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ITERATIVE ALGORITHM FOR A CONVEX
FEASIBILITY PROBLEM

Yu Li

Abstract

The purpose of this paper is to study convex feasibility problems
in the setting of a real Hilbert space. The approximation of common
elements of solution set of variational inequality problems and fixed
point set of nonexpansive mappings is considered. Strong convergence
theorems are established in the framework of Hilbert spaces.

1 Introduction and Preliminaries

Recently, many authors studied the following convex feasibility problem (CFP):

finding a p € ﬂ C, (1.1)

=1

where r > 1 is an integer and each C; is a nonempty closed and convex subset
of a real Hilbert space H. There is a considerable investigation on CFP in the
setting of Hilbert spaces which captures applications in various disciplines such
as image restoration [9,12], computer tomography [19] and radiation therapy
treatment planning [10].

In this paper, we always assume that H is a real Hilbert space, whose inner
product and norm are denoted by (-,-) and || - ||. Let C' be a nonempty closed

Key Words: convex feasibility problem; inverse-strongly monotone mapping; nonexpan-
sive mapping; variational inequality.

Mathematics Subject Classification: 47J05, 47TH09, 47J25

Received: August, 2009

Accepted: January, 2010

205



206 Yu L1

and convex subset of H. Recall that a mapping A is said to be a-inverse-
strongly monotone if there exists a real number o > 0 such that

(Az — Ay, — y) > of| Az — Ay|?, Vz,y e C.

Recall that the classical variational inequality problem, denoted by VI(C, A),
is to find w € C such that

(Au,v —u) >0, YveC. (1.2)
Given z € H,u € C, the following inequality holds
(u—z,v—u) >0, Yoedl,

if and only if u = Pcz. It is known that the projection Pg is firmly nonexpan-
sive. That is,

|Pcx — Poy|? < (x —y, Pex — Pcy), Vr,y € H.

One can see that the variational inequality problem (1.2) is equivalent to
a fixed point problem. It is easy to see that an element u € C' is a solution
of the variational inequality (1.2) if and only if u € C' is a fixed point of the
mapping Po(I —AA), where A > 0 is a constant and I is the identity mapping,
that is,
u€ VI(C,A) <= u= Po(I — M\A)u.

In [11], Tliduka and Takahashi showed that if A is a-inverse-strongly monotone
and A < 2«, then the mapping I — AA is nonexpansive. This implies that
Pc(I—XA) is also nonexpansive. In [1], Browder showed that if C' is a bounded
closed and convex subset of H, then nonexpansive mapping on C' has a unique
fixed point. Moreover, the fixe point set if closed and convex, see also [2] and
[13].

In this paper, we shall consider the case that C; is the set of solutions of
the variational inequality problem (1.2). That is, C; = VI(C, A;) for each
1<i<r. Let S:C — C be a mapping. In this paper, we use F(S) to stand
for the set of fixed points of the mapping S. Recall that the mapping S is said
to be nonexpansive if

ISz — Syl < o —yll, Va.yeC.

Recently, iterative algorithms for the classical variational inequality (1.2)
and fixed point problem of nonexpansive mappings have received rapid devel-
opment, see, for example, [5-8,11-17,20,21,23] and the references therein. Re-
cently, Tiduka and Takahashi [11] constructed an iterative algorithm to study
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the problem of finding a common element of the set of solution of a varia-
tional inequality for an inverse-strongly monotone mapping and of the set of
fixed points of a nonexpansive mapping. To be more precise, they proved the
following theorem:

Theorem IT. Let C be a closed convex subset of a real Hilbert space H.
Let A be an a-inverse-strongly monotone mapping of C into H and let S be a
nonexpansive mapping of C into itself such that F(S)NVI(C, A) # 0. Suppose
z1=x € C and {z,} is given by

Tpt1 = @nZ + (1 — o) SPe(xn — MnAxy), (1.3)

foreveryn =1,2,..., where {ay} is a sequence in [0,1) and {\,} is a sequence
in [a,b). If {an} and {\,} are chosen so that {\,} € [a,b] for some a,b with
0<a<b<2a,

oo o0 oo
lim «, =0, E Q, = 00, E |ap+1 — | < 0o and g [Ant1 — An| < 00,
n—oo

n=1 n=1 n=1

then {x,} converges strongly to Pp(s)nvi(c,a)Z-

Recently, Y. Yao and J.C. Yao [23] further studied the approximation com-
mon elements of solution set of the variational inequality (1.1) and of the fixed
point set of a nonexpansive mapping by considering the following iterative al-
gorithm:

1 =u€ C,
Tp+1 = QU + ﬂnxn + P)/nSPC(yn - )\nAyn)v n > ]-7

where {ay,}, {8,} and {~,} are sequence in (0, 1) such that a,,+ 8,47, = 1 for
each n > 1, A is an a-inverse-strongly monotone mapping of C' into H and S is
a nonexpansive mapping of C' into itself such that F(S)NVI(C, A) # 0. They
proved that the sequence {z,} generated by the algorithm (1.4) converges
strongly to z* = Pr(s)nvi(c,a)u-

Quite recently, Ceng, Wang and Yao [5] considered the problem for a pair
of inverse-strongly monotone mappings by the following iterative algorithm:

r1=u€ C,
Tnt1 = ot + BpZn + Y SPo(Yn — AMyn), n>1,

where {ay}, {#n} and {7, } are sequence in (0,1) such that ay, + B, + 7 =1
for each n > 1, A and B are two inverse-strongly monotone mappings and .S
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is a nonexpansive mapping. They also obtained a strong convergence theorem
of the iterative algorithm (1.5).

In this paper, motivated by Ceng et al. [5], liduka and Takahashi [11],
Y. Yao and J.C. Yao [23], we study the convex feasibility problem (1.1) by
considering a family of inverse-strongly monotone mappings and a single non-
expansive mapping. The results presented in this paper improve and extend
the corresponding results announced by many others.

In order to prove our main results, we need the following lemmas.

Lemma 1.1 (Suzuki [18]). Let {x,} and {yn} be bounded sequences in a
Banach space E and let {$,} be a sequence in [0,1] with
0 < liminf 8, <limsupg, < 1.
n—oo

n—oo

Suppose Tpr1 = (1 — Bn)yn + Bnxyn for all integers n > 0 and

i sup({|yns1 = ynll = [2nt1 — znl]) < 0.
n—oo

Then lim, o ||Yn — zn|| = 0.

Lemma 1.2 (Bruck [4]). Let C be a closed convex subset of a strictly convex
Banach space E. Let {T; : 1 <i <r} be a sequence of nonexpansive mappings
on C. Suppose N;_ F(T;) is nonempty. Let {u;} be a sequence of positive
numbers with >, i = 1. Then a mapping S on C' defined by

St = i wi Ty
i=1

for x € C is well defined, nonezpansive and F(S) = N2, F(T;) holds.

Recall that a mapping S : C — C' is closed at zero if {x,} is a sequence
in C' converging strongly to x € C' and Sz,, converges strongly to zero, then
Sz =0.

Recall that a mapping S : C' — C is demiclosed at zero if {z,, } is a sequence
in C' converging weakly to x € C and Sz, converges strongly to zero, then
Sz = 0.

Lemma 1.3 (Browder [3]). Let H be a real Hilbert space, C' be a nonempty
closed convex subset of H and S : C — C be a nonexpansive mapping. Then
I — S is demiclosed at zero.

Lemma 1.4 (Xu [22]). Assume that {an} is a sequence of nonnegative real
numbers such that
an—i—l S (1 - ’Yn)an + 671’

where {7y} is a sequence in (0,1) and {6,} is a sequence such that
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(1) limp—yoo v =0 and Y 07 | ¥ = 00;
(i) Hmsup, o 6n/vn <0 or > 07 |6,] < oc.

Then lim,, s ay, = 0.

2 Main results

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A; : C'— H be a u;-inverse-strongly monotone mapping for each
1 <i<r, where r is some positive integer. Let S : C — C' be a nonexpansive
mapping with a fived point. Assume that F := N;_,VI(C, A;)NF(S) # 0. Let
{z,} be a sequence defined by the following manner:

1 €0, Tpy1 = apu+ Bpx, + ’ynSZmPc(xn - NAix,), n>1, (2.1)
i=1

where u € C'is a fived point, A\1, Ao, ... and A\, are real numbers such that \; €
(0,2u;) for each 1 < i <, and {an}, {Bn} and {v,} are sequences in (0,1).
Assume that the above control sequences satisfies the following conditions:

(1) Qp +ﬂn + VY = ZZ:I n, = 1, vn > 1,
(ii) limy, 00 atn = 0, ZZO:I Oy = O0;

(iii) 0 < liminf, o0 B < limsup,,_, . Brn < 1.

Then the sequence {x,} generated in the iterative algorithm (2.1) converges
strongly to p = Pru.

Proof. The proof is split into five steps.

Step 1. Show that the sequence {z,} is bounded.

Note that the mapping I — A\; A; is nonexpansive for each ¢. Indeed, for any
x,y € C, we see that

(I = XAz — (I = XAyl
= |z =yl = 20 (Aix — Aiy, =z — y) + N7 Az — Agy|?
< o = ylI* = N2 — M) | A — Aiy*.

Since, for each 1 <1i <r, \; € (0,2y;), we see that I — \;4; is nonexpansive.
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Put y, =Y., miPc(x, — N\jA;zy,) for each n > 1. For any z* € F, we have
241 — 27| = [|anu + BnTn + Y0 Syn — ||

< an”“’ - J,‘*H + Bn”xn - l‘*H + rYnHSyn - x*H

-
< anllu— || + Bullzn — 2% + v Y nil Po(@n — Midizy) — 27|
i=1

< apllu —z*|| + Bullzn — || + Ynllzn — ¥

= apllu — 2| + (1 — an)[|zn — 2.
By mathematical inductions, we can obtain that

len — 27| <{lley — 2™, lu— 2"}, Vn =1

This shows that the sequence {x,,} is bounded. since I —\;4; is nonexpansive
for each 7, we obtain that

lyn — 21 = 11> miPo(zn — Nidizn) = > mia”|
i=1 i=1

< Z’?iHPC(l”n = Nidiz,) — 2"
i=1

< 2, — |

This shows that {y,} is also bounded.
Step 2. Show that x,41 — z, — 0 as n — oc.

Note that
lynr1 = yall = 1D miPe(@nir = NAiwns1) = > niPe(@n — Ndsz,)|
=1 1=1
< @ng1 — mn”
(2.2)
Put I, = Z25=02%n for all n > 1. That is,
Tne1 = (1 = Bu)ln + Bnpn, Yn>1. (2.3)
Note that
ln+1 - ln
_ i 1Ut Y4 1SYnt1  Qnt+ YnSYn
1-—- ﬁn—i—l 1— ﬁn
Qp41 1-—- 671-&-1 — Qp41 (079 1- Bn — Oy
= U+ S n - U= S n
1~ Burt LByt 15, 1-5, 7
« «
= "7"'1(11—5%1_’_1) + n (Syn—u) + SYn+1 — SYn.

1—ﬁn+1 1_577,
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It follows that

(07705 (07
lnt1 — ]| € —————||lu — Sy, Sy, — SYn+1 — Syn
linsr =l < 325l = Symaall + 75 ISy = ull + |81 = Syl
< D — Syt |+ Sy — ull + Y1 — Yn]
=71_ 5n+1 Yn+1 1_ 5n Yn Yn+1 — Yn||-

By virtue of (2.2), we arrive at

an+1

1 = lall = [0 — 2|l < =B

(67
lu— Syns1ll + ﬁ”s% — ul|.

Tt follows from the conditions (ii) and (iii) that
limsup(|[ln+1 = In| = [[#n41 — Tpga ) < 0.
n—oo

Thanks to Lemma 1.1, we obtain that

lim ||I,, — z,] = 0.
n— 00

In view of (2.3), we have
Tp41 — Tp = (1 - Bn)(ln - xn)

This implies that

nhﬁngo |€n+1 — zn] = 0. (2.4)

Step 3. Show that Sz, — z, = 0 as n — oc.
Note that

ns1 = 2|7 = llomu + Buwn + ¥ Syn — 27|

< apllu—a*|* + Bullwn — 2" |* + 'Vn”SZniPC(xn —Nidizn) —z*|?
=1

,
< anllu = 2" + Ballen — & |* + 1l Y miPo(en — Nidiza) — 27|
i=1

T
< apllu — 2| + Bullan — =¥+ vn ZTHHPC(% — Nidiz,) — %
i=1

(2.5)



212 Yu L1

This implies that

lns1 — "2

< agllu—z*|1? + Ballwn — 2|2
T
o > millen — 2" = (A — Aie”)|?

=1

I
< amllu— 2 + Ballzn — 212 +9n Y mil[lzn — 2*||?
i=1
— 22X (A, — A", x, — %) + )\?HAifn - Aiw*||2)
T
Sanlu— 2|+ [lzn — 27 = > midi (2 — i)l Aszn — Aga2.
i=1

It follows that

T Y miXi(2ui — Ai)|| Az, — Aiz®||?
i=1

< ol = 2|* + llzn — 2|7 = [longs — 2"
< agllu— ™| + (lzn — 2| + onss — 2 Dllzn — 2l
Thanks to conditions (ii) and (iii), one obtains that

lim ||Ajz, — Aiz*||=0, VI<i<r. (2.6)

n— oo

On the other hand, one has

[1Pe(I = Nidi)zn —z*|?

= ||Pc(I = NjAy)zy — Po(I — N A)x*||)?

<A{(I = NA)x, — (I — NAy)x™, Po(I — NA)x, — ™)

_ %(H(I AN — (T = NANT | 4 | Po(I — NAdan —
— I = MA@y — (I = NA)z* — (Po(I = NiA)z, — 2*)|?)

e R T W e
— lzn — Po(I = NiAi)zy — Xi(Aizn, — Aiz™)|?)

= %(Hwn — &P + | Po(I = NAi)z, — 2*[]° = |20 — Po(I = XiAs)a,|?
+ 20 (A, — Aix®, xn — Po(I — NA)zn) — M| Az, — A ||?).
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It follows that

[Pe(I=NiAi)zn—z*||* < [|an—a*|* =2 —Po(I-XiAs)an ||* 4+ M; || Aizn — Asa™||,
(2.7)
where M; is given by
M; = sup{2\;||z,, — Pc(I — NjA))xy|| : Vn > 1}.

On the other hand, we have

lyn = 2nll® = 11> miPod = Xdi)wn — zal* <D 0il Po(I = Nidi)an — 2|,

=1 i=1

which combines with (2.7) yields that

Yo nillPeI=NAd)an—a"|* < llwn—a™ P =llyn—wnl*+ ) 1:Mil| Aien— Aice”.

i=1 i=1

From (2.5), we see that

-
|17 ? < anllu—a*P+l@n—a* P+ Y 0l Asn—Aie* | =ullyn—al |,
i=1

from which it follows that
Yallgn — 2l < anllu = 2" + lon — 2|* = [|lzpsr — 27|+
T
+ > mMi|| A, — A
i=1
< anllu— 22 + (ln — 2| + [ns1 — 2 )20 — s
T
o Y M| ey, — Aga®.
i=1
It follows from (2.4), (2.6) and the conditions (ii) and (iii) that

lim |y, — zn] = 0. (2.8)

n— o0

Note that

Tn
Combining this with the condition (ii) and (iii) gives that

nh_)ngo |1Syn — zn|| = 0. (2.9)
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Observe that
1527 — znll < lzn — Synll + 1Syn — Sau |l
< an — SynH + [lyn — xn”
It follows from (2.8) and (2.9) that
lim ||Sz, — z,| = 0. (2.10)
n—oo
Step 4. Show that

lim sup(u — p, z, —p) <0,

n—oo
where p = Pru.

To show it, we can choose a sequence {z,,} of {z,} such that

limsup{u — p,x, —p) = lim (u — p,x,, — p). (2.11)
1—> 00

n— oo

Since {x,,} is bounded, there exists a subsequence {a:m]} of {z,} which
converges weakly to f. Without loss of generality, we can assume that z,,, — f.
Define a mapping W : C — C by

Wa =Y nPo(I - NA)z, VaeC.
i=1
From Lemma 1.2, we see that W is nonexpansive such that
F(W)=nN[_F(Pc(I —)\A;))=nN_,VI(C,A4;).
From (2.8), we see that

lim |z, — Wa,| = 0. (2.12)
n— oo

From Lemma 1.3, we can obtain that f € F(W). In view of (2.10) and Lemma
1.3, we see that f € F(S). This proves that

feFW)NE(S)=n_,VI(C,A;)NF(S).
It follows from (2.11) that

lim sup{u — p, z,, — p) < 0.

n—oo

Step 5. Show that x, — p as n — oo.
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Note that

241 — p|?
= (apt + Bnn + 1 SYn — Py Tns1 — D)
= (U — P, Tnt1 — P) + Bn{@n — P, Tny1 — p)

+ 0 (SYn — P Tny1 — p)
< an(u = p,Tnt1 = p) + Bullzn = pllllzn+s = pll + Y0llSyn — pll|l2n41 — 1l
< an(u—p,rpi1 = p) + Ballzn — pllllTns1 — pll + Yo llyn — pllllTns1 — pll
< ap(u—p,Tpt1 —p) + (1 - an)Hxn pllllzns1 — pl
an ( p)+

1
=l + Sllwnss - o,

U—P,Tny1 —

(2.13)
which implies that

(e p”2 (1 —an)|lzn — p\|2—|—2an<u—p,xn+1 - p).
Applying Lemma 1.4 to (2.13), we obtain that
lim ||z, — pll = 0.
n—oo

This completes the proof.
Putting S = I, the identity mapping, we have the following result.

Corollary 2.2. Let C be a nonempty closed convexr subset of a real Hilbert
space H. Let A; : C'— H be a p;-inverse-strongly monotone mapping for each
1 < i <r, wherer is some positive integer. Assume that F := N;_,VI(C,A;) #
0. Let {x,} be a sequence defined by the following manner:

21 €C, Tng1 = At + B + Y Y_niPo(tn — NiAiz,), n> 1,
=1

where u € C'is a fived point, A1, Ao, ... and A\, are real numbers such that \; €
(0,2u;) for each 1 <i <r, and {an}, {Bn} and {y.} are sequences in (0,1).
Assume that the above control sequences satisfies the following conditions:

(1) an+Bn+ym = 2;1771' =1,Vn2>1,
(i) limy oo o = 0,07ty = 00;
(iii) 0 < liminf, o0 B < limsup,,_, ., Bn < 1.

Then the sequence {x,} converges strongly to p = Pru.
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Next, we give a special case of Theorem 2.1 on a pair of inverse-strongly
monotone mappings.

Corollary 2.3. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A : C — H be a pi-inverse-strongly monotone mapping and
B : C — H a us-inverse-strongly monotone mapping, respectively. Let S :
C — C be a nonexpansive mapping with a fixed point. Assume that F :=
VI(C,A)NVI(C,B)N F(S) # 0. Let {x,} be a sequence defined by the
following manner:

x1 € C, chosen arbitrarily

Yn = nPc(zn — ANzy,) + (1 — 1) Po (2, — pBzy),
Tn+1 = QU + ﬁnxn + '-Ynsyny n Z 15

where u € C is a fized point, n is a real number in (0,1), X and p are real
numbers such that X € (0,2u1) and p € (0,2u2), respectively, and {cu,}, {Bn}
and {yn} are sequences in (0,1). Assume that the above control sequences
satisfy the following conditions:

<i> an+ﬁn+7n =1,Vn>1,
(i) limy, oo ap =0, Zzozl Qp = 00;
(iii) 0 < liminf, o B, <limsup,,_, . Bn < 1.

Then the sequence {x,} converges strongly to p = Pru.
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