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ON SOLVING A FORMAL HYPERBOLIC
PARTIAL DIFFERENTIAL EQUATION IN
THE COMPLEX FIELD

Nicolae Popoviciu
To Professor Silviu Sburlan, at his 60’s anniversary

Abstract

Several papers of K. W. Tomantschger deals with the solving of linear
partial differential equations of second order in complex field by using
the Bergman integral operator. The Bergman operator contains the
Bergman kernel. To determine the Bergman kernel, is not an easy work.
This paper contains an approach to construct an algorithm to find the
Bergman kernel for a formal hyperbolic partial differential equation with
two independent complex variables.

1. Mathematical Background

In [7] a list of integral operators is given: J. Le Roux (1895), I.N. Vekua
(1937), St. Bergman (1937), M. Eichler (1942), U. Stessel (1992). The Stessel
operator comprises all these operators as special cases. Nevertheless the most
useful integral operator is Bergman operator [1]. By this operator can be
obtained a solution of the linear partial differential equation of second order
in the complex field.

In this paper we deal with the following formal hyperbolic pde:

0%v
020C

— Py =0, v=v(zC), p,q€Z, =2(- complex variables.

(1)
Notation 1. Let L denote the differential operator
2
L= 9
020C

Key Words: Bergman Integral Operator, Bergman kernel, partial differential equation.
Mathematical Reviews subject classification: 35C15

— 2P L (2,¢0) =0. (2)
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A solution of the equation Lv = 0 has the form [1], [6]

1

00 == [ Bens(: (1)) =t ®)

where F (z,(,t) is a solution of the pde

OE 1 OE
(1_t)8zat_?a< +2tLE =0 (4)

and f (z) is any holomorphic function in a neighborhood of z = 0.

Definition 2. E(z,(,t) is named Bergman kernel and (T'f) (z, () given
by (3) is called the Bergman operator.

Remark 3. The function f is independent of the equation Lv = 0 while
the Bergman kernel depends upon this equation.

The most useful Bergman kernels are polynomial kernels. The Bergman
kernel of first type has the form:

C t = Z n, E(03C7t):17 (5)

where the functions P} (z, () have to determined.

Remark 4. The first problem of solving the pde (2) is to find the kernel (5)
i.e. to find the functions P} (z,() which verify the equation (4). The second
problem is to compute the integral (3) for any holomorfic function f(z).
Now we are interested in finding the Bergman kernel.

Proposition 5. The functions P} (z,() satisfy the system of equations

2n+1 6P oP 1
2 ¢

+LP =0, P*(2,0)=1,n>0. (6)

Proof. We introduce (5) in equation (4) and follow the coefficient of ¢27+1.

The system (5) is called a Bergman recurrence system. By solving this
system one obtains the functions P’ (z,¢) and the kernel E (z,(,t).

2. Bergman Recurrence System Properties

There are at least two methods to solve the Bergman recurrence system.

Method 1. One uses the system (6) for n = 0,1,2,3, and the general
solution P (z,() is obtained by induction.
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Method 2. We choose a particular form of the functions P (z,¢). This
form depends on the pde2 we have to solve. In the case of equation (2) we
choose a polynomial form in ¢

P20 = ("Pu(z0),

E(z,(t) = Z (7)

If we denoted z{ = u, then the Bergman kernel becomes:
E(z,(t) =1+ ) u"Py(u), Pp(u) =1 (8)
n=1

where P, (u), n > 1 are unknown functions. We denote N = {1,2,3,...}.

Remark 6. For the equation (2) there are the following cases: p = ¢ = 0;

p = ¢ pqEN; p#q pqgeN;
p = ¢ p,q€Z—{0}; p#q, p,qg€Z—{0}.

Now we deal with the case p = ¢ € N and we denote p =q¢=m, m > 1.
The equation (2) becomes

Proposition 7. Using (7), the Bergman recurrence system (6) becomes:

2n+1

[P () + (0 + 1) Pagy ()] = w7 P (w) = (n+1) P, (u) —
—uP!(u), v = 2(, meN. (9)
We call (9), Bergman particular system.
Proof. The system (6) has the form:
2n+1 OP:., O*P; me1
. no_ P =0
5 o Towc GO D !
Pri(2,¢) = ("MPua(¢). (10)

From (10), by computing all partial derivatives, one obtains (9).
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Proposition 8. The Bergman particular system (9) yields the recurrence

formula:

2 1 . ntl
Poii(u) = n—f—l.u”“/u +1(u ’p, — " PT'LPT'L’>du,n20,

P,(u) = 1 (11)

Proof. One writes the general solution differential linear equation (9) with

unknown function P, 1.

3. Solution of the Bergman Particular System

We look for the solution P, (u) of the Bergman particular system, (11).
One starts with n = 0,1,2,3,4 and then we propose the general form of

unknown functions P, (u).
a) The particular values of n yield particular functions

Po(u) =1,
Fa(u) = 2224222)!! % [_ (ﬂi!;z?rz“m * ;T!:r)éum] ’
Py ) — 222-3;)!! . % [_ (n;;n??)“m 3 (Tgny,;sl)QuM _ ;7'721 e
Py (u) = (222:43!! , u17 [_ (ﬂ;!;jhum (m — 2)22!7(7:;71 —11)
e = ). (12

where (C), = C(C+1)(C+2)..(C+n—1)= A%, ;. All functions are
written in the same form in order to obtain the generalization. The quantity

in brackets is a polynomial in wu.
b) We propose the general form of unknown functions

where b,, ,, are unknown coefficients which depend on n and k.
c) We'll find some particular values for these coefficients.
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Proposition 9. The first coefficients by, n > 1, 1 < k < n have the
values:

n=1, b1 =—-m
n=2, b1 =—(m—1)m, bao=m;
n=3, b3,1:_(m_2)(m_1)m7 b3,2:3(m_1)ma b3,3:m;

n=4,by1=—(m—-3)(m—2)(m—1)m, byo=(m—1)m(Tm—11),

Proof. One identifies the relation (12) and (13).
d) We find recurrence relations for the coefficients b,, .

Proposition 10. For n > 1 coefficients by, verify the recurrence rela-
tions:

bo,o =1, bn-l—lal = (m - n) bn,l (14)
bn+1,n+1 = _bn,n7 (15)
bn-l—l,k = (km - n) bn,k - bn,k—la k= 2,—Tl (16)

Proof. We introduce the general form (13) into Bergman particular system
(9) and we put v, u~""! in the sum. In the first equality which we obtain,
one changes u(*+tDm=n=1 in ykm=n-1 by index removals. One obtains an
equality having three sums. We isolate k = 1, k = n + 1 in the first sum,

k =n-+1 in the second sum, k£ = 1 in the third sum.

b b

umfnfl = 7L;’1m: 7”_’21m (min)

m m
b b
(n+1)m-n—1 __ Ondlndl _ _bnn
’ 7 Tt e DT

b b b

km—n—1 n+1,k - n,k—1 _ n,k B -

! -  klmFH fm = (k—DlmF — KlmF+1 km (km—mn), k=2,

Corollary 11. By index removal n+1 — n for n > 1, m > 1, one obtains:

(14) = byyi=—(m—n+1), = A" = —nlCT, = —n! ( ZZ ) (17)
(15) = bpp=(-1)"m (18)
(16) = bpr=FEm—n+1Dbp1k—bpn-1k-1,n>2, k>2 n. (19)

e) Using (19) we have to obtain the non-recurence relation for coefficiens
by.x. We try to obtain the simplest form for each coefficient. At the beginning
we evaluate the particular cases k = 2,3,4 (because by, 1 is known).
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Proposition 12. [.1) k = 2; for n > 2, by, 2 has the equivalent expressions

n—1

bpo = — Z (2m—n+1),_;_; b (20)
j=1
n—1 ) )
bno=—Y Ap Tt Al n>2. (21)
j=1
1.2) The simplest form is
nl (1 . n
b'fl72 = E (502m - Cm) ;n>2. (22)
Proof. From (19), we express by, o with by 2 = —m and bj,1. We obtain:

bno=02m—-n+1), 5bao—2m—n+1), sby1—..—(2m —n+1),by_21-bp_11.
The result is (20). For (21), one takes into account that:
2m—n+1),__, =Ap "0 by =—A),
For (22), one proves the equality:

n—1 ) n' 1
DAk =— (gcgm - C%) ,n> 2.
m

Jj=1

Proposition 13. II.1). k = 3; for n > 3, by 3 has the equivalent expres-
sions

n—1

bn,3 = - Z <3m -n+ l)n,j,1 bj,2a (23)
j=2
i.e.
(m=D!Cm 1! (= oot K= e

bn,3 = (3m — n)| Z O3m—j—1 - Z C’3m—j—1 . (24)

j=2 j=2

11.2) The simplest form is:
(m_ 1)'(27’71— 1)' m m

bn,?} = (3m — TL)' [C§$72 - C?%:rrzlfn - 37Lnf2 + C?wlnfn] ’ (25)
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i.e.
n! 1 1 1
bpz=—5|—=C% -Cy - =C"|. 26
i3 m2 6 3m + 2 2m 9 m ( )
Proof. From (19), we express b, 3 with b3 3 = —bs 2 and b, o in the form:

bn,3 = (3m —n+ ]‘)n—S b3,3—(3m —n+ 1)n—4 bg’g—...—(?)m —n—+ ].)1 bn,272—bn,1’2.

The result is (23). For (24), in (23) one uses (c),,
Then one writes all the terms with k! and we try to obtain C7.
Using a trick, we get:

and bj; o given by (22).

(m—1)! & 2m— 1) (3m—j—1)!

bus = Bm-n)l & (m-)lEm-1
C@2m =D (m= D (3m = j — 1)!
(3m —n)! 4 2m—j)(m-1)"! ~

Jj=2

Using €7 and ¢/ = C!™7 (%), one obtain (24). For (25) we use C7 ' =
Cij — Cg_l (xx) . For (25), we simplify (25), and the coefficients become:

(3m)! (2m)! m!
~6m2 (3m —n)! *om 2m—n)!  2m2(m—n)’

bn,3 =

By multiplication with n!/n! one obtains the desired formula (26).

Proposition 14. III.1) k = 4; for n > 4, by, 4 has the equivalent expres-
sions

n—1
bn,4 = - Z (4m —n+ ]‘)n—j—l bj,3 (27)
=3
1 Bm-D(m =)=
bua = 2m (4m —n)! Jz::g Clim—j-1
1 @m-—D)ICm—-1I=
m (4m —n)! 2047"7]71 +
j=3
1 (m—1)I@Bm-1l=
Yom T m—ny 2 i (28)



176 N. PoprovicIu

II1.2) The simplest form is:

oo R
m—1)1]°
_l ! M (C4m 3 C4m n)

m
L (m-=1!@3m-1)
2. ,
2m (4m — n)! (Cim—s = Cim—n) (29)
n' 1
boa =5 | 240m *C?m + sz - *CZ; : (30)

Proof is done in the same way as for the previous Proposition.

Remark 15. The simplest form determined for each particular coefficient
was obtained in many steps, generally four steps.

Our main purpose is to find the non-recurrence form of b, from (19),
using the particular coefficients b, , k& = 1,2,3,4 given by their simplest
form (17), (22), (26), (30) respectively. We’ll do it in the next proposition.

Proposition 16. The general form of coefficients by, i from (13) is:

by = k'mk 12 C’JC’]"m ,n>km>1,n>0 m>n. (31)

Proof. We introduce (31) in (19) and obtain

k o L1 o, K1
> (=1) c,gcym: S (=yciert—-=> (-1 ci_crt.
j=1 j=1 "=

We isolate terms for j = k and it results:
k=1 o pq ket P

(-1 cien, = montl Y Clop === (-1 GOt
j=1 ]:1 j=1

, k—ij .
Here we use some known formulas as: C}_; = TjCi ,and Cot =

L_HC" and we get
jm—n
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>
|
—
>
|
—

P km—n-+1 i n
-yolcr, = —. -1 o —m——0" —
Fl( ) Gl n j:l( ) Fim—n+41 M
k—1
km i k—3 n
T _1] J cn
n J;( ) ko Fjm—n+1 ™
therefore, we get:
k—1 k—1
i P ikm—n+1
= = im—n+1
k—1
_ ( 1)j 7 m(k_]) n
= Fim—n+1 ™

The last equality is an identity. Hence (31) satisfies (19).

Remark 17. The whole work was done to find the relation (31). The
function P, (u) becomes

R 22l 1K1 i m
Patn) = (" oyt g 2 g T IZ gete
=1
22"n'n' R ¥ oicn 1
! — JZ:I k!

4. Algorithm to Find Bergman Kernel of First Type

1) Choose the Bergman kernel of first type F (z,(,t) having the form (5).
The functions P} (z,() are unknown functions.

2) Choose the functions P} (z,() having the form (7). The P, (z,() are
unknown functions.

3) Use the Bergman particular recurrence system (11) and find several
functions P, for the particular values n = 0,1,2,3,4. All functions P,, should
be written in the same aspect, to be possible the generalization (13).

4) Using the particular functions P, one finds the particular values of the
coefficients b, 1, 1 <k <n.

5) Find b,, 1 and the recurrence relation for b, , n > 2 (19).



178

N. Poroviciu

6) Find the non-recurrence relation for by, 1, 7 > 2 and obtain the simplest

form for each coefficient.

6.1). Find the equivalent expressions for b, 2 and obtain the simplest forms.
6.2). Find the equivalent expressions for b, 3 and obtain the simplest forms.
6.3). Find the equivalent expressions for b, 4 and obtain the simplest forms.
7) Write the coefficients b, ,, k =1,2,3,4 in the same simplest form (31).
8) Write the coefficients form of the coefficients b, 5 (31).

9) Write the general form of the function P, (32).

10) Write the general form of the function P} and the Bergman kernel

E(z,¢,t) (7).
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