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Abstract

We study the special class of equations in words of type (R,w), where R is
a two variable generalized regular expression, without constant, and where w
is a constant word. We show that the problem may be solved by applying a
O(|w|1n? |w|) time algorithm.

1 Introduction

In Combinatoric on words, the question of deciding whether an arbitrary word (or,
equivalently, all the words in a finite family) belongs to a given recursive language L
takes a prominent part for the problem it generates. Indeed, in spite of the simplicity
of the preceding statement, practical conditions lead to various problems, with a
large range of corresponding computational complexity [13]. In a first hand, several
general problems are known to be NP-complete, even undecidable, and in another
hand, with special instances, famous efficient algorithms have been implemented.
Actually, between these two poles, there exists a large gap of open problems. This
feature is particularly well illustrated when considering the framework of pattern
matching.

The most famous example is certainly the so-called “string matching” problem,
which consists in deciding whether a given word u appears as factor in a given “text”
w. In other words, the question consists in deciding whether w € >*u>*, where »*
stands for the free monoid generated by X, the basic alphabet. With this special
case of instance, many famous linear-time algorithms have been implemented (cf
e.g. [16], [7], [14]). Actually the implementation of new improvements remains a
challenging question.

Another classical question corresponds to construct efficient membership tests
to languages of type L = X*L(R)¥*, where L(R) stands for the set of all the
words which are described by the regular expression R. In [25], an O(|R||w]|)-time
algorithm has been proposed for solving this problem (in a classical way, |R| denotes
the length of R). Moreover, with special classes of regular patterns, fast algorithms
allow to compute all the occurrences of the pattern R in w (cf e.g. [12], [3], [9]).
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Approximate pattern matching is also concerned, and led to a lot of challenging
combinatorical algorithms (e.g. [26], [21], [18]).

Languages described by “generalized regular expression” (GRE for short), a
more general class of languages, are also concerned. Practically, this notion of GRE
is illustrated in the commands of the text editors of the UNIX system. Formally,
given two finite disjoint sets, say 3, the alphabet of the “constants”, and A, the
alphabet of the “variables”, we consider a regular expression, say R, over A U 3.
Given a third alphabet I', we define the (I, ¥)-language described by R, namely
L) (R), as the set of all the words ¢(t) € ¥*, which satisfy the two following
conditions :

e t is an arbitrary word in the regular language described by R over ¥ U A.

e ¢ stands for any morphism from (A U X)* into (X UT")* satisfying ¢(a) = a,
for every “constant” a € 3.

For instance, take I' = ¥ = {a, b}, A = {X} and consider the GRE R = X*abX".
By definition, for every integer pair (n, p), the word W = X™abX? belongs to the reg-
ular subset described by R in (AUY)*. As a consequence, the words (aba)?ab(aba)?,
and a’aba® belong to Lr ) (R). Indeed, such strings may be constructed by substi-
tuting aba to X, or a to X, in the word W € Laux(R).

From the point of view of the computational complexity, as shown in [1] (p.
289), given R, an arbitrary GRE, and given an input word w, deciding whether
w € X* Ly (R)X* is NP-complete. The best known results concerning restrictions
relate to “periodicities”, i.e. patterns of type X?. Notice that, in this case, the
morphim ¢ which defines the substitution, must be non-erasing, i.e. ¢(X) must be
different of the empty word. With such a type of GRE, several efficient O(|w|In |w])
algorithms have been implemented ([8], [4], [20], [24]).

As another example, the problem of deciding whether the “rank” of a finite set
of words E C ¥* is not greater than an arbitrary integer k, comes down to decide
whether £ may be described by a pattern of type (X7 +Xa+...+X})*. For instance,
consider the set £ = {abcba, abcbaabe, abcbaabcbaabe}. Since E C {abc,ba}*, the
rank of F is at most 2. In the general case, this problem of “rank” is also NP-
complete [22]. When considering an arbitrary set of words E C X UX?, (i.e. a set of
words w, with |w| € {1,2}), the question may be easily decided in quadratic time
moreover, in the case where we fix the integer k to 2, we constructed a O(nlnm)-
time algorithm [23], where n stands for the sum of the lengths of the words in F,
and where m stands for the length of the longest word in E.

Another “difficult” question consists in computing a “descriptive” pattern
for a finite set of words [2]. For instance, take ¥ = A = {a,b} and consider the
pattern R = XabXa. By substituting ba (aba, a) to X, it is easy to verify that R
allows to describe all the words in the finite set E = {baabbaa, abaababaa,aabaa}.
Moreover, it can be shown that, given another GRE, say S, if £ C Lx x)(S5), then
the language L(x x)(5) cannot be a strict subset of L »)(R), the language described
by R. Unformally, R is a “closer” pattern describing the set of words E. As in the
preceding case, the problem of computing such a pattern is NP-complete, moreover,
we notice that in the case of a constant number of variables, it may be solved in
polynomial time [2], [15].
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The framework of equations in words is also concerned. Such an equation
consists in fact in a pair of star-free GRE, (R, S), and given a third alphabet I', the
problem consists in deciding whether the corresponding languages L(R) and L(.S)
have a non-empty intersection. Once more, as shown in [2], this is an NP-complete
problem, moreover, in the general case, only a five exponential height time algorithm
allows actually to compute a solution [19].

Our paper consists in a contribution, for drawing the limit of equations which
may be solved by fast time algorithms. We present a O(|w|In? |w]|)-time algorithm
for solving an arbitrary equation of type (R, w), where R € {X,Y }*, and where w
is a constant word.

Choosing such a class of instances must not appear as arbitrary. Indeed,
our method allows to decide whether a finite language E may be “generated” by
a two variable pattern R : a question directly connected to the preceding “pattern
language”. Moreover, our method is a first step for solving more general classes of
equations.

The two fundamental combinatorical concepts of “overlapping” and “repetitions”
(Section 2) play a prominent part in the constructions. Another important feature
consists in describing the solutions by solving associated linear diophantine systems.
In Section 3, we study the case where the GRE R belongs to the set XY {X,Y}*nN
{X,Y}*Y X, or belongs to the set X?{X,Y }*. We show how to compute candidates
for the “periods” of the “solutions” ¢(X), ¢(Y). - indeed, we establish that these
periods allow to compute each solution.

The case of a GRE of type XY A* N A*XY is studied in Section 4. Once more we
determine candidates for the solutions by examining the overlaps of w.

As a conclusion of our study, in Section 5 we draw the scheme of our main algorithm
for solving an arbitrary two unknown equation (R, w) (R € {X,Y }*, w € ¥*). This
algorithm takes account of the special cases which were avoided in Section 3 and
Section 4.

2 Preliminaries

2.1 Definitions and notations

We adopt the standard notations of the free monoid theory : given a word w in ¥*
(the free monoid generated by X ), we denote by |w| its length, the empty word
being the word of length 0. Given two words u,w € ¥*, we say that u is a factor
(resp. prefir, suffir) of w iff we have w € L*uX* (uX*, X*u). If w € TTuXt (resp.
uXt) X)), we say that u is an interior factor (proper prefiz, proper suffiz).

If u is a prefix (suffix) of w, then we denote by v~ 'w (wu™!) the unique word v
such that w = uv (w = vu). An overlap of w is a factor which is both proper prefix
and suffix of w. Given a non-empty word p € ¥*, we say that it is a period of w iff
w is a prefix of a word in p*. The overlaps of w and its periods are in one-to-one
correspondence (cf e.g. [16]).

The primitive root of a non-empty word w is the shortest word r such that w € r*
(if w = r, we say that w is a primitive word). As a direct consequence of the Defect
theorem (cf e.g. [17] p. 6) :
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Claim 2.1 If z is a primitive word, then it cannot be an interior factor of z2.
The following result is of folklore in the litterature :

Theorem 2.1 (Fine and Wilf) Let x, y be two words. Assume that two powers
P, y? of x and y have a common prefiz of length at least equal to |x| + |y| —
ged(|z|, ly|). Then the words x and y are powers of a common word.

2.2 A special class of equations in words

Consider the following general problem :

Instance : -A, a finite alphabet of “variables”
-Y) , a finite alphabet of “constants”, with AN = ()
-I', a third alphabet
-R, S, two regular expression upon A U X

Question : Decide whether or not there exists a non-erasing morphism
¢ (AU — (I'UX)* (i.e. € not in p(XUA))
such that the two following conditions hold :

-for every letter a € ¥ | we have ¢(a) = a

-O(L(R)) N ¢(L(S)) # 0.

As shown in [1], this problem is NP-complete. The pair (R, S) is called an equation,
and we say that the preceding mapping ¢ is a solution of the equation (R,.5).

In our paper, we consider EQUA2, the restriction which corresponds to the following
instances :

e A is two-variable alphabet {X,Y}
e Re A* and S = w is a single word, in X*

With such equations, the solutions are necessarily morphisms from A* into >*.
Clearly, such a morphism ¢ is completely determined by the words ¢(X) and ¢(Y).
Without loss of generality, we shall assume that we have R € XA*.

2.3 Overlaps and prefix squares : two fundamental results

In a classical way, given a word ¢ there exists a subset of 3* x ¥t namely OV L(t)
such that the following property holds :

Condition 2.1 (i) for each pair of words (r,s) € OV L(t), rs is a primitive word.
(i) for each overlap t' of t, there exists a pair of words (r,s) € OV L(t) such that
t' € (rs)™r, with rs the shortest period of t.

Moreover, according to [16] or [11] :
Claim 2.2 We have |OV L(t)| < logg |t|, where ® stands for the golden ratio.

Given an arbitrary word ¢t € ¥*, denote by LSQR(t) the set of the words r € ¥*
which satisfy the following condition :
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Condition 2.2 (i) r is a primitive word.
(ii) r* is a prefiz of t.

According to [10] :
Claim 2.3 We have |[LSQR(t)| < logg |t|.

Clearly, by considering suffixes of ¢, we may define the set RSQR(t), with similar
properties. From an algorithmic point of view, in a classical way :

Claim 2.4 Given a word t € ¥*, computing the sets OV L(t), LSQR(t), RSQR(t)
may be done in time O(|t]) by applying the algorithm of Knuth Morris and Pratt
(KMP-algorithm,).

2.4 Convention of implementation

Clearly, we may assume that |R| < |w|. From an algorithmic point of view, we
represent words by linked lists of characters, sets of words being represented by lists
of words.

In a similar way, linear diophantine equations (inequations) will be represented by
linked lists of integers. Linear systems will be implemented by lists of equations.
With these representations, binary operations like union of sets, concatenation of
words, conjunction or disjunction of linear systems will be easily done by concate-
nating lists.

2.5 Equation in lengths

Let ¢ be a solution of Equation (R, w). Denote by |R|x the number of occurrences
of the letter X in the word R € A*. Clearly the lengths of the words ¢(X), ¢(Y)
satisfy the following “equation in lengths” :

|Rlx[o(X)] + |Rly[o(Y)] = |w] (1)
As a consequence

Claim 2.5 Given a positive integer d, there exists at most one solution ¢ such that
we have |¢(X)| = d.

Indeed, let m be the greatest integer such that X™ is a prefix of R. Clearly, ¢(X) is

the prefix of w with length d, and ¢(Y") is the prefix of =" w with length %ﬂl‘ﬁ(x)'.

2.6 The case of “non-coding” solution

According to the Defect theorem, given a solution ¢, if ¢(A) is not a unique de-
cipherable set, then the words ¢(X) and ¢(Y) have a common primitive root, say
x. More precisely, there exists a pair of positive integers, namely (i, j), such that
H(X) =2z and ¢(Y) = 7.

As a consequence, solving Problem EQUA2 comes down to decide whether there
exists an integer pair (i, j), such that w = x!FIxi+Evi 2 being the primitive root of
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w. Trivially, this will be done in time O(|w|) (indeed, the corresponding pairs (i, 5)
are the solutions of following diophantine equation :

.o . . w

i,7>0, |R|xi+|R|yj= l%}
In Section 3, and Section 4, we shall restrict our search to “unique decipherable”
solutions, i.e. morphisms ¢ such that ¢(A) is a unique decipherable set (or, for short
a “code”).

2.7 Special cases of equations

In this section, we consider two special cases of equations which may be easily solved.
In Section 3 and Section 4, we shall avoid these particular cases.

Equations of type (X"Y™ w)

First, we notice that if n = m = 1, then the solutions are all the morphisms ¢ such
that ¢(X) = u, ¢(Y) = v, with uv = w.

Now, we assume that max{m,n} > 1. Given a word v € LSQR(w) (RSQR(w)), we
denote by n(v) (m(v)) the greatest integer such that v™®) (v™¥)) is a prefix (suffix)
of w. Exactly one of the three following cases may occur :

e If n > 2, and m = 1, then the problem consists in deciding whether there
exists a word z € LSQR(w) and a positive integer ¢ such that ni < n(z) (we
shall have ¢(X) = z', and ¢(Y) = 27™w). According to the properties which
were mentioned above, the method requires time O(|w]|In w]).

e (Clearly, a similar result holds if n = 1, and m > 2.

e Now, assume that m,n > 2. With this condition, the problem consists in de-
ciding whether there exists a pair of words (z,y) € LSQR(w)x RSQR(w), and
a pair of positive integers (7, j) such that both the three following properties
holds :

in < n(z), jom < mly), nlli+mlylj = |v] )
Clearly, it is decidable in time O(|w|In® |w]).

Equations of type ((XY)", w)

Trivially, such an equation has solutions iff there exists a word ¢t such that w = t".
The corresponding solutions are all the morphisms ¢ such that ¢(X) = u, ¢(Y) = v,
with ¢t = uv.

3 The cases where R € XYA*NA*Y X or R € X2A*

Before to explain our algorithm, let’s draw a theoretical study. Assume that we
get a unique decipherable solution ¢. We shall establish necessary conditions which
must be satisfied by the words ¢(X) and ¢(Y).

Let u,v,r, s € ¥* such that the following propreties hold :



Equations in words : an algorithmic contribution 259

Condition 3.3 (i) uv and rs are primitive words.
(i) We have v # ¢ and s # €.

(7i) vu is not a prefix of rs.

(iv) uv is not a suffix of sr.

Moreover, given a morphism ¢ : {X,Y }* — ¥* and given a tuple of non-negative
integers (7, 7,7, k), with ¢ > 1 and k > 1, we consider the following condition :

Condition 3.4 (i) ¢(X) :‘/(uv)"u.
(ii) o(Y) = (vu)i(rs)*r(uv)?.

We say that the tuple (¢, 1, j, j’, k) satisfies Condition 3.4, with respect to the tuple
of words (u,v,r,s). In fact, given a non-erasing morphism ¢, there exists at least
one tuple (u,v,r,s) such that Condition 3.4 holds. Indeed, let x be the shortest
period of ¢(X), let u be the shortest word such that ¢(X) € zTu, and let v = v 'z.
Define the following words y, vy, y" :

-y is the shortest word such that ¢(Y) € (vu)*y'.

- y" is the shortest word such that ¢’ € y”(uv)*.

- If " # €, then y is the shortest period of y”. Otherwise, we set y = ¢.

With the condition y = €, we set r = s = ¢, otherwise, let r be the shortest word such
that y” € y*r, and let s = r~'y € ©T. By construction, the tuple (u,v,r, s) satisfies
Condition 3.3. Moreover, we have ¢(X) € (uv)Tu and ¢(Y) € (vu)*(rs)Tr(uv)*.

3.1 The case where the tuple (u,v,r,s) is given

We shall establish two lemma.

Lemma 3.1 With the condition of Section 3, given the words w € ¥* and R €
{X,Y'}*, and given the tuple of words (u,v,r,s) of Condition 3.3, with u = ¢, there
erist :

- a finite set of integers K,

- and a subset I of Xt x X7,

with constant cardinalities, such that, for every tuple (p,1i, 7,7, k) satisfying Condi-
tion 3.4, if p(R) = w then at least one of the two following conditions holds :

(i) The integer k belongs to K.

(ii) The corresponding pair of words (¢(X),d(Y)) belongs to I.

Proof of Lemma 3.1 Let (¢,4,4,7', k) be a tuple satisfying Condition 3.4 with
respect to the tuple of words (u,v,r,s). Assume that we have ¢ € {0,1}. By
definition, this determines two corresponding candidates for the word ¢(X) = v'.
According to Claim 2.5, there exists at most two corresponding candidates for the
pair (¢(X), ¢(Y)). Let Iy be the set with elements these pairs of words.

Now we assume that ¢ > 2. Moreover, we assume that k > 2 (we set Ky = {0,1}),
and we set y = (rs)*r.

Since ¢(A) is a unique decipherable set, it is the same for the set {v,y}. Moreover,
since the word ¢(R) belongs to {v, y}*, there exists a unique sequence of non-negative
integers (hg, hi, ..., h,) (with n > 1) such that ¢(R) = vhoyvMy..yv™. Since we
assume that ¢ > 2 :
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Claim 3.6 for each a € [0,n], if ha # 0 then necessarily one of the two following
conditions holds :

(3.6.1) hg > 2

(3.6.7) hy =1 and j+j' <1

Similarly, there exists a unique sequence of non-negative integers (mo, ..., m,) such
that R = X" Y X™Y.. .YX™ . Since R € XA*, we have necessarily mg > 0, thus
ho > 0.

a) A constraint on the integer hy

First, we notice that at least one of the integers m, is positive (otherwise, we should
have R € Y*, which corresponds to a one-unknown equation).

Let p be the smallest positive integer such that h, > 0.

According to Claim 3.6, exactly one of the two following cases may occur :

e (3.6.i) The case where h, > 2

With this condition, the word v"0yPv? is a prefix of ¢(R) (recall that we assume
that R is not prefix of a word in XY™, this type of equation being studied
in Section 2.7). Two cases may occur :

- If |u| < |y| then, since v cannot be a prefix of y, the integer hg is necessarily
the greatest integer such that v is a prefix of w.

- If |v| > |y| then, according to the theorem of Fine and Wilf, since {v,y} is a
unique decipherable set, the longest common prefix between y? and a word in
vT is necessarily a proper prefix of v2. Moreover, according to Claim 2.1, the
word v cannot be an interior factor of v? (cf Figure 1). As a consequence, in
each case the following property holds :

ho € [q0 — 2, qo] (3)

where ¢p stands for the greatest integer such that v% is a prefix of w. Set
ho = mgi + j, w' = v~ "w and denote by pmaes the greatest integer such that
(rs)Pmerr is a prefix of w'.

e (3.6.ii) The case where h, =1

This case corresponds to the conditions m, < 1 and j+ ;" < 1. More precisely :
- If m, = 1, we have necessarily j = j° = 0, and ¢ = 1. But this is a
contradiction with our condition 7 > 2.

-Ifm, =0, j =0and j/ = 1, then we have necessarily p = 1 (indeed, if p > 2,
the word v"0y? is a prefix of w, hence we have j + j’ = 0, a contradiction with
j=0and j/ =1). This implies that the word X™Y X is necessarily a prefix
of R (indeed, we assume that R is not a prefix of a word in XTY*). We have
o(Y) = vy and ¢(X) = v. According to Claim 2.5, this leads to determine a
corresponding singleton Iy, with (¢(X), ¢(Y)) € I;.

- As in the preceding case, if m, =0, j =1 and j' = 0, then we have p = 1,
thus the word v"yv is a prefix of w. As in the case (3.6.i), if |v| < |y|, then
ho is necessarily the greatest integer such that v" is a prefix of w. Otherwise,
according to Claim 2.1, the word v cannot be an interior factor of v2. This
implies that we have hy € {qo — 1, qo}, where gy stands for the greatest integer
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/qu y

According to Claim 2.1, and since {y, v} is a code,
at most one of these three positions may occur

Figure 1: hy € [q0 — 2, qo]

such that v% is a prefix of w. But we have hyg = mgi + j = mygi. This leads to
determine precisely at most two candidates for the integer ¢ thus, according to
Claim 2.5, a corresponding set [2, with |I3] < 2, such that (¢(X),¢(Y)) € I,

In the next of the proof of our Lemma, we shall assume that h, > 2.

b) The case where r =¢

With this condition, since R € XTY?PXA* the word (s*)Pv" is a prefix of w’.
Moreover, recall that assume h, > 2. Consequently, since v cannot be a prefix of
y, and since v is a primitive word, we have pk = z, where z stands for the unique
integer such that s*v? is a prefix of w’. Set K; = {z}.

c) The case where 1 # ¢

If hy = 0, since (rs)? is prefix of y, the word (rs)kr(rs)? is a prefix of w’. Since
rs # sr, we have k = praaz. Set Ko = {pmaz }-

Now, we assume that h; # 0 thus, according to Claim 3.6.(i), p = 1 and hy > 2.
Necessarily, the word (rs)*rv is a prefix of w’. According to the theorem of Fine
and Wilf, we may define a unique integer geyce, as indicated in the following :

If there exists a word t € vt N (sr)*s, then qeyae S the unique integer such that
vievete = ¢, Otherwise, we set geyee = 0.

Moreover, if geye is a positive integer, then we denote by 7 the unique integer
such that vlevete = (s1)7s.
Comparing the integers hy and ggyeqe leads to consider two new cases :

e Condition hi # geyee
Necessarily, the word (rs)*rv? is a prefix of w’. Since v and rs are primitive
words, we have (sr)* Nv* = (. As a consequence, if |v| > |rs| then, according
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to Claim 2.1, since v cannot be an interior factor of v2, we have k = z;, where
2z stands for the greatest integer such that (rs)*'rv? is a prefix of w’. Set
Kg = {21}

Now, we assume that we have |v| < |rs|. With this condition, exactly one of
the two following cases may occur :

— The case where ¢(R) = vhoyp™
This condition necessarily implies that R = X™Y X" with mg, m; > 0.
According to Property (3), we have moi+j € [go—2, o). In a similar way,
by considering the reversed words, we have also : myi+ j' € [¢) — 2, ¢(],
where ¢)) stands for the greatest integer such that v% is a suffix of w.
This leads to determine at most 9 pairs of integers (qo, q;), thus at most
9 corresponding candidates for the word y = v~%wv~%. Since we have

y = (rs)fr, once more, this determines a corresponding set K3, with
|K5] < 0.

— The case where v"yv"y is a prefix of ¢(R)
This condition implies that the word (rs)*rv (rs)? is a prefix of w'. In
fact, we are in a condition similar to the preceding condition of Section
a) in the proof, Case (3.6.1) (by substituting v to y and sr to v). Conse-
quently, we obtain k € K} = [Pmaz — 2, Pmas|- Finally, we substitute to
K3 the union of the preceding sets K3, Kj.

e Condition hi = geyee
With the condition (i) of Claim 3.6, the integer geye. is necessarily greater than
1. According to Theorem 2.1, this implies that we have 7 < 1, thus |[v| < |rs|.

Moreover, long prefixes of w’ may belong to (rs)™r N (yo™)*. A clever exam-
ination of these prefixes leads to consider the following new cases :

— The case where R = X" (Y X*)ky X*kY S| with S € A*, ky > 0 and
ks < kq
With this condition, the word w” = (yvleveie)k2qpi"+ksi+iy is a prefix of
w'. Since we have j' + ki + 7 < j' + k1i + j = Geyere, the word v?' TFsi47 ig
a proper prefix of vivele, Moreover, since k3 < ki, w” does not belong to
(rs)*r.
Consequently, we obtain :
((rs)kr(sr)7s)k2(rs)*r = (rs)*r, with 2 € {pmaz, Prmaz — T}
This implies that the integer k satisfies the following condition :

ko(k+7+1) + &k € {Pmaz, Pmaz — 1} (4)

This leads to determine a new set of integer, namely K, with |K,| < 2.

— The case where R = X* (Y X" )2y Xk with ky > 0, and k3 < k;
With this condition, the word w” = (yvievete)*2qpi +ksi is a prefix of w'.
As in the preceding case, the word v/ %37 is a prefix of the word vZuete,
Consequently the integer k satisfies Equation (4), thus it belongs to the
preceding set K.
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— The case where R = X* (Y X" )2 X*Y S with S € A%,

and ko, k3 > 0

Since we have Geyere = '+ ki + j, the word (yuleveie)kz=lyqi thiithsitiy,
i.e. (yvleveie)r2qksiy is prefix of w’. This implies that (yvdevete)kzyksi(rg)2
is also a prefix of w’. According to Claim 2.1, the word rs (v) cannot
be an interior factor of (rs)? (v?). Moreover, we have (rs)* Nv* = ().
As a consequence, we have (yv%veie)k2 = (rs)? where z, stands for the
greatest integer such that (rs)® is a prefix of w’. Consequently, the
integer k satisfies the condition :

kQ(k+T+1) = 20 (5)

This leads to determine a corresponding set Kj.

— The case where R = X* (Y X*)*k2 X% with ko, k3 > 0
We have w' = (yvleveie)k2=lyqd'+(kitks)i  NMoreover, exactly one of the
three following cases occurs :
- k3i < j. The word v?'*(Fi+ks)i s a proper prefix of vdeveie = (sr)7s. This
implies that the integer k satisfies the following condition :

(k—i‘T—i-l)(kQ—l)—i—ke{20,20—1} (6)

the integer zo being defined as indicated above. Let K/ be the set of the
corresponding integers k.

- ksi = j. Since we have v/t (k1+hs)i — gdeveie e have w' = (yvdevete)
As a consequence, the integer k satisfies the following equality :

ko

(k + 7+ 1)]€2 = 20 (7)

Let Kj = {2=ttlhey

- ksi > 5. We have oI FRitka)i — gdeyereyksi=i  Moreover, since Geyere > 1,
and since vievele = (sr)7s, we have |v| < |sr|. According to Condition 3.3,
the word v*3=7 cannot be a prefix of rs, and s cannot be a prefix of v*37=7,
This implies that the integer k satisfies Condition (7). Let K be the set
of the corresponding integers k. Moreover, we set Ky = K| U Kj U KjJ.

Now, we denote by K the union of the preceding sets K,(0 < a < 4) which were
defined above, for each of the integers hy € [go — 2,qo]. Moreover, we set I =
Iy U I; U I,. By construction the sets K and [ satisfy the conditions of Lemma 3.1.
This completes the proof of our lemma.

We now consider the case where u is not the empty word. The following result is
similar to Lemma 3.1

Lemma 3.2 With the condition of Section 3, let w € ¥*, R € {X,Y}*. Assume
that one of the three following conditions holds :

-Re XX, Y}

-Re{X, Y}*X?

-Re XY{X,)Y}"U{X,Y}'YX.
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Given a tuple of words (u,v,r,s) satisfying Condition 3.3, with u # €, there exist :
- a finite set of positive integers K,

- and a finite subset I of X x XT,

with constant cardinalities, such that, for every tuple (¢,1i, 7,7, k) satisfying Condi-
tion 3.4 with respect to (u,v,r,s), if p(R) = w, then at least one of the two following
conditions holds :

(i) ke K

(i) (¢(X), ¢(Y)) € I.

Proof of Lemma 3.2

As for Lemma 3.1, the case where i = 1 (k = 1) leads to define a corresponding set
I() (K())

In the next, we assume that i, k > 2, and we set y = (rs)*r. Notice that ify € (vu)Tv
then, according to Condition 3.3, we have in fact y = v. This determines a unique
integer k = 1 Set Ky = {k}.

I7s|

Now, we assume that y # v.

1) The case where X? is a prefix of R

With this condition, the word (uv)'u(uv)? is necessarily a prefix of w. According to
the Defect theorem, we have in fact vu # uv. As a consequence, ¢ is necessarily the
greatest integer such that (uv)'u is a prefix of w. This determines a unique word
¢(X). According to Claim 2.5, this leads to determine a unique singleton /; such
that (¢(X),o(Y)) € I .

2) The case where R € XYA*NA*Y X
First, we notice that since vu is a primitive word, and since it cannot be a prefix of
y, as in the proof of Lemma 3.1, necessarily, we have :

i+7 € [q0— 2, q) (8)

where ¢y stands for the greatest integer such that (uv)%u is a prefix of w.
By examining the suffixes of R and w, we get a similar property :

i+7 €l — 2, q (9)

where ¢)) stands for the greatest integer such that (uv)%u is a suffix of w.

As a consequence, we get a constant number of candidates (at most 9) for the pair
of integers (h,h') = (i+ j,i + j'). We now consider one of these candidates (h, h').
First, we notice that according to the preceding equalities, if j < 1 or j' < 1, we
directly get the integer i. According to Claim 2.5, this leads to define a set I; with
elements the corresponding pairs of candidates (¢(X), ¢(Y)). Now, we assume that
both the integers j, 7’ are greater than 1.

Let wy = ((uwv)"u) *w, and let w’ = wo((uv)*u)~t. According to the structure of
the word R € XY A*N A*Y X, different cases may occur :

h/

I Clearly, if X? is a suffix of R, a similar conclusion may be obtain by considering the suffixes
of w
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a) The case where R € XY2A*

With this condition, the word y(uv)’ (vu)’y is a prefix of w'.

o If |uv| > |sr|, since j/ > 2, and since vu is a primitive word, according to
Claim 2.1, we have k = k;, where k; stands for the unique integer such that
(rs)f1r(uv)? is a prefix of w'. Set K; = {ki}.

o If |uv| < |sr| then, according to the theorem of Fine and Wilf, the longest
common prefix between the word (uv)? (vu)’ and a word in (sr)* is in fact
prefix of the word (sr)?.

- If (uv)” (vu)’ is not a prefix of any word in (sr)*, then we have k € K, with
Ky = [Pmaz — 4, Pmaz) (as in Lemma 3.1, pq, stands for the greatest integer
such that (rs)Pme=r is a prefix of w’).

- Otherwise, once more according to the theorem of Fine and Wilf, j’ is the
greatest integer such that (uv)’ is a prefix of (sr)*. This leads to determine a
unique integer i, thus a corresponding singleton I; such that (¢(X), ¢(Y)) € I.

b) The case where R € XY XA*

With this condition, the word y(uv)? is necessarily a prefix of w’. Consequently, if
luv| > |sr|, according to Claim 2.1, k is the unique integer such that (rs)*r(uv)? is
a prefix of w'. Now, we assume that |uv| < |sr|.

As in the proof of Lemma 3.1, if (uv)*u N (sr)* # 0, the we denote by ¢eyee the
unique integer (if it exists) such that (uv)%veeu € (sr)*. We shall distinguish the
following new different cases :

e Re XYXYA*
The word (rs)*r(uv)+*iu(rs)? is a prefix of w’. As a consequence :
- If (uv)? "y does not belong to (sr)*s then, necessarily, the integer k be-
longs to the interval K1 = [Pmaz — 2, Pmaz| (as indicated above, py,q. stands for
the greatest integer such that (rs)Pme=r is a prefix of w’).
- If (ww)?+ iy € (sr)ts then, according to the theorem of Fine and Wilf,
there exist a unique positive integer qeyee such that (uv)leveey € (sr)*s. As a
consequence, the tuple (i, j, j') satisfies the linear diophantine system :

i+j=h, i+j+]5 =qeyee, i+j =N (10)

Clearly, this system has a unique solution (7,7,j'). As a consequence of
Claim 2.5, this determines a unique singleton I, such that the pair of words
(p(X), (Y)) belongs to I;.

e Rc XYXPYA*, with p> 3?2
We set f = (uv)”u((uv)u)??(uv) u. By definition, the word yf(rs)? is a
prefix of w’.

2 Since we assume that R € XY A* N A*Y X, the condition R € XY XP, with p > 1, does not
hold
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— First, we assume that the word f belongs to (sr)*s. This condition
implies |uv| < |sr| (otherwise, according to the Theorem of Fine and Wilf,
since k,i > 2, we should have uv = rs, a contradiction with Condition
3.3). As a consequence, the word uv is necessarily a proper prefix of sr.

* Assume that (sr)%s is a prefix of f.
Since uv # wvu, and since rs € (uv)*, we have either sr € (uv)"u
or s7 € (uv)" (u(uv)’)*. With the first condition, we obtain i = h,
a contradiction with the fact that both the integers j, j' are greater
than 1. Hence we have sr € (uv)" (u(uv)?)*. But by considering the
reversed words, since f € (sr)*s, we have also rs € (u(uv))* (uv)".
According to Claim 2.1, since uv is a primitive word, we obtain :

h="h, s=wv)"u, re((uw)v)t

As a consequence, ¢ is the unique integer such that the primitive
root of r is equal to ¢(X) = (uv)w. This leads to determine a
corresponding singleton [, with (¢(X), ¢(Y)) € I4.

* Now, we consider the case where f is a prefix of (sr)?s, that is f = s
or f = srs. Since we get the integer pair (h, h'), we obtain two candi-
dates for the word g = ((uv)"u) =" f((uv)u)~" = ((uv)*u)P~2. Since
we get the integer p, this leads to determine a unique integer i, thus a
new set I with elements the corresponding candidates (¢(X), p(Y)).
We finally substitute I; to the union of I; and I7.

— Now, we assume that we have f & (sr)*s. Since rs is a primitive word,
and since y f(rs)? is a prefix of w’, as for Relation (8), we obtain k € K,
with K2 = [ max 27pmaac]-

o Re XYX?YA*
With this condition, the word f = (uv)" u(uv)"u is a prefix of y—'uw'.
- First, we consider the case where f does not belong to (sr)*s. In a similar
way, we obtain k € Ky = [Pmaz — 4, Pmaz)-
- Now, we assume that there exists an integer 7 such that f = (sr)7s (according
to the theorem of Fine and Wilf, we have 7 < 4).
We notice that since the integers h, h’ were given, no new constraints on the
tuple (4, 7, j') may be directly obtained.
Let d be the greatest integer such that (XY X)? is a prefix of R. Set T =
(XY X)™R. According to the structure of the word T' € A*, exactly one of
the following cases occurs :

— T € X2A*. We have (¢(XY X))?X? = gy(uv)"u(uv)u(uv)u, with g =
(uv)hu(y f)?. Since we have i < h, and since the word (uv)” u(uv)?u is a
proper prefix of f, the word (uv)" u(uv)*u(uv)u cannot belong to (sr)*s.
More precisely, the longest common prefix between (uv)" u(uv)u(uv)u,
and a word in (sr)Ts is necessarily prefix of f. This implies that we have
(yf) 1ty = (rs)*r, with z € [pmaz — 6, Pmaz). This determines a constant
number of candidates for the length of y thus, a set K5 of at most seven
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candidates for the integer k.

f f
h/

W w(uv) "y (uw)” (uwo)u (uww)iu
——
P(XYX)d p(X)  #(X)

(uv) uy (uwv)" u(uv) vy (uv)

~ T € XY?A*. We have (¢(XYX))'XY? = g(uwv)’ (vu)y(uv)’, with
g = (uw)"u(yf)?y. Since we have j' < k', and since j > 2, the word
(uv)? (vu)’ cannot belong to the set (sr)*s.
According to the theorem of Fine and Wilf, the greatest integer n such
that (sr)™ is a prefix of (uv)? (vu)? is not greater than 2. Consequently, we
have (y )% = (rs)*r, with 2 € [Pmaz — 2, Pmaz]- As in the preceding case,
this determines a corresponding set K> of candidates for the integer k.

f f

/

(u ) uy (uv)" w(uv) wy (w) uwluv) uy(uww)” (vu)y(uw)’

P((XYX)IXY) P(Y)

— T € YA*. We have (¢(XY X)) = gy(uwv)"Huy(uw)’, with g =
() u(y f)?='. Since we have vu # wwv, the word (uv)”*7 cannot be
a prefix of f thus it cannot be prefix of a word in (sr)*. Moreover,
according to the theorem of Fine and Wilf, the longest common prefix
between (uv)"*7, and an arbitrary word in (sr)*s, is a prefix of (sr)%. As
a consequence we have (y )1y = (rs)*r, with 2 € [pmaz — 2, Pmaz]. Once
more, this determines a two element set of candidates Ky with k € K.

Let K = Ko U K1 U Ky, and I = Iy U I;. Clearly the sets I and K satisfy the
conditions of our lemma. This completes the proof.

We notice that the preceding study leads to an effective construction of the preceding
set K and I. Moreover, according to (3), (8) (9) :

Lemma 3.3 Let w € X7, and let R € {X,Y}*. With the condition of Section 3,
denote (m, m') the unique pair of non-negative integers such that R € X™Y A* N
A*Y X
Let (u,v,r,s) be a tuple satisfying Condition 3.3, and let (¢,1,j,7, k) be a tuple
satisfying Condition 3.4 with respect to (u,v,r,s). Set y = (rs)*r.
If y # v then the following property holds :
(i) If u # € and max(m,m’) > 2, then there exists a unique singleton I' C Xt x T
such that (p(X),(Y)) € I'.
(i) Otherwise 3, there exists a subset H of N2, with constant cardinality, such that,
for every solution ¢, there exists a unique pair of integers (h,h') € H which satisfies
the following system :

mi+j=h, mi+j =hn (11)

Moreover, the set H is depends only of the pair (u,v).

3 This condition is expressed by u =coru#cand m=n=1
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By definition, given an integer k € K, we directly get the word y. We now ex-
plain how y, and the preceding pair of words (r, s), allow to compute corresponding
candidates for the words ¢(X) and ¢(Y').

3.2 The case where the tuple (u,v,y) is given

As we shown it above, given a candidate for the period of ¢(X), and a candidate
for the period of ¢(Y'), there exist two sets, with constant cardinalities, namely
and K, such that either (¢(X), ¢(Y)) € I, or the preceding integer k belongs to K.
In the first case, by computing the word ¢(R), it will be easy to verify whether the
corresponding morphism ¢ is a solution.

In the case where only the integer k is given (thus the word y = (rs)*r is given),
the following result gives precisions concerning the pair (¢(X), ¢(Y)).

Lemma 3.4 With the condition of Section 3, given w € Lt, R € {X,Y}*, and
given the set K of Lemma 3.1 or Lemma 3.2, the following property holds :

Given an integer k € K, there exist :

- a finite set J € Xt x X, with constant cardinality,

- and a linear system of diophantine constraints (T'),

such that, if (R) = w then one at least of the following conditions holds :

(i) the tuple (i,7,7") satisfies System (T').

(i) the pair (p(X), p(Y)) belongs to J.

Moreover, with Condition (i), if the system (T') has more than one solution then all
the corresponding morphisms ¢ are solutions of Problem EQUA2.

Proof of Lemma 3.4

Let k € K, and let y = (rs)*r. If the condition (i) of Lemma 3.3 holds, then
we directly get the set J. Without loss of generality, we may assume that only
the condition (ii) in Lemma 3.3 holds. With this restriction, we notice that if
0 <j<1lor0<j <1 then, as a consequence of System (11), we determine
directly the integer i thus, according to Claim 2.5, the pair (¢(X), ¢(Y)). Let Jy be
the corresponding set of candidates for the pair (¢(X), #(Y)) (we have |Jo| < 4|H]).
In all the next of our proof, we assume that both the integers j, j’ are greater than 1.

a) The case where u = . By definition, we have ¢(X) = v’. Moreover, as
in the preceding proofs, we may assume that ¢ > 2 (otherwise, we obtain a new
set of candidates, namely J; for the pair (¢(X),¢(Y)) ). Clearly, there exists a
unique sequence of non-negative integers (my, ..., m,) such that R = X™Y...Y X",
In a similar way, given the solution ¢, there exists a unique sequence of integers
(ho, ..., hy), such that ¢(R) = vho.y...yvh». In fact, for each integer a € [1,n], we
have h, > 2. (indeed, we have h, > min{i,j + j'} > 2). More precisely, since v
cannot a prefix of y, and since it is a primitive word :

e With the notation of Lemma 3.3, we have hg = h.

e For each integer a € [1,n — 1], h, is the unique integer such that v"syv? is a

prefix of the word (v0y...yvhe-1y)~Lw.
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e We have j' + m,i = h,(=1').

As a consequence, the tuple of integers (i, j, j') satisfies the following system of linear
diophantine equations :

moi+j=nho, jJ+mi+j=h, 1<a<n—-1), j+mui=h, (T)
First, we consider the case where :
R=(X"YX™)", w= (o "yo")"
With such a condition, our system (7°) is equivalent to :
mi+j=h, mi+j =hn

and it is esay to see that each solution of (7") leads to determine a corresponding
solution of Problem EQUA2.

In all the other cases, System (7") has at most one solution (i, j,j’). Clearly, this
solution leads to determine a unique set Ji, such that the corresponding pair of
words (¢(X), #(Y')) belongs to J;.

Set J = JyU J;. With this notation, we obtain the conclusion of Lemma 3.4.

b) The case where u # ¢, with y # v. Since we assume that the condition
(ii) of Lemma 3.3 holds, necessarily, we have max{m,m'} < 1, hence the word R
belongs to XY A*. We notice that if XY X is a prefix of R, the word (uv)"uy(uv)"u
is a prefix of w. Howether, no other constraint than System (11) may be directly
obtained.

Let d be the greatest integer such that the word (XY X)? is a prefix of R and let
S = (XY X)“R. According to the structure of S, different cases may occur :

e If S = ¢, then every tuple (4,7, ') which is solution of System (11) leads to
determine a solution ¢ of Problem EQUA2.

e Assume that S € YA*. Notice that necessarily, we have d > 1 (indeed, the
word XY is a prefix of R). Let wy = ((uv)"uy(uv)”u)?", wy = (uv)"u, and
w” = (wywy)'w. With this notation, the word y(uv)" ¥ uy(uv)? is a prefix

of w”. Denote by ¢; the greatest integer such that y(uv)?u is a prefix of w”.

Trivially, we have 2 < I/ + j < ¢.

— The case where |uv| > |y|.
Assume that we have h' +j < ¢; — 2. With this condition, since the word
y(uwv)" Huy(uv)? is a prefix of w”, necessarily, the word yuw is a proper
prefix of vuv. But according to Claim 2.1, since uv is a primitive word, we
have y = v, a contradiction with the condition of Case b). Consequently,
we have W' +j € {1 — 1,1}

— The case where |uv| < |y|.

Since vu cannot be a prefix of y, we obtain A’ + j = ¢.

In each case, according to Claim 2.5, we determine a unique set J;, with
|J1] <1, and such that (¢(X),p(Y)) € Ji.
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e Now, we assume that S € X2A*. Since X2 cannot be a prefix of R, once more
we have d > 1. With the preceding notation, the word y(uv)" u(uv)iu(uv)?
is a prefix of w”. Since uv # vu, we have i = ¢o, where ¢o stands for the
greatest integer such that y(uv)"u(uv)®u is a prefix of w”. This determines
a corresponding singleton Jj.

e The last case corresponds to XY? being a prefix of R (indeed, since the in-
teger d is maximal, the word XY X cannot be a prefix of S). Let w| =
((uv)uy(uv)?u)?, and let w = (wjws) ™ w. Since the word y(uv)’ (vu)ly is
a prefix of wY, with j > 2, and since vu # uv, we have j' = q3, where g3 is the
greatest integer such that (uv)® is a prefix of w/. Once more, this determines
a new singleton J; such that (¢(X),o(Y)) € Ji.

We set J = Jy U Jy, and (T)=(11). Once more we obtain the conclusion of our
lemma.

c) The case where y = v. (According to Condition 3.3, we have u # ¢). Notice
that, since ¢(Y) = (vu)’*7'v, without loss of generality, we may assume that j' = 0.
With this condition, for every solution ¢, we have ¢(XY) = (uv) T,

There exists a unique sequence of words (Z,)1<qs<n, Which satisfies the following
properties :

e R= Zl---an
e For each a € [1,n], we have Z, € (XY)T U (XY)* X U (YX)TU(YX)*Y.
e for cacha € [1,n — 1] :

— If Z, € (XY)* then Zyys € YA®
~ I Z, € (XY)*X then Zy, € XA
— I Z, € (VX)* then Zypy € XA*
~ I Z, € (YX)'Y then Zyyy € YA?
— If Z, = X then Z,.; € XA*U{e}
— If Z, =Y then Z,.; € YA*U {e}
For each integer a € [1,n], we set w, = ¢(Z,). Since uv and vu are primitive words,

and since we assume that both the integers i, j are greater than 1, we obtain the
following property :

Condition 3.5 If Z, € (XY)" (XY)"X, (YX)*, (YX)TY), then w, is the
longest prefiz of (w1...wq—1) " w which belongs to (uv)™, ((uv)Tu, (vu)™, (vu)tv).

As a consequence, if Z, € (XY)4 (XY)4X, (YX)4, (YX)?), with d > 0, then the
pair (i, j) satisfies the equation (12) ((13), (12), (14)), which is defined as indicated
the following :

(i4+ 7+ 1)|uwv|d = |w,| (12)

((i+J+ 1)d+19)|uv| + |u| = |w,] (13)
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((i+ 7+ Dd+ j)|uv| + |v| = |wa| (14)

Let (T') be the conjunction of the corresponding equations for all the integers a €
[1,n]. By definition, if Z, = X (Y) then, necessarily we have Z,_1 = X (V). Let
a€[l,n]:

o If 7, = X and Z,,1 = X, then the preceding integer i is the greatest one such
that (uv)u is a prefix of (wy...w,_1)"'w. Let J; be the singleton with element
the corresponding pair of words (¢(X), p(Y)).

o If 7, =Y and Z,,; =Y, then we have j = ¢, where ¢; is the greatest integer
such that (vu)? is a prefix of (w...w,—1)'w. Let J; be the corresponding set
of candidates (¢(X), p(Y)).

e Now, we assume that 7, ¢ {X,Y}.

— In the case where R € {XY, Y X}t U ((XY)?X)", the system (T) is
equivalent to one of the preceding equations (12), (13), (14). Conversely,
each solution of (7") leads to a corresponding solution of EQUAZ2.

— Otherwise, the resulting system has at most one solution (i,j). This
determines a unique singleton J; such that (¢(X),p(Y)) € Ji.

Set J = JyUJ;. With these notations, once more we obtain the conclusion of Lemma
3.4. This completes the proof.

Notice that if (T") has a unique solution then, by computing the word ¢(R), it will
be easy to decide whether the corresponding morphism ¢ is solution of Problem
EQUA2.

Example 3.5 Let R = X*(YX?)?Y X3 and w = (a®b)®(a(a®b)%)3.

Assume that uw = ¢, v = a®b and y = a. With the notation in the proof of Lemma
3.4, Case a), we have :

ho =5, hy = hs = hs =6, mg =4, my =2, mg = 3. The tuple (i,7,7") is solution
of the linear system :

4i+j =5, j +2i+j=6, 5 +3i=06. This system has a unique solution :
(1,7,7") = (1,1, 3), which corresponds to the following morphism :

¢: X —a®h, Y — adba(a®)?

3.3 How to obtain candidates for the pairs of words (u,v),
(r,s)

Let w € ¥, and R € {X,Y}* and let ¢ be a solution of Equation (R,w). In
Section 3.1, we have seen that there exist a tuple (u,v,r, s), and a tuple of integers
(1,7,7', k), such that (¢, 1, j, j', k) satisfies Condition 3.4 with respect to (u,v,r,s).
We have also explained how to determine the integers i, j, 7', k, given the tuples
(u,v,r,s).

Now, we shall see how to compute candidates for the tuple (u,v,r,s).

More precisely, given the equation (R, w), and a solution ¢, we shall prove that there
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exists a set @, with |Q| = O(In* |w|), and such that the preceding tuple (u,v,7,s)
belongs to Q.

e First, we assume that R € XY A* N A*Y X. By definition, the word ¢(X) is
necessarily an overlap of w. According to Condition 2.1 :

Claim 3.7 Given a solution ¢ of Problem EQUAZ2, there exists a pair of words
(u,v) € OV L(w), such that $(X) € (uv)*u.

e Now, assume that R € X2A*. Since (¢(X))?, is a prefix of w, there exists a
primitive word v such that the word ¢(X) belongs to v™.

Claim 3.8 Given a solution of EQUAZ, there exists a (primitive) word v €
LSQR(w), such that ¢(X) € vT (thus ¢(X) € (uv)tu, with u =¢).

e Clearly, if R € A*X?2, a similar conclusion holds by considering the suffixes.
Moreover, if R € Y2A* U A*Y?2, by exchanging the letters X and Y, a similar
study may be done.

In all the cases, according to Claim 2.2 or Claim 2.3, we get a set (), such that there
exists a pair of words (u,v) € Q, with ¢(X) € (uv)*u.

Now, we assume that we get the preceding pair of words (u,v). As in Section
3.1, we may define corresponding words 3/, y”, y and a pair of words (r, s) such that
the tuple (u,v,r,s) satisfies Condition 3.3, and such that the morphism ¢ satisfies
Condition 3.4 with respect to (u,v,r,s).

Given an instance of Problem EQUAZ2, and given the preceding pair of words (u, v),
we shall explain how to determine a set 17, with elements candidates for the pair
(r,s). In fact, two cases may occur :

- Assume that y = v. Clearly, we have (r,s) € OV L(v).

- Now, we assume that y # v, moreover, without loss of generality, we may assume
that the condition (ii) of Lemma 3.3 holds (otherwise, we directly get the pair
(6(X), 6(Y)) ).

According to Lemma 3.3, given the pair of words (u,v), there exists a set H, with
constant cardinality, such that (mi + j,7" +m’i) = (h,h’) € H. Moreover, it is
important to recall that the set H depends only of the pair (u,v).

Set w; = ((wv)'u) " w and w' = wy((uv)”u)~" (clearly, we get a constant number
of candidates for the word w’). By construction, the word y is an overlap of one of
these candidates. Consequently, by definition, the pair of words (r, s) belongs to the
union of the corresponding sets OV L(w'), namely U.

Now, we denote by T(,. the union of the preceding set OV L(v) with the set U.
According to Claim 2.2, we have |1{,,,)| ~ In|w| moreover, by construction, the pair
(1, 5) belongs to Ty, ).

Let Q) be the set of the corresponding tuples (u,v,r’,s") for all the pairs of
words (1, 5") € T(4.), and let @ be the union of the preceding sets @ (,s,.») for all the
words (u',v") € OV L(w). By construction :

Claim 3.9 (i) we have |Q| ~ In? |w|.

(ii) For every solution ¢ of Problem EQUAZ2, there exists a tuple (u,v,r,s) € Q,
such that Condition 3.3 holds, and such that ¢ satisfies Condition 3.4 with respect
to the tuple (u,v,r,s).
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3.4 Algorithmic interpretation

With the conditions of Section 3, Claim 3.9 leads to an algorithm for deciding if
Problem EQUA2 has a solution. Indeed, for each candidate (u,v,r,s) € @, we shall
apply the results of Section 3.1 and Section 3.2 for computing the corresponding
tuple of integers (i, j, j', k).

The main sheme of the corresponding algorithm is described bellow. This algo-
rithm makes use of two functions, namely TEST1 and TEST2. The main feature of
these functions is to verify whether the candidates ¢, which was determined by the
preceding sets H, I, .J, is a solution of our equation (R, w).

Function TEST1 : boolean;
input : finite set of pairs of words L, and a boolean variable answer ;

for each pair (¢(X),¢(Y)) € L do
compute the prefix w’ of ¢(R) with length |w| ; {Step 1}
if w' = w then answer «— TRUE {Step 2}
endif
endfor
TEST1 «— answer
endfunction ;

Clearly, Step 1 and Step 2 require time O(|w]|). Consequently, applying Function
TEST1 requires time O(|w||L]).

Function TEST2 : boolean;

input : - linear diophantine system (77), with at most three unknowns ;
- pair of words (u,v) € X* x XT ;
- boolean variable answer ;

by substituting the variables, compute the set S of solutions (i, 7, j') ; {Step 1}
if |S| = 1 then
by applying Claim 2.5 compute L = {(¢(X),¢(Y))} ; {Step 2}
answer «— TEST1(L) {Step 3}
else if |S| > 1 then answer — TRUFE
endif ;
TEST2 «— answer
endfunction ;

In Step 1, we apply in time O(|R|) the algorithm of Gauss-Jordan for computing the
set of solutions S (recall that we assume that |R| < |w|). Since Step 2 requires time
O(w), and since Step 3 requires time O(|w||L|), with |L| = 1, applying Function
TEST2 requires time O(|w]).

Algorithm 1
answer «— FALSFE;
compute the set @ of the tuples (u,v,,s) as indicated above ;
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for each tuple (u,v,r,s) € @ do

compute the preceding sets I, I’ C ¥t x ¥, and K C N;
answer «— TEST1(IUI') ; {Step 1}

for each integer k € K do
compute the set J and the system (7) ;
answer «— TEST1(J) ; {Step 2}
answer «— TEST2(u,v,(T)) {Step 3}
endfor

endfor

endalgorithm

Complexity of Algorithm 1

1. Computing all the pairs (u,v) may be done in time O(|w|) by applying the

KMP-algorithm [16]. In a similar way, given a pair (u,v), computing the
corresponding pairs (7, s) may be done in time O(Jw|). Since we get O(In |w|)
candidates for the pair (u,v), the computation of all the tuples candidates
(u,v,7,s) may be done in time O(Jw| + |w|In|w]), thus in time O(|w|In |w|).

Given a tuple (u,v,r, s) applying the constructions in the proof of the preced-
ing lemma takes time O(|w]|). Particularly, computing the coefficients of the
diophantine systems lays upon the two following methods.

(a) Given two words t,t', determine the greatest integer n such that t" is a
prefix of ¢'.

(b) Given three words ¢,t',t”, determine a (minimal) integer n such that "t/
is a prefix of ¢ (this last operation being done by applying the KMP-
algorithm).

Since the cardinalities of the sets I, I’, J are constant, in Step 1 and Step 2
applying function TEST1 requires time O(Jw|). In a similar way, in Step 3,
applying function TEST2 may be done in time O(|w]).

We also notice that if the preceding system (7') has more than one solution, then we
may complete our algorithm in such a way that all the corresponding tuples (3, j, j')
are computed. This allows in fact to give a representation of all the solutions of the
input equation, the candidates (¢(X), »(Y)) being examined in an exhaustive way.
As a consequence :

Claim 3.10 With the condition of Section 3, deciding whether the equation (R,w)
has a solution may be done in time O(|w|In® |w|).

4

The case where R € XYA*NA*XY

With this condition given a solution ¢, the word ¢(XY') is necessarily an overlap of
w. This implies that there exists a pair of words («, ) € OV L(w), and a positive
integer k such that we have ¢(XY) = (af3)*a.
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4.1 The case where ¢(XY) is given

We may “simplify” our equation, as indicated in the following result :

Lemma 4.1 Assume that the word R does not belong to the set (XY +YX)"(e +
YXY). Then there exists a pair of words (S,t) € A* x ¥* such that both the two
following conditions holds :

(i) The word S belongs to (X? + Y?)AT.

(ii) Every solution ¢ of the equation (R, w) such that $(XY) = (af)*«a is a solution
of the equation (S,t).

Proof of Lemma 4.1

Let d be the greatest integer such that (XY)?is a prefix of R, and let T} = (XY)"¢R.
Let s = ¢(XY), and let t; = s~%w. If T} € (X2 + Y?)A*, then we get our result,
by considering the equation (71,%;).

Otherwise we denote by d be the greatest integer such that the set (XY + Y X)%
contains a prefix of T} and let S = (XY + Y X)~¥T;. We have ¢(Y X) = s, where
s’ stands for the prefix of ¢; with length |s|. Let t = st 4

By construction, the word S belongs to (X2+Y?)A*. Moreover, since ¢ is a solution
of the equation (77,t;), it is also a solution of the equation (S,¢). This completes
the proof of our lemma.

Example 4.2 Let R = XYXYYXXYY2XY, w = abaabaaababaaaaba and s =
d(XY) = aba.

We have Ty = YXXYY?XY | t; = aababaaaaba, and s' = (Y X) = aab.

This implies that ¢ is solution of the equation (Y2XY, aaaba).

Remark 4.3

1) Assume that word R belongs to (XY + YX)* \ (XY)*. The construction in
the proof of Lemma 4.1 leads to determine two words, namely s and s, such that
O(XY)=s5and p(YX) =5

This implies that the solutions of Equation (R,t) are all the morphisms ¢ such that
we have ¢(X)s'¢(Y) = s?. The problem comes down to determine the different oc-
currences of the word s' in s* : once more that will be done, in time O(Jwl|), by
applying the KMP-algorithm.

2) Now, assume that R € (XY + YX)'YXY. Since we have S =Y, we directly
get the word ¢p(Y) = t1. According to Claim 2.5, this leads to compute a set I, with

(0(X),0(Y)) € 1.

Algorithmic interpretation

Assume that we get both the word ¢(XY), and a primitive word v such that ¢p(X) €
v*. With the notation of Condition 3.4, we have ¢(X) = v and ¢(XY) = viyv?
with v not a prefix of y, nor a suffix of y. Since y is the shortest word such that

4 Since we assume that ¢ is a unique decipherable morphism, we have s # s’.
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o(Y) € vtyv™, it is easily computable. After that, we may apply the construction
in the proof of Lemma 3.4 for computing the correspondings set J and the corre-
sponding system 7.

Clearly, since X, Y play a symetrical role, a similar conclusion may be done if
¢(Y) = vt. Since we have v € LSQR(t), we get O(In |w|) candidates v. Conse-
quently :

Claim 4.11 Assume that (XY +Y X))t (e+Y XY). Given the word $(XY') deciding
whether ¢ is a solution of our equation (R, w) requires time O(|w|In |w]).

The corresponding algorithm is described as follows :

Function TEST3 : boolean ;
input : - finite set of words L such that ¢(XY) € L ;
- boolean variable answer ;

for each z € L do
compute the words S and ¢ of Lemma 4.1 ;
if S = ¢ then apply the method in Remark 4.3
else if S =Y then
compute the corresponding set J of Remark 4.3
answer <« TEST1(K)
else for each word v € LSQR(t) do
t; « the shortest word such that z = v't; ;
y <« the shortest word such that t; = yv™;
compute the sets J and the system (7") as indicated
in the proof of Lemma 3.4 ;
answer «— TEST1(J) ;
answer «— TEST2(e, v, (T))
endfor
endif
endif
endfor ;
TEST3 « answer
endfunction ;

4.2 The case where the period of ¢(XY) is given, with |¢(X)| >
o(Y)

Let (u,v) be a pair of words in ¥* x Xt such that uv is a primitive word. Given a
non-erasing morphism ¢, and given a pair of integers (i, j), we consider the following
condition :

Condition 4.6 (i) ¢(X) = (uv)u
(ii) (Y) = (vu)’

We say that the tuple (¢,1i,7) satisfies Condition 4.6 with respect to the pair of
words (u,v).
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Lemma 4.4 Let R € XYA*NA*XY, and let w € ¥*. Given a pair of words
(u,v) € ¥* x XF, with uv a primitive word, there exist :

- a singleton H C ¥* x T,

- a two element set K C XF,

- and a diophantine system (U),

such that, for every morphism ¢ : A* — (XU A)*, if ¢(R) = w and if p(XY) €
(uv)tu, then one at least of the three following conditions holds :

(i) (6(X),6(Y)) € H.

(i) there ezists a solution (i,7) of (U) such that the tuple (¢,1i,7) satisfies Condition
4.6, with respect to the pair of words (u,v).

(i11) $(XY) € K.

Moreover, with Condition (i), if the system (U) has more than one solution (i, j),
than all the corresponding morphisms ¢ are solutions of Equation (R, w).

Proof of Lemma 4.4

Let Kz be the greatest integer such that (uv)km”u is a prefix of w. Recall that we
set p(XY) = (uv)*u.

Set Ko = [0, 3] U [kmaz — 2, kmaz). Assume that the integer & does not belong to Ko,
i.e. k€[4, kmar — 3]. Since k > 4, and since |¢(X)| > |¢(Y)|, the word (uv)? is a
prefix of ¢(X).

a) The case where u # c. Necessarily, the word ¢(Y) is a suffix of (uv)*u. Since
k < ez — 2, and since (uv)? is a prefix of ¢(X) , the word XYY is necessarily a
prefix of R (indeed, the word (vu)? is a prefix of (¢(XY)) lw moreover, we have
vu # uwv). This leads to consider two new cases :

e vy is a suffix of ¢(Y)
This condition implies that the word vu is both prefix and suffix of ¢(Y"). But
vu is a primitive word and ¢(Y) is suffix of a word in (uv)tu. As a conse-
quence, there exists a pair of positive integers (4, j) such that the tuple (¢, 1, j)
satisfies Condition 4.6.
Clearly, for every positive integer n, the word ¢(XY™) belongs to (uv)™u.
- If one of the two integers i, j is not greater than 1, then, according to Claim
2.5, we directly get corresponding candidates for the pair (¢(X),d(Y)). Let
Hj be the set with elements these candidates.
- Now, we assume that both the integers 7, j are greater than 1.
Let (dy,ds, ...,d,,) be the longest sequence of positive integers such that R =
XYyaXy® XydnS with S € {&, X} or S € X?A*. Since ¢(R) = w,
and since wv is a primitive word, there exists a unique sequence of words
(w1, ..., wn), a unique sequence of positive integers (k1, ks, ..., kn), and a word
s € {e} U@(X?)A*, such that each of the following properties holds :

k, >4
wa = P(XY™) = (wv)*u (a € [1,m])
W = Wi.Wa... WyS (15)

In fact, k; is the greatest integer such that (uv)¥u is a prefix of w and, for
each integer a € [2,m], k, is the greatest integer such that (uv)*u is a prefix
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of the word (w;...w,_1) tw.
According to (15), for each integer a € [1,m], we have :
luwvli + |u| + jda|vu| = koluv] + |ul (16)
Moreover :
- If S = € then (i, j) is solution of the following system :
i+ jde =ks (1<a<m) (17)

- If S = X, we have ¢(X) = (w;---w,) 'w. This determines a unique
word ¢(X) thus, according to Claim 2.5 a unique singleton H; such that
(0(X),0(Y)) € Hi.

- Otherwise, necessarily the word (uv) u.(uv)'u is a prefix of s = (wy...w,,) ~tw.
Hence i is the unique integer such that (uv)'u(uv)? is a prefix of s. According
to Claim 2.5, this determines a new set Hy, such that (¢(X),¢(Y)) € Hy.

¢(Y) is a proper suffix of vu

Let d be the greatest integer such that the word XY is a prefix of R. As we
said it above (cf the begining of Case a) ), we have d > 2.

- If d = 2, since k < kypar — 3, and since (uv)? is a prefix of the word ¢(X),
necessarily, we have ¢(Y) = v. Let Hs be the corresponding singleton with
(0(X), ¢(Y)) € Hs.

- Now, we assume that we have d > 2, thusd — 1 > 2.

According to the theorem of Fine and Wilf, and since we have k < k0. — 3,
the word ¢(Y?71) is necessarily a proper prefix of (vu)?. Consequently, we
obtain ¢(Y4"!) € {v,vuv}. This leads to determine at most two candidates
for the word ¢(Y'). According to Claim 2.5, this leads also to determine a new
set Hy € YT x 27T,

Let H = H; U Hy. With this notation, the set H satisfies Condition (i) in our
lemma. Moreover, System (17) satisfies the condition (ii) in the lemma.

b) The case where u =¢

First, we notice that the word v cannot be a prefix of ¢p(Y'). Indeed, if v is a prefix
of ¢(Y), according to Claim 2.1, since the word ¢(XY") belongs to v and since v is
a primitive word, the words ¢(Y") and ¢(X) belong to v™, a contradiction with the
fact that ¢ is a unique decipherable morphism.

Let (7, s) be the unique pair of words which satisfies the two following conditions :

Condition 4.7 (i) 0 < |r| < |v|
(i1) $(X) € vtr
(iii) v =rs

Let d be the greatest integer such that (XY)? is a prefix of R. Since R € XY A* N
A*XY, and since R # (XY)4, at most one of the two following cases may occur :

(XY)?X? is a prefix of R
Since v is a primitive word, and since v? is a prefix of ¢(X), there exists
a unique integer n such that v"rv? is a prefix of w (otherwise, we should
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have rv = vr, thus r = v, a contradiction with the fact that ¢ is a unique
decipherable morphism). Moreover, we have ¢((XY)¢X) = v™r. This leads to
directly get the word ¢(XY). We set K; = {vldl}.

e (XY)4Y is a prefix of R (since R € XY XA*, we have in fact d > 1)
Since R € XYA* N A*XY, there exists an integer p > 1 such that R €
(XY )yPXA*.
Recall that v cannot be a prefix of ¢(Y).
- Assume that |¢(Y)] < |v].
Since the longest common prefix between a word in v and the word ¢(Y)?
is necessarily a prefix of v, we have ¢(XY) = v*, with dk € [knaz — 2, kmaz)-
Let K be the corresponding set of candidates for ¢(XY).
- If |¢(Y)| > |v|, then we have ¢(Y) € sv™. Since rs is a primitive word,
according to Claim 2.1, we have ¢(XY) = v with dk € [kpar—1, kmaz] C K.

Set H = HyU Hy, and K = Ky U K;. By construction, the set H (K) satisfies the
condition (i) ((iii)) of Lemma 4.4. This completes the proof.

Now, we assume that we have ¢(XY) = (uv)*u, with |¢p(X)| < |¢(Y)]. Given a
word t € ¥*, denote by t the returned word (mirror image) of t. Let ¢’ be the
morphism defined by ¢'(X) = ¢(X) and ¢'(Y) = #(Y). We have R € Y X{X,Y}*N
{X,YVVYX, and ¢'(YX) = (a0)*a, with |¢/(Y)| > |¢/(X)|. By substituting ¥ to
X and X to Y, we are in a case similar to the case of Section 4.2 for the equation
(R, w). Particularly, Condition 4.6 is expressed as follows :

Condition 4.8 (i) ¢'(Y) = (ad)'d
(ii) &' (X) = (va)?
Consequently, the result of Lemma 4.4 holds.

4.3 Algorithmic interpretation

Given a word R € XYA* N A*XY, and given an arbitrary word w € ¥*, the
preceding results lead to an algorithm for deciding whether Equation (R, w) has a
solution or not. We now indicate its main steps :

Algorithm 2
answer «— FALSFE ;
Q«— OVL(w) ; Q — OVL(w) ;

{ The case where |¢(X)| > |¢(Y)] };

for each pair (u,v) € @ do
Kmaz < the greatest integer such that (uv)*me=q is a prefix of w ;
compute the sets H, K and the system (U), as indicated in

the proof of Lemma 4.4 ;

K — KUJ[0,3]U [knaz — 3, kmaz) 3
answer «— TEST1(H) ;
answer «— TEST2(u, v, (U)) ;
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answer «— TEST3(K)
endfor

{ The case where |p(X)| < |¢(Y)| };
Apply the same the process with w, R and @’
endalgorithm ;

According to Claim 2.2, we have |Q| = O(In|w|). Moreover, applying Function
TEST1 and Function TEST2 requires time O(|w|). Since applying Function TEST3
requires time O(|w|1n |w|), applying Algorithm 2 requires time O(|w| 4 In |w|(|w| +
lw|In [w])), thus time O(|w|In® |w]).

5 Concluding the preceding study

In this section, we consider an arbitrary two-unknown equation (R,w), with R €
{X,Y}*, and w € ¥*. As a consequence of the preceding study, we now present the
main sheme of our algorithm for deciding whether or not the equation (R, w) has a
solution. This algorithm takes into account of all the special cases of equations and
morphisms that we have mentionned above.

Algorithm 3
answer «— FALSFE ;

{ The case of an erasing solution }
x + the prefix of w with length [ﬁ] ;
if w = z!¥Ix then answer — TRUE — { ¢(X) =x,¢(Y) =¢ }
endif ;
y < the prefix of w with length [ﬁ] ;
if w = y!BIY then answer « TRUE { ¢(Y) =y, d(X)=¢}

endif ;

{ The case of a non-coding solution }
2 < the primitive root of w ; k «— [":—'] ;
if £ > 2 then
if the equation (i, > 0, |R|xi+ |R|yj = k) has a solution then
answer «— TRUE  { ¢(X) =2, ¢(Y) =27 }
endif
endif ;

{ Special classes of equations}
if Re X*Y* or R e (XY)" then
compute the variable answer by applying the results of Section 2.7
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{ The general case}
else if R € XYA*NYXA* or R € {X? Y?}A* UA*{X? Y?} then
apply Algorithm 1
else apply Algorithm 2 {The case where R € XY A*UA*XY }
endif
endif
endalgorithm ;

In each of the special cases, deciding whether or not Equation (R, w) has a solution
requires time O(|w|). Moreover, applying Algorithm 2 and Algorithm 3 requires
time O(|w|In? |w|). As a consequence, we get our main result :

Theorem 5.1 Given a word w € ¥*, and given a word R € {X,Y}*, deciding
whether there ezists a morphism ¢ such that ¢(R) = w may be implemented so that
it requires time (O(|w|In® |w)).

We finally notice that our algorithms allow to give a complete description of all the
solutions of PAT2. Indeed, searching the candidates is done in an exhaustive way.
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