorem 3.7 in [NRV]. For a list of examples fulfilling these assumptions see [NRV]
Remarks 3.9.

2.20. Assume that o : 1(gar)-gr — T o T" is a functorial isomorphism. Then,

by Theorem 2.6, also 7: T, o T — 1(¢,4,r)-gr is a functorial isomorphism and it is

straightforward to check that, in this case, n = X : T* — T. Given L € (G, A, R)-gr,
nr: T*(L) = R/ ®R L — @ HOm(G’AJ{)_gr(T*(R/(a/)), L)

a’'eA’

is defined by
(e’ @ 0)(s) = () (7))
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for every ¢ € G', a € A, ' = g'p(a), " € Ry, L € L, a € A,

s € (Tu(R(d))g = R(a)p) = ®{RY | ' € CLl} -

Note that this makes sense as, given t' € Cg;a), t'd'p(a) = t'd’ = () so that
t'g € Ceo( and s'r’ € Y{R), | v € Cw(ag}. Moreover, by Theorem 2.9,

) pla

Ue @R, | g€ Cl} — Y AR, | v' € CH}
is bijective.

Theorem 2.21 Assume that o : 1(g ar)-gr — T o T" is an isomorphism. Then
the following conditions are equivalent :

(a) T, is a category equivalence;

(b) T* is a category equivalence;

(c) T is a category equivalence;

(d) ¢ : Yar,ar,mry-gr — T o T. is a functorial isomorphism;

(e) p:T* 0Ty — L a r)-gr 15 a functorial isomorphism,

(f) for every o € A’, pry : (T* o T.)(R(a')) — R(d') is surjective;

(g) for every M € (G’ A" R-gr, par: (T* o T)(M) — M is surjective.

Moreover, if one of this conditions is satisfied n : T — T is a functorial isomor-
phism.

Proof. (a) <= (b) <= (¢) <= (d) <= (e) and the last assertion follow from
Corollary 1.13, in view of Theorem 2.6.

(e)= (f) is trivial.

(f)=(g) Let M € (G', A’, R')-gr. Then we have an exact sequence of the form

=@ R (@) > FH=@R() - M—0.

iel jeJ

As T* o T, is right exact and commutes with direct sums we get the commutative
diagram with exact rows :

(T*oT)(F}) ———— (T*oT)(Fs) —— (T*oT,)(M) — 0

- - o

Ey —_— £y _— M — 0

where the first two arrows are surjective. As pp, is surjective, also pys is surjective.
(g)=(e) In view of Lemma 1.16, p is a functorial isomorphism iff, for every o’ €
A', pri(ay is an isomorphism. By our assumption, pp/(. is surjective. Let K =
Ker(pr/(a)). In view of Proposition 1.6, T,.(K) = 0. On the other hand, by our
assumption, pg : (T* o T,)(K) — K is surjective. Therefore K = 0.
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Proposition 2.22 Leta' € A’. Then ppi(q is surjective iff there existn € N, aq, ...,

an €A, g€ C) m; eN, A, .., € C3.) % € Ry, wi € R/ such that
7 a i1 PYm l,D(Oé g J o

>o(ad ) =X 3 mw =1
=1 j=1 i=1j=1

Proof. As R'(d’) is a left R'-module spanned by 1 and pgi(e) is a morphism of
R'-modules, pp (. is surjective iff 1 € Im(pp/(q)) i.e. iff there exists an element
t € T*(T.(R'(a"))) such that pp@)(t) = 1. As 1 € R'(a’)y, we must have ¢t €
T*(T.(R'(a’)))a. Therefore there exist n € N, ai,...,an € A and, for every i =

1,..,n, g € Cee) e Ry, wi € R'(a)p(ay), such that

a

n

=) zQuw

=1

For every i = 1, ..., n, there exist m; € N, 71, .. ,”ym e C?

eo(a ) wj‘ € R;i such that

my )
= Z w} )
=1

Therefore
t:Zizi@)w; and 1:p(t)zzzz:ziw§
=1j=1 i=1j=1

Corollary 2.23 Assume that G'Im(p) = A" and R' is strongly graded. Then, for
every a' € A', ppiay 15 surjective.

Proof. Let o’ € A’. There exist ¢ € G',a € A such that a’ = ¢'¢(a). As R is

strongly graded we have 1 = ;ziwi where n € N, z; € Ry and w; € Rzg/)_l.
Setay =..=ap,=0a, gj=..=¢g,=¢, mi=..=m,=1,91 =...=97 =
(¢')7", wi =w'" As g'p(a) = a’ we have (¢')"'a’ = p(@) so that 77, ..., 77 € Cf(,),
wi € R; and

1

n m;

ZZzzw —Zzzwz— 1.

=1 j=1

Theorem 2.24 Assume that

1) ¢ is injective;

2)¢: R — RAMUD) s an isomorphism;

3) for every a € A, if ¢ € Supp(R') and ¢'v(a) € Im(p), then ¢ € Im(f);
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4) R is strongly graded;

5)G'Im(p) = A" .

Then o : Lgary-gr — LuoT™ , p:T"oTi — L ary-gr and X : T — T are
functorial isomorphisms.

Proof. It follows by Theorem 2.18, Theorem 2.21 and Corollary 2.23.

Corollary 2.25 Let H be a subgroup of a group G, let A be a G-set and let B be a
subset of A such that hB C B, for all h € H. Assume that :

1) gbe B, forge G and b € B, implies g € H ;

2)GB=A.

Let R be a strongly G-graded ring and let T' = (f, p, ) where f = canonical injection
H — G, ¢ = canonical injection B — A, 1 = canonical injection R — R.
Then the categories (G, A, R)-gr and (H, B, R'))-gr are equivalent, and this equiv-
alence is given by the functors T* and T.. Moreover \ : T* — T is a functorial
1somorphism.

Remark 2.26 The hypotheses of Corollary 2.25 are, in particular, fulfilled when
B = {x}, H = G, the stabilizer subgroup of x. Therefore Proposition 3.10 and
Corollary 3.11 in [NRV] can be derived from this result.

Theorem 2.27 Let T = (f,¢,v) be as in 2.1. Then the functors T* and T are
isomorphic if and only if the following conditions are satisfied :
1) for every o' € A’, T.(R'(a)) is finitely generated and projective in R-mod;
2) for every a € A, there exists an isomorphism in (G', A', R')-gr

ba - R (p(a)) = T(R(a))

such that, given ai,as, o0 € A, v € R(ag)q,, s € R(¢(a1))pa) it is
((0as (1)) -7 = Ous (1)) (- 0(r) (%)

Proof. First of all note that, as T = @y e 4 Homg 4 gy -gr(T. (R’( "), —), T is right
exact and commute with direct limits if and only if, for every o’ € A’, the functor
Hom(G Ary-gr(Tu(R'(a’)),—) is right exact and commute with direct limits. Let
a’ € A’. Then the functor Hom g a r)-gr(T%(R'(a')), —) is right exact if and only if
T.(R'(a’)) is projective in (G, A, R)-gr, if and only if - by Corollary 2.9 in [NRV] -
it is projective in R-mod. On the other hand, by slightly changing the usual proof
in R-mod, it is easy to show that the functor Hom g 4,r)-gr(Tx(R'(a’)), —) commute
with direct limits iff 7,,(R'(a’)) is finitely generated.

Now assume that T is right exact and commute with direct limits. Then, by
Proposition 1.15, there is a functorial isomorphism 6 : T* — T if and only if for
every a € A, there is an isomorphism

Or) : T"(R(a)) — T(R(a))
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such that, for every morphism p: R(a;) — R(az) in (G, A, R)-gr, ai,a2 € A, it is
Oy o T" (1) = T(1) 0 Ony . (%)
Given a family of isomorphisms satisfying (**), set
0, =0p, ow, " a€ A

where w, is as in 2.4. Then 6, : R'(¢(a)) — T(R(a)) is an isomorphism.
Let a1,a9 € A, r € R(as)q,, and let = p, : R(a1) — R(az2) be the right multipli-
cation by r. Then, from (**), we get

-1
ai

Or,, o T* (1) ow, ! =T obp, ow

and hence R
Oa, © Way © T () © wa_11 =T o0, .

It follows that
110 (B0, (1)) = (T(1) © 00, )(1) = (Bay © way 0 T*(11) 0w, )(1) =

= (0 0 wa, 0 T"(1)) (1 @ 1) = (b, © wa, (L@ 7) = b, (4(1)) -

Hence g1, 0 (04, (1)) = b, (¢(r)) -
Given a € A, s € R'(¢(a1))p(a) we get :

((Bar (0)(5)) 7 = (ttr © 0, (1))(5) = (B (¥2(1))) (5) =
= (V(1)0a,(1))(5) = 0, (1) (58())

and hence (*) is satisfied.

Conversely let 8, : R'(¢(a)) = T(R(a)), a € A, be a family of isomorphisms
satisfying (*). For every a € A, set Or(a) = 0a0w,. Then Og : T*(R(a)) — T(R(a))
is an isomorphism.

Let o : R(a1) — R(a2) be a morphism in (G, A, R)-gr. Set r = p(1). Then r €
R(as)q, and p = p,, the right multiplication by 7. Given a € A, s € R'(¢(a1))p(a)s
we have

[(Or(az) © T" (1)) (1 @ D)](5) = [(0a, 0 way) (1 @ 7)](s) =
= (0, (W (r)(5) = (B (1)) (5 - (7)) = ((6us (1))(5)) -7 =

= ((T(1r) 0 0a,)(1)) () = [(T(11r) © Opgar)) (1 @ D](5) -

Therefore

(Oraz) © T (1r)) (1 @ 1) = (T'(pir) © Opay)) (1 @ 1) .
As T*(R(a)) is a cyclic module spanned by 1 ® 1, we get

QR(az) oT" (NT’) = T(NT) © OR((M)

) is satisfied.

and hence (



544 C. Menini — C. Nastasescu

2.28. Assume that A = {a} is a singleton with G acting trivially on it. Then, for
each a’ € A,

Homg a,r)-gr (T%(R'(a')), R(a))

is a right R-module with respect to

(Er)(x) = &(x) -7,
¢:T.(R(d)) — R(a) morphism in (G, A, R)-gr, r € R, z € T.(R'(a')). It follows

that T'(R(a)) has a natural structure of R-module.
On the other hand T.(R'(a’)) = R'(a') ®g R is also a right R-module.

Corollary 2.29 Assume that A = {a} is a singleton. Then the functors T* and T
are isomorphic if and only if the following conditions are satisfied :

1) for every a' € A', R'(a')y(q) is finitely generated and projective in R-mod;

2) there exists an isomorphism in (G', A’, R')-gr

0: R (p(a)) = T(R(a))
that is also an isomorphism of right R-modules.

2.30. Assume that G = G', f =1g, R = R and ¢y = 1z. Then T = (1¢, ¢, 1r)
and, in view of Proposition 2.16 and Theorem 2.18, ¢ is a functorial isomorphism
iff o : A — A’ is injective. The following proposition shows that, even if ¢ is not
injective, the functors T* and T can be isomorphic.

Proposition 2.31 Let T = (1¢, ¢, 1) be as in 2.29. Then we have :
1) for every o' € A’ the morphism

VY @®{R(Y) | be ¢ (a)} — Tu(R(d"))

defined in 2.12, is an isomorphism in (G, A, R)-gr;
2) the functors T* and T are isomorphic iff, for every a' € A', the set p='(d’) is
finite.

Proof. 1) follows directly by Proposition 2.13.

In the sequel of the proof, for each o’ € A’, we identify, through the isomorphism
V', the direct sum @{R(b) | b € p~'(a’)} with T.(R(a')).

2) From 1) we get that, given o' € A, T.(R'(a)) is always projective in R-mod,
while it is finitely generated iff the set p~!(a’) is finite. Assume that this holds for
every a' € A’. Given a € A, we define

0, : R(p(a)) — T(R(a)) = b Hom g ,r)-gr(@{R(b) | b € o Ha)}, R(a))

@EA
by setting, for every o’ € A, g € G such that gp(a) = a’ and r, € R, C R(p(a))a

Ou(ry) - ®{R(D) | b€ ™ (a)} — R(a)
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to be the morphism which is the right multiplication by r, on R(ga) and 0 elsewhere.
Note that, since ¢(ga) = gp(a) = d’, ga € ¢~ *(d’). Clearly 6,(r,) is a morphism in
(G, A, R)-gr.

A routine checking shows that 6, is an isomorphism in (G, A’, R)-gr and that con-
dition (*) of theorem 2.27 is fulfilled so that T ~ T

Corollary 2.32 Let U : (G, A, R)-gr — R-mod be the forgetful functor. The right
adjoint functor F' of U, F': R-mod — (G, A, R)-gr is also a left adjoint functor of
U iff A is finite.

Proof. It follows by Proposition 2.31 after the Remarks in 2.2.2.

Remark 2.33 1) Part of Proposition 2.31 and Corollary 2.32 can be found in
[NRV].

2) The proof of 2) in Proposition 2.31 can be also done directly using the Remarks
m 2.2.2.

2.34. For every M € (G, A, R)-gr, let
Supp(M) ={a€ A| M, # 0} .
Supp(M) will be called the support of M.

Proposition 2.35 Let T' = (f,p,0) be as in 2.1. For every L € (G, A, R)-gr,
Supp(T*(L)) and Supp(T'(L)) are contained in G'Im(yp) .

Proof. Let L € (G, A, R)-gr. Recall that, given a’ € A’, (T*(L)), = subgroup of
R' ®p L spanned by the elements of the form 7, ® {,, where A € G', a € A, A\p(a) =
a, r\e R\, l, €L, . It follows that ' € G'Im(p) whenever (T*(L))s # 0 .
Assume now that 0 # (T(L))y = Hom g 4,r)-gr(Tx(R'(a')), L) . Then T\.(R'(a')) # 0
so that there is an o € A such that

0# (TW(R'(d)a = R(d)py= D Ry .
9'EC 0

Hence C;/(a) # () and therefore o’ € G'Tm(yp).

Corollary 2.36 Assume that o : (g a,r)-gr — TxoT* is a functorial isomorphism.
Then, for every L € (G, A, R)-gr, Supp(Ker(nr)) and Supp(Coker(n)) are contained
in G'Im(p).

Proof. Given L € (G, A, R)-gr, we have n, : T*(L) — T(L) . )
Hence Supp(Ker(n.)) € Supp(7*(L)) and Supp(Coker(nz)) € Supp(7'(L)) .

Proposition 2.37 Let T = (f,p,¢) be as in 2.1. Assume that R is a strongly
graded ring and let M € (G', A’, R')-gr be such that Supp(M) C G'Im(p) . Then, if
M #0, T.(M) #0.
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Proof. Assume that M # 0. Let ' € Supp(M), 0 # my € My . Then we
have a’ = ¢'p(a) for suitable ¢ € G', a € A . As R is strongly graded there are

n
n€ N, r1,...,tn € Ry, s1,....80 € Ry 1 such that 1 = ;risi . Then
1=

n
0Fmy =1-my = Zrisima/
i=1

and hence we get 0 # s;m, for some ¢, 1 < i <n. Then
0 # s;mgr € M(g/)—la/ = Mlp(a) = (T*(M))a
and hence T, (M) # 0 .

Theorem 2.38 LetT = (f,,%) be asin 2.1. Assume that o : 1(g.a,r)-gr — TeoT™

is a functorial isomorphism and that R is a strongly graded ring. Then n:T* — T
s a functorial isomorphism.

Proof. By Theorem 2.6 and Proposition 1.8, for every L € (G, A, R)-gr, Ker(ny)
and Coker (7)) belong to C = {M € (G', A", R)-gr | T.(M) = 0}.

By Corollary 2.36, Supp(Ker(n.)) and Supp(Coker(n)) are contained in G'Im(yp),
so that, by Proposition 2.37 we get Ker(n,) = 0 and Coker(n,) =0 .

Corollary 2.39 ([NRV] Proposition 3.10)

Assume that

1) ¢: A — A is injective;

2)¢:R— R s g ring isomorphism;

3) for every a € A, if ¢ € Supp(R') and ¢'v(a) € Im(p), then g € Im(f).
Then, if R is a strongly graded ring, n : T* — T is a functorial isomorphism.

Proof. Follows by Theorems 2.18 and 2.38.

2.40 Example Let T' = (f, ¢, ¢) be as in Example 2.11. Then, as we remarked in
2.11, o is a functorial isomorphism. Since R’ = K[G'] is a strongly graded ring, by
Theorem 2.38 n: T* — T is a functorial isomorphism.

3 Two particular cases

3.1. Let R be a G-graded ring. Set ¢ = f = canonical injection : {1} — G , ¥ =
canonical injection Ry — R. Let T' = (f,¢,%). Then, in this case, T, = (—)1 :
R-gr — Rj;-mod, M +— M, while T* = Ind : R;-mod — R-gr, the (left) induced
functor, and T = Coind : Ry-mod — R-gr, the (left) coinduced functor.

Recall that, given N € Rj-mod, Ind(N) is the graded left R-module M = R ®pg,
N, where M has the grading M, = R, ®p, N , g € G, and Coind(N) = {f €
Hompg, (R, N) | f(R,y) = 0 for almost every g € G} with the grading :

(Coind(N))y = {f € Homp, (R, N) | f(Rn) =0 Yh#g7'}.
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The right induced functor and the right coinduced functor from mod-R; into gr-R,
are defined in an analogous way.

From the foregoimg results we know that Ind is a left adjoint of (—); and that
Coind is a right adjoint of (—);. Hence (—); is an exact functor, Ind is right exact
and Coind is left exact. These facts were firstly proved in [Ny].

The adjunction and coadjunction morphisms have, in this case, the following form
(we use the notations of 2.1). Given N € R;-mod, we have : oy : N — (Ind(N)); =
(R®Rr, N)1, z+— 1®uz, for every x € N, 7y : (Coind(N;)); ~ Hompg, (R, N) —
N, £— £(1) .

Given M € R-gr, we have (3 : M — Coind(M1), Cu(xg) = (fa,)1 1 (R(9))1 — M,
where g € G, x, € My and p,, : R(g) — M is the right multiplication by x, on
M. Therefore (Cu(zg))(a) = ag-11,, for every a = > a, € R . It follows that, given

geG
reM, v= Za:g, we have
geG
(Cu(@))(a) =D a1z for everya= Y a, € R.
geG geqG

Moreover pyy : Ind(M;) = R ®g, My — M is defined by setting
pm(r @ xy) = ray for every r € R, x1 € M .

By Theorem 2.18, ¢ and 7 are, in this case, functorial isomorphisms. Hence, from
2.20, we learn that n = X : T* = Ind — T = Coind has the following form. For
every N € R;-mod,

ny : Ind(N) — Coind(N)

is defined by
(v (r ®@x))(s) = Z (sg-179)x
geG
for everyr € R, s € R, x € N.
Let
C={M e R-gr | M; =0}

and let ¢t be the radical associated to C. Then, by Proposition 1.8, we have that
Ker(ny) and Coker(ny) belong to C. Moreover Ker(ny) = t(Ind(N)) and Im(ny)
is essential in Coind(N). Still, by Proposition 1.6, we have that, for every M €
B, Ker(par), Coker(par), Ker(Car), Coker((ar) belong to C, Ker((y) = t(M) and
Im(pas) is the smallest subobject L of M sucht that M/L belongs to C.

From Theorem 2.21 and Theorem 2.24 we deduce the following form of a classical
result due to Dade (see [D] Theorem 2.8).

Theorem 3.2 Let R = @,.qR, be a G-graded ring. Then the following assertions
are equivalent :

(a) R is strongly graded;

(b) (—)1 is a category equivalence;
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(¢) Ind is a category equivalence;

(d) Coind is category equivalence;

(e) ¢ : 1r-gr — Coindo (=)1 is a functorial isomorphism;

(f) p:Indo (=) — 1g-gr is a functorial isomorphism;

(g) for every g € G, ppg) : Ind(Ry-1) — R(g) is surjective.

Moreover, if one of these conditions is satisfied, n : Ind — Coind is a functorial
1somorphism.

Proof. By Theorems 2.21 and 2.24, it remains to prove that (g)=(a). Given
g € G, there exists an element a € (Ind(Ry-1)), such that pgr(a) = 1. Write

n
a=3;",1®s; where n € N, r; € Rg, s; € Rg_l. Then we get Zrisi =
i=1

Pr(g(a) =1.

Remark 3.3 Let G be a non trivial group i.e. G # {1} and let R be an arbitrary
ring. Then R can be considered as a G-graded ring with the trivial grading : Ry = R
and Ry = 0 for every g # 1 . Obviously, in this case we have Ind ~ Coind but R is
not strongly graded.

Thus, in this case, we may ask the following question :

“If R is a graded ring and the functors Ind and Coind are isomorphic, how much
does R approach a strongly graded ring ?”

From the foregoing, we deduce the following :

Theorem 3.4 Let R be a G-graded ring. The following assertions are equivalent :
(a) the functors Ind and Coind are isomorphic;
(b) n: Ind — Coind is a functorial isomorphism;
(¢c) ) = nryow™ : R — Coind(Ry) , (7(r))(s) = Y sy1ry, r,s € R is an
geG
isomorphism and for every g € G, R, is projective and finitely generated in Ri-mod;
(d) there ezists an isomorphism 0 : R — Coind(Ry) in R-gr that is also a
morphism in mod-R, and for every g € G, Ry is finitely generated and projective in
Ri-mod.

Proof. As ¢ and 7 are functorial isomorphisms (see 3.1), (a) = (b) follows by
Theorem 1.3.

(b) = (c) is trivial.

(¢) = (d) It is easy to check that 7 is also a morphism in mod-R;.

(d) = (a) follows by Corollary 2.29.

Next theorem outlines a nice symmetry we have in this case.

Theorem 3.5 Let R be a G-graded ring. Then the left functors Ind and Coind are
1somorphic if and only if the right functors Ind and Coind are isomorphic.
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Proof. In the following we will denote the “right version” of whatever we introduced
before by using the same letter and ’ . Assume that the left functors Ind and Coind
are isomorphic.

Let g € G. As Ry-1 is finitely generated and projective in R;-mod, the evaluation
morphism, v : Ry-1 — Homy, o4 . (Hom R,-1,Ry), Ry), is an isomorphism
in R;-mod (see [AF] Prop. 20.17).

On the other hand 7 : R — Coind(R;) is an isomorphism in R-gr and, moreover, it
is a morphism in mod-R;. Therefore

Rl—mod(

Hom(7)y, Ry) ov : Rj~1 — Hom Ry, Ry)

mod-R; (

is an isomorphism. Given s,-1 € R, and ry € Ry we have :
[(Hom(i)g, 1) 0 v)(s4-1)(rg) = (v(54-1) 0 1))(rg) =

= vU(s4-1)(N)(rg)) = N(rg)(55-1) = 8417y = [ﬁ;—l(sg_lﬂ(rg) :
Therefore ﬁ;_l is an isomorphism. It follows that 7’ is an isomorphism.
As iyt Ry — Hole-mod(Rg—lle) is an isomorphism in mod-R,, and as R -1 is
finitely generated and projective in ?;-mod, we get that R, is finitely generated and
projective in mod-R; (see [AF] Prop. 20.17). By Theorem 3.4, the right functors
Ind’ and Coind’ are isomorphic.

Theorem 3.6 Let R be a G-graded ring. Assume that Ind ~ Coind and let g €
Supp(R). Then there exist elements a; € Ry, bj € Ry-1, 1 <i < n, such that for
every a € Ry, b € Ry we have:

a= (zn: aibi)a ) b= b(zn: aibi)
i=1 i=1

Proof. By Theorem 3.5, 1), : Ry — Homp 1\0q(BRg-1, R1), (7g(rg))(sg-1) = sg-17
rg € Ry, 541 € Ry-1, is an isomorphism. By the same theorem, R,-1 is finitely
generated and projective in Ri-mod. Thus, by the Dual Basis Lemma, there exist
bi,ba,....,b, € Ry1 and fi, ..., fn € Homp, (R,-1, Ry) such that for each b € R,-1 we
have

b= F(b)b

For every i = 1,...,n, there is an a; € R, such that f; = 1,(a;) . Hence

n

b= (fy(a:))(b)b; = ibaibi - b(f:l aib;) -

=1

Let ¢ = > ab;. Then b = be for every b € Ry and thus Ry-1(1 —¢) = 0. It
i=1
follows that R,-1(1 — ¢)Ry = 0 so that 7,((1 — ¢)Ry) = 0. As 1), is injective, we get

(1 —¢)R, =0 and hence a = (Zaibi)a for every a € Ry .
i=1
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Lemma 3.7 Let R = @ cqRy be a G-graded ring. If RyR;— = Ry for every
g € Supp(R) then H = Supp(R) is a subgroup of G and R = @pey Ry is an H-
strongly graded ring.

Proof. Let g, h € Supp(R) and assume that gh ¢ Supp(R) . Then 0 = Ry Rp-1 D
R, R, R, = R,. Contradiction.

Proposition 3.8 Let R = @ cq Ry be a G-graded ring. Assume that Ind ~ Coind.
If every Ry, g € Supp(R) is faithful as a left Ri-module, then H = Supp(R) is a
subgroup of G and R = @pcy R is an H-strongly graded ring.

Proof. Let g € Supp(R). By Theorem 3.6 there exist elements a; € Ry, b; €

R, (1 < i < n) such that we have a = (Zaibi)a for every a € Ry. Set ¢ =
i—1

I—Zaibi. Then cR, = 0 and hence, in view of our assumption, c = 0i.e. 1 = Zaibi.
i=1 i=1
Therefore RyR,~1 = R, for every g € Supp(R). Apply now Lemma 3.7.

Theorem 3.9 Let R = @ Ry be a G-graded ring. Assume that Ind ~ Coind.
If every finitely generated and projective module in Ri-mod is faithful, then H =
Supp(R) is a subgroup of G and R = @pcy Ry is an H-strongly graded ring.

Proof. Let g € Supp(R). Then, by Theorem 3.4 R, is finitely generated and
projective in Rj-mod. It follows, by our assumption, that R, is faithful. The
conclusion now follows by Proposition 3.8.

3.10. If A is a ring, we denote by €24 the set of all isomorphism classes of simple
objects in A-mod, i.e.

Q4 ={[5] | S is a simple left A-module}

and [S] ={S" € A-mod | §' ~ S} .

The ring A is called local if A/J(A) is a simple artinian ring (J(A) is the Jacobson
radical).

Clearly if A is local, then [Q24] = 1 (in general the converse is not true).

Now we can give one of the main results of this section.

Theorem 3.11 Let R = @ Ry be a G-graded ring and assume that Ind ~ Coind.
If- |Qg,| = 1 (in particular if Ry is a local ring) then H = Supp(R) is a subgroup of
G and R = @pcy Ry is an H-strongly graded ring.

Proof. Since |Qg,| = 1 every finitely generated and projective module in R;-mod
is a generator (see [AF] Theorem 10.4 and Proposition 17.9) and hence it is faithful.
Apply now Theorem 3.9.
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Theorem 3.12 Let R = @ Ry be a G-graded ring with the property that Ry has
only two idempotents 0 and 1 (in particular when Ry is a domain). Assume that
Ind ~ Coind.

Then H = Supp(R) is a subgroup of G and R = @y Ry is an H-strongly graded
ring.

Proof. By Theorem 3.6 if g € Supp(R), there exist elements a;, € Ry, b; € R,-1, 1 <
¢ < n such that for every a € R, we have

a= (zn: aibi)a .
i=1

n
In particular we have that, for every 1 < k <n, ap = (Zaibi)ak so that
i=1

(Lkbk = (zn: azbz) (akbk) .
i=1

Therefore e = > a;b; is an idempotent of Ry . Since g € Supp(R), R, # 0 and
i=1
hence e # 0. It follows that e = 1 and so RyR,1 = R;. Apply now Lemma 3.7.

3.13 Example Let A be a ring and let 4 M4 be an A-A-bimodule. Assume that
o=[—,—]: M®s M — Aisan A-A-morphism satisfying [my, ma|ms = mq[ma, ms]
for all my, ms, mg € M. We define a multiplication on the abelian group A x M by
setting

(a,m)(a’,m') = (ad’ + [m,m'],am’ + ma') .

In this way A x M becomes a ring which is called the semi-trivial extension of A by
M and ¢ and will be denoted by A x, M. The ring R = A x, M can be considered
as a graded ring of type Za = Z/2Z by putting Ry = A x {0}, Ry = {0} x M. We
have :

Mo : Ry — Homp,(Ro, Ro) is an isomorphism and 7; : Ry = M — Homyu(M, A),
where 7, (m)(m’) = [m/;m], m',m € M. The map [—,—] : M ®4 M — A is called
left non degenerate if m = 0 if and only if [m/,m| = 0 for every m’ € M. The map
[—, =] : M ®4 M — A is called left onto if for any f € Homyu(4M, A) there exists
an m € M such that f = [—,m] (i.e. f(m') = [m/,m] for every m’ € M). Therefore
we get :

Proposition 3.13.1. Within the above notations the functors Ind and Coind are
isomorphic if and only if the map [—, —] is left non degenerate and left onto and s M
18 finitely generated and projective.

3.13.2. A particular case. Let K be a field) A = K x K, e = (1,0), M = Ae =
K x {0}. We define p = [—,—] : M ® M — A by setting [m, m/] = mm/, where
m,m’ € Ae = M. If [m,m/] = 0 for every m € M then we have mm’ = 0 for
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every m € Ae. Thus, for m = e we get em’ = m’ = 0. Therefore the map [—, —]
is non degenerate. Let now f € Homyu(M, A). If we put f(e) = m, then we have
f(e) = f(e-e) =ef(e) = em = me and therefore m = me € Ae = M. On the other
hand f(Ae) = Af(e) = Am = (Ae)m for every A € A and thus f = [—,m]. Hence for
the semitrivial extension A x, M we have Ind ~ Coind. We observe that this ring
is not strongly graded (as R1R; = Ae # A), also Supp(R) = Z2 # {0}. Moreover
the ring A is not local.

3.14. Let ¥ : R — S be a morphism of rings. Set G =G' = A=A RR=5 T =
(1¢,14,%). Then, as we remarked in 2.2.3, (G, A, R)-gr=R-mod, (G', A’, R')-gr=S5-
mod, T, is the restriction of scalar functors 1, : S-mod — R-mod, T™ is the (left)
Induction functor S ®z — : R-mod — S-mod, T is the (left) Coinduction functor
HOHIR(RSS, —) :

R-mod — S-mod.

Part of the following theorem can be found in [NT].

Theorem 3.15 Let ¢ : R — S be a ring homomorphism. The following assertions
are equivalent :

(a) The functors S @z — and Hompr(rSs, —) are isomorphic;

(b) 1) rS is finitely generated and projective in R-mod;

2) there exists an isomorphism of S-R-bimodules

6 : sSgr — Homgr(rSs, rRRR)

(c) 1) rS is finitely generated and projective in R-mod;
2) there exists an R-R-morphism :

[—,—]: S®rS—R
which is left non degenerate and left onto. Also [—,—] is associative in the sense
that
[ss', 8" = [s,8's"]  forall s,s',s" €8S .

Proof. (a) <= (b) by Corollary 2.29.
(b) = (c) Define [—,—] : S ®r S — R by setting

[s, 8] = 0(5")(s) for every s,s" € S .

As 6 is an S-R-bimodule morphism, it is easy to prove that [—,—] is an R-R-
morphism. As 6 is bijective, [—, —] is left non degenerate and left onto. Let us prove
that [—, —] is associative. Let s, ', s” € S. We have :

[5,8's"] = (0(s's"))(s) = (50(s"))(s) = O(s") (s5") = [s',5"] .

(¢)= (b) Define 0 : S — Hompg(rSs, rRRr) by setting 0(s')(s) = [s,s'] for every
s, s’ € S. It is straightforward to show that 6 is an isomorphism of S-R-bimodules.
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3.16. Following Kasch [K], (see also [NT]) we say that a ring morphism ¢ : R — S
is a left Frobenius morphism if it fulfills one of the equivalent conditions of Theorem
3.15.

Let ¢» : R — S be a left Frobenius morphism and 6 : sSr — Hompg(rSs, RRr) be
an isomorphism of S-R-bimodules. Denote by

|28 RS — HomR(HomR(RS, RRR), RRR)

the evaluation morphism and let

0’ = Homg(0, R) ov : pSs — Hompg(rSk, rRR) -

Then it is easy to prove (see [NT] Proposition 1) that v is an isomorphism so
that € is an isomorphism of R-S-bimodules. Moreover Sg, being isomorphic to
Hompg(rS, RRR), is projective and finitely generated. Thus ¢ : R — S is also a
right Frobenius morphism.

By symmetry, the converse also holds so that one can simply consider Frobenius
morphisms without any regard for the side. Moreover it is important to note (see
INT] §2) that if [[—, —]] : S ®r S — R is the R-R-morphism associated to ¢', then
for every a,b € S

From these considerations and by Theorem 3.14 we get :

Corollary 3.17 Let v : R — S be a ring morphism. Then the “left” functors
Induction and Coinduction are isomorphic if and only if the “right” functors In-
duction and Coinduction are isomorphic. Moreover, in this case, every associative
R-R-morphism

——]:S®rS — R

which is left non degenerate and left onto is also right non degenerate and right onto.
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3.18 Example

L It R = @ealy is a G-strongly graded ring and H < G is a subgroup of
finite index then the canonical injection i - R*) — R is a Frobenius morphism.
Indeed let T = (f, p,v) where f: H — G, ¢ : {H} — G/H , ¢ =i: R —
R are the canonical injections. Then the categories R)-mod and (G/H, R)-
gr are equivalent and this equivalence is given by the functors 7" and T..
Moreover A : T* — T is a functorial isomorphism(see Corollary 2.25).

Let F' : (G/H,R)-gr — R-mod be the forgetful functor. Then F o T* =

R ®pu — and F oT = Hompm) (R, —) as H has finite index.

2. Let R = @ gy be a G-graded ring and let A be a finite G-set. We can
define the smash product R# A associated to R and to the G-set A.

R#A is defined as follows. It is the free R-module with basis {p,, © € A}
where the multiplication is defined by

if hy==x

_ [ agbnpy
(@) ={ "™

for any g,h € G, a4 € Ry, by, € Ry, x,y € A. This may be extended by
Z-bilinearity to a product on all of R#A = @{Ryp. | g € G,x € A}. It turns
out that R#A is a ring with identity 1 = Y p, and {p, | © € A} is a set of
€A
orthogonal idempotents. The map n: R — R#A, n(a)=a-1= Zapx is an
€A

injective ring morphism (for details see the Proposition 2.11 in [NRV]). This
morphism is a Frobenius morphism. In fact let (=)# : (G, A, R)-gr — R#A-
mod be the functor which assignes to each M € (G, A, R)-gr the abelian group
M endowed with the structure of left R# A-module defined by setting

(agpz)m = agmy forgeG, age Ry, 1€A, m=> my €M .
€A

Then (—)# is a category equivalence (see Theorem 2.13 in [NRV]). Its inverse
is the functor (—)gr : R#A-mod — (G, A, R)-gr which assignes to each M €
R# A-mod the left R-module obtained from M by restriction of scalars via
the morphism 7 and with A-gradation defined by setting M, = p, M for every
reA.

Let U : (G, A, R)-gr — R-mod be the forgetful functor and let F' : R-mod
— (G, A, R)- gr be its right adjoint (see 2.2.2). Since A is finite F' is also a
left adjoint of U (see Corollary 2.32).

It follows that the functor

(—)# o F : R-mod — R#A-mod
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is a right and left adjoint of the functor
Uo (—)gr: R#A-mod — R-mod .

Since the functor U o (—)gr is the restriction of scalar functor 7, : R#A-
mod — R- mod, by the uniqueness of the left adjoint we get that (—)# o
F ~ R#A ®r — while by the uniqueness of the right adjoint we get that
(—)#oF ~ Hompg(R#A, —). Therefore the Induction and Coinduction functors
are isomorphic.

e In particular if R is an arbitrary ring, |G| = 1 and A is a set with |A| = n,
we can consider A as a G set. In this case R#A = R" (the cartesian product)
and 1 : R — R" is the diagonal map 7n(a) = (a,a,...,a) .

e 3. Let K be a field. Then a ring morphism ¢ : X — A is a Frobenius
morphism iff A is a Frobenius [C-algebra as defined in the book by Curtis and
Reiner [CR] page 413. Note that every semisimple algebra over a field is a
Frobenius algebra.

Proposition 3.19 If¢v : R — S and ¢ : S — T are two Frobenius morphisms,
then po : R — T is a Frobenius morphism.

Proof. Let M € R-mod. Since
T®5 (S®RM) 2T®RM

the Induction functor associated to ot is the composition of the induction functors
associated to ¥ and to . On the other hand since

HOHIS(STT, HomR(RSS, M)) ~ HomR(RSS®55TT, M) ~ HomR(RTT, M)

we get that the coinduction functor associated to ¢ o v is the composition of the
coinduced functors associated to ¥ and to . From these facts, the conclusion follows.

3.20. Let now R = @, ey be a G-graded ring. Assume that the group G is finite.
Since G is finite, the graded functors induction and coinduction are the functors :

R ®p, —: Ry-mod — R-gr
Hompg, (g, Rr, —) : Ri-mod — R-gr .
We can consider also the non graded functors Induction and Coinduction :
R ®p, —: Ri-mod — R-mod

Hompg, (g, Rr) : Ri-mod — R-mod .

Clearly if the graded functors induction and coinduction are isomorphic, also the
non graded functors Induction and Coinduction are isomorphic. Therefore, it is
natural to wonder if the converse is true, namely to ask the following question :
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“If the non graded functors Induction and Coinduction are isomorphic, is it true
that graded functors induction and coinduction are isomorphic ?7”

The following example shows that, in general, the answer is no.

3.21 Example Let A be an arbitrary ring and let R = A[X] be the polynomial
ring over A. This ring is a Z-graded ring with the natural grading

{AX” ifn>0
Rn: .
0 ifn<0

If d > 0 is a natural number, then R has a natural Zgq = Z/dZ-grading. Indeed, if
Zaq ={0,1,...,d — 1}, then for any k € {0,1,...,d — 1} we have R; = A[ X9 X*. We
have Ry = A[X9] and R = @l%eZde%' Note that

RiR— = A[XX AXIX"" = A[XY)X? # A[XY|Ry

and therefore R is not a strongly graded ring.
Consider the canonical morphism 7 : R — Coind(Rj) = Homg, (R, Ry). We have

(7(r))(s) = Z S

It is easy to see that 7 is injective. Nevertheless, 7) is not surjective.
In fact, consider f : R — R defined by setting

f(Oé) = Qg1

for every @ = ap + an X + ... + a1 X4 € R, o; € Ry,
Then 0 # f € (Homp (R, Ry));. If /) is surjective, we have f = 7(r) for a suitable
r € R;. Then we get :

1= f(X"Y = H(r) (X)) =rX9" | contradiction .

Therefore, in view of Theorem 3.4, the graded functors Induction and Coinduction
are not isomorphic. Note that each R; is a free Ry-module with basis X k.
Now we consider the particular case when A = K is a field. Then R = K[X] and

7« K[X] — Hompgxa(K[X],K[XY) d>0.

By Prop. 1.8, Im(7) is an essential /[ X]-submodule of L = Hom ya)(K[X], K[ X)),
Therefore L is K[X]-torsion free. On the other hand, K[X], as K[X%-module,
is free with rankgxqK[X] = d. It follows that also L is free over K[X and
rank g xa K[X] = d. Hence L, as K[X]-module, is finitely generated. Since K[X]
is a principal ideal domain, then L, as K[X]-module, is free with finite basis. Let
s = rankg(x)L. Then sd = rankg(xaL = d. Thus s = 1 and hence there is an
isomorphism
0 : K[X] — Hom g xq(K[X], K[X7)
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as K[X]-modules. Since the ring K[X] is commutative, it follows, by Theorem
3.15, that the non graded functors Induction and Coinduction are isomorphic. In
particular, if d = 2 it is easy to show that the map

6 : K[X] — Hom gy (K[X], K[X?)

defined by setting
(0(r))(s) = ros1 + 150

where r = ro+7r1 X, s = so+s1X, 19,71, 0,51 € K[X?], is an isomorphism in K|[X]-
mod. Note that, using these notations, the K[X]-K[X]-bilinear map associated to
0 is

[—. -]  K[X]®gxy K[X] —  K[X?

r® s = T9S1 + T1S0

It follows that the restriction of 6 to M ® jx21 M, where M = K[X?] X, is the 0-map.
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