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EFFECTIVE DETERMINATION OF ALL
THE HAHN-BANACH EXTENSIONS OF
SOME LINEAR AND CONTINUOUS
FUNCTIONALS

Constantin Costara and Dumitru Popa

Dedicated to Professor Mirela Stefanescu on the occasion of her 60th birthday

The Hahn-Banach theorem is the one of the fundamental results in func-
tional analysis. Recall one of its forms, perhaps the most well known:

Let X be a normed space over K=R or ( C ), G C X a linear subspace,
f : G — K be a linear and continuous functional. Then there exists f : X — K
a linear and continuous functional which extends f with the same norm as f.

In the sequel we will call a such extension a Hahn-Banach extension.

As it is well known and we will see in the sequel, the Hahn-Banach extension
is not unique in general.

Also it is well known that the Hahn-Banach theorem has profound applica-
tions, so what we consider that some reasonably simple examples of effective
determination of all the Hahn-Banach extensions of some linear and contin-
uous functional can be of some interest, see [5] for the bellow Example 1,
Propositions 1, 3 ( which in [5] are unsolved), [4] for the Proposition 4 ( also
unsolved in [4] ) and [2] where the all below examples will be are included.

We advertise from the beginning the reader that in the bellow examples the
essential difficulty will be in the calculation of the norm of the given functional
f relative to the linear subspace G.

The next 1, 2, 3 examples are elementary.

Example 1. In the space R? let us consider the subspace G = {(z,y) €
R? |2z —y =0}, f: G—R, f(z,y) =2. Then g: R? - R, g(x,y) = £ + 2%,
V(z,y) € R? is the unique Hahn-Banach extension of f.

Received: June, 2001

31



32 C. COSTARA AND D. Pora

Proof. If g : R?> — R is a linear functional, then g(z,y) = xg(1,0) +
yg(0,1) = az + by, ¥(z,y) € R? and as is easy ||g|| = Va2 + b2. Let us ob-
serve that G = {(z,2z) | z € R} = Sp{(1,2)}. In addition|f(z,y)| = |z| =
% [|(x,v)|], V(z,y) € G ie. ||f] = ﬁ Let be g : R? — R a Hahn-Banach
extension of f. A such extension there exist by the Hahn-Banach theorem.
Then there exists a,b € R such that g(x,y) = azx + by, V(x,y) € R? and
llgll = vVa?+b%. As g |g= [ it follows that, g(z,y) = =, Y(z,y) € G ie.
ar + by = xz, Y(z,y) € G or ax + 2bx = z, Vr € R, a +2b = 1. But, by

the hypothesis ¢ has the same norm as f i.e. ||g|| = ||f|| or Va2 + b2 = %
a+ 2b =1 . . . 2 . 1 -
{ a4 b2 — % . Solving this system we obtain b = fsia=¢lie the

Hahn-Banach extension is unique and given by the formula g(z,y) = £ + %’7
V(z,y) € R%

Example 2. Let be 1 < p < oo, a € K fixed, G C K2, G = {(71,0) | z; € K}.
Let us consider the linear and continuous functional e : (G, ||Hp) — K,

e () = ax1, the norm |||, being the usual. Then the all Hahn-Banach exten-
sion of e € G* are:

1) ¢ (z1,22) = ax1 + v, V (71,22) € K2, with |v] < |a, for p =1 and we
have an infinity of such extension if « is non null.

i) ¢ (21,72) = axy, V (r1,72) € K2, for 1 < p < 0.

Proof. It is easy to see that the norm of || e ||= |«|, for each p. Let now
¢ : K2 — K be a Hahn-Banach extension of e. Then there exist u,v € K
such that ¢ (z1,22) = uxry + vy, V(21,12) € K2 If on K? we will consider

max {[uf , [v]}, if p=1
the norm |[-[|,, 1 < p < oo, then [[p]| = ¢ (Ju|? + |v|q)% Jifl<p<oo ,asit
lu| + Jv], if p = o0

follows from the Holder inequality, where % + % =1. As ¢ |g= e, then u = a.
So we have the cases:

i) If p =1, then ¢ (x1,72) = axy + vra, V (21, 72) € K2, with |v] < |a.

ii) If 1 < p < oo, then v =0, s0 ¢ (z1,72) = axy, V (z1,22) € K2

iii) If p = oo, again v = 0, s0 ¢ (1,72) = axy, V (r1,72) € K2

Example 3. Let G = {(zp)ney € L1 | 71 — 322 = 0}, f : G — R,
Jf((#n)nen) = 21. Then g : i — R, g1(x) = 321 + 29, Vo = (@n)nen € 1y is

the unique Hahn-Banach extension of f.

Proof. We have |f(x)] lz1| = 3(|z1] + |z2])

) = llz||, Yo € G, so
A< 3. But [f(=3,1,0,..)1 = 3 < [If]l - [[(=3,1,

= 4lf]l. Let

[N

<
0,.
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g : l1 — R be a Hahn-Banach extension. As ] = [, i.e. there exist
€ = (§)nen € lx such that g(z) = 302 £,2n, V& = (Tn)nen € L1 and
lgll = ll€]] = suppen [§nl- But g [¢= f, hence g(z) = @1, V(@n)nen € I with
r1—3xe =0, or {121 + %2331 +&gxs + ... = @1, V|z1] + |xg| + |za] + ... < 0.
From this we deduce that &; + %2 =land ¢, =0,Vn > 3ie 3§ +& =3,
¢, =0, Vn > 3. So the Hahn-Banach extension g has the expression g(z) =
§111 + e = § 11 + (3—38)) 22, Vo = (Ty)nen € l1. But [|g]| = [|f]| = 3 ie.
max(|¢, ], (3 — 3&;]) = 3, which has the solution £, = 2, i.e. f has an unique
Hahn-Banach extension to /1, namely g(x) = %ml + %IQ, Vo = (Tpn)nen € l1.

Proposition 1. Any linear and continuous functional on co has a unique
Hahn-Banach extension to ls.

Proof. Let be f € ¢j. As it is well known there exists (a,),cy € l1 such
that f(z) = Y07 janZn, V& = (Tn),en € co and || f]| = 3507 |an|. Let be
gl =K, g(x) =307 10Ty , V& = (Tn), ey € loo - Then g is linear and
lg ()] < 3°0% Jan| - |zn] < |lz]| - 3002 lan]), Vo € I ie. g is continuous.
Using a well known procedure, we obtain that ||g|] = >"°7, |an| = || f]| ie. g
is a Hahn-Banach extension of f to [,,. Let now

f i leo — K an another Hahn-Banach extension of f i.e. f |,,= f si
|l 7]l = IIfll.- We prove that f = g. Let be @ € loo, & = (25),,cy With |Jz]] < 1.
For n € N denote by y, = (sgnai,...,sgnan, Tny1,..) € loo and obviously
Iyl < 1. As y, —x = (sgn ay — 21, ..., 89N @y — T, 0,...) Ecoand f = g = f
on cq it follows that f (y, — ) = g (y, — ). Let us denote h = f — g. Then
the above relation shows that h(y, —x) = 0, or h(y,) = h(x). We have
FWn) =h(Yn) +9yn) =h(x) +9@Yn) =h(z)+ 22:1 lag |+ Z?;n+1ak * Tk,
from where |7 (ya) — A (2) — S35y lagl| = [S50% 0 raan 2] < S 1o o -
|2k < D ope i law] — 0, since the series Y777 | |ay| is convergent and [|z[| < 1,
|2, <1,V n €N So f(yn) —h(z) — > r_;lax] — 0 and as S, |an| —

S Jan| = | /]I, we obtain that F (ya) — k() + |f]I

n=1

Let us resume, we prove that: Vo € lo with ||z]] <1, Vn € N, Ty, € I
with ||y, || < 1 such that: f (y,) — h(z)+ | f], (1).

Let be now = € [ with [|z|| < 1. There exist A € K, |A|] < 1 such
that |h(x)] = A-h(z) = h(Ax). As ||Az]| = |A] - ||lz]] < 1, from the re-
lation (1) it follows that there exist vy, € lo with |ly,|| < 1 such that:
f(yn) = b Q) +[|f]l, or f (yn) = [h ()| + [ fl[ ie. [ £ (yn) [ = |h(@)[+ ][]l
(2). But: [f ()| < ||F]] - llwnll < |[F|| = IIf]l, ¥n € N, from where passing
to the limit for n — oo from (2) we obtain: |h (z)| + [|f]] < || f]l, |k (2)] <0,
h(x) =0, Vz € lo with |z]| < 1, hence by homogeneity: h =0, f —g = 0,
=y
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Comment. There exist other situations in which the above proposition is
true? The next proposition shows that the answer is yes!

Let us make some usual notations.
For a given sequence (X, )nen of normed spaces we will denote co(X,, |
n€N)={(zp)neny € [[ Xpn | lim || z, ||= 0}, with the norm || (zn)nen I|=
neN n—oo

sup ||z ||
neN
loo(Xn | m €N) ={(xn)neny € [] Xn | sup || z, ||< oo}, with the norm

neN
| (@n)nen [|=sup || 2, |;
neN

W(Xn|neN) ={(zi)neny € [[ Xn | X || n ||< oo}, with the norm
neN n=1

| (#n)nen [|= Zl Iz |[;

As it is well known (co(X,, | n € N))* = [1(X} | n € N), by: If f €
(co (X))" , then there exist (x},)nen € I1(X*) such that: f(z) = >0 @k (zn),
Vo = (xn)neN € co(X) and ||f|| = Y02, ||z} ||, and conversely; see [3] for a
proof.

Proposition 2. Let (X, )nen be a sequence of normed spaces. Then each
linear and continuous functional on co(X,, | n € N) has an unique Hahn-
Banach extension to loo(X, | n € N).

Proof. Let be f € (co(X, | n € N)) . Then there exists (z3)nen €
I1(X} | n € N) such that f(z ) = >0z (xn) Ve = (zn),en € €0 (X) and
1A= 32n= I ]l We define g : loo (X, | n € N) = K, g (z) = 377 27, (zn),
Ve = (2n) pen € loo (X))

Obviously g is linear and | g (z) [< Yoo |2h (zn)] < Yooy 2E] - (2]l <

(5uBners 7all) - S5y Il = 2l 3oy | = fl- 11l ¥ € fow (), 50
llgll < |Ifll- Let be n € N and ||z1]] < 1, ..., ||zn]| < 1. The sequence z =
(a1 -1, ...y An - T, 0,...) € loo(Xy | n € N), where a, = sgnaj (zx) and g (z) =
S _sanah (o) = Sy 27 (@] < gl = llgllie-Sp_y o (o)l < lgl] so
taking the supremum over ||z1| < 1,..., ||z, || <1 it follows that:>_,_, [|z}] <
lgll, ¥n € N, so passing to the limit for n — oo, Y oo, [z*] < |g]| ie.
ILFII < llgll- So g is an extension of with ||g|| = || || = >, —; [lz*||. Let be now
fileo(Xyn | n € N) - K a linear and continuous functional which extend f
with the same norm i.e. f |o(x,new=f and ||f|| = [|f[|. We will prove that

f =g. We denote h = f — g and let us consider = € lo(X,, | n € N), [|z] < 1.
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There exists A € K such that [A\| <1 and |h(z)| =h(Az) =h(t),t =M €
lo(Xpn | n € N), ||t = [A] - [|lz]] < 1. Let be t = (tn), ey € loo(Xn | n € N),
n € Nand a1 € Xy, ..., ap € X,, with ||ag|| <1, Vk = 1,n. The element y =
(A1G1, ooy Anlny g1y o) € loo(Xy | n € N), where A\, = sgna(ax), k = 1,n,
and y—t = (Aa1—t1, ..., \p@p—10, 0, ...) € co(Xyp [ €N). But b | (x,, [nen)=
0, so h(y —t) = 0 hence by the linearity of h on loo(X, | n € N) it follows
that h(y) = h(t) ie. [h(z)] =h(y) = f(y) —g ) = f (y) = >Xp_i ey (an) —
D hn1@h (), or [h (@) + 305 |2y (an)| = f (y) = 252y (b)) =[ f () —
S () [ F W) |+ S |2 () 1< [ Tl + 352 i <
LA S o gl Hences Th @) + Sy [of (@)l < 171+ Sy 21l
Va1] < 1,..., V|lan|| < 1, so passing to the supremum over aq,..., a, we ob-
tain | ()] + >y [zpll < IfI 4+ Xpenis l25ll, Y2 € N. For n — oo this
gives: [ (2)] + 52, ezl < 71 50 be. [B@) + 171 < ], b (z) = 0,
Vo € loo(X, | n € N) with ||z]] < 1 and by the homogeneity of h, h (x) = 0,
V€ loo (X)ie h=0, f=g.

Proposition 3. Let H be a Hilbert space, G C H a closed linear subspace.
Then each linear and continuous functional on G has an unique Hahn-Banach
extension.

More precisely:

1) If f: G — K is a linear and continuous functional, then f : H — K,
f(x) = f(prg(x)), Vo € H, is the unique Hahn-Banach extension of f, where
pra(x) is the orthogonal projection of x on G.

2)IfbeH, f:G—K, f(x) =<uz,b>, Ve € G, then the unique Hahn-
Banach extension of f is f: H — K , f(x) =< z,prg(b) >, Vo € X.

Proof. Existence. Let f : G — K linear and continuous. Since H is a
Hilbert space we have the decomposition H = G®&G=*. Define now f : H — K,
f(x) = f (pra(x)), Vo € H, where 2 = prg(z)+prg. (). Then f is linear and
Flo= f.50 IF] 2 171 But | F () |=1 £ (ora(@) 1< £ lpra@)] < 171 ],
Va € H ( We use the fact that || z ||?=|| pra(z) |2 + || prae (z) ||>] pra(z) ||?
). From here it follows H?H <|IfII-

Uniqueness. Let g : H — K be a linear and continuous with g |¢= f
and |lg|| = ||fl]- Using the Riesz Theorem, there exists b € H such that
g(xz) = (x,b), Ve € H. Since b = prg(b) + prgr(b), then for each y €
G we have: f(y) = g(y) = (y,prc()) + (y,pra- (b)) = (y,pra(d)), from
where: || = [pra(®)]l- But £ = llgll, hence [[f] = lpra(b)], from where
I = llpra®). As [b]* = lpra®)| + llpre- ®)I°, pra-(b) = 0, ie.
g(x) = (2,0) =< z,prg(b) >=< prg(z),b >=< prg(z),pra(b) >= f(z),
Ve e X, le g=f.
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Comment. This example shows that in the Hilbert case the problem of
the effective determination of the Hahn-Banach extension requires the calcu-
lation of the orthogonal projection to a closed linear subspace.

Example 4. a) Let H be a Hilbert space,a € Hya #0and G = {x € H |
<z,a>=0},beH, f:G—K, f(r)=<z,b> Vred. B
Then the unique Hahn-Banach extension of f is f : H — K | f(z) =<
x,b>—<‘|‘;—"l|’2> <z,a>,VrelX.
1
b) Let G = {f € L2[0,1] | [af(z)dx = 0}, and L : G — K, L(f) =
0

2

22 f(x)dz. Then the unique Hahn-Banach extension of L is z*(f) = [(2? —

Ct—

00 O —

x)f(x)dz, Vf € Ly0,1].

¢) Let M, (C) be the set of all n X n complex matrix which is a Hilbert
space with respect to the scalar product < A, B >= tr(AB*), where B* is the
adjoint of the operator B. Let G = {A € M, (C) | tr(A) = 0}, B € M,,(C)
and f: G — C, f(A) =tr(AB*), VA € G.

Then the unique Hahn-Banach extension of f is f : M, (C) — C, f(A) =
tr(AB*) — TBIA) fy 4 ¢ M, (C).

d) Let M,,(C) be the Hilbert space as in ¢) and M,,(C) x M, (C) the
hilbertian product. Let G = {4 € M,,(C) x M, (C) | tr(A) =tr(B)}, C,D €
M, (C)and f: G — C, f(A,B) =tr(AC*)+tr(BD*),V(A, B) € G. Then the
unique Hahn-Banach extension of f is f : M, (C) x M (C) — C, f(A,B) =
tr(AC*) + tr(BD*) — Ur@=tr@)UrB)~tr(d) "y 4 B) € M,,(C)x M, (C).

2n

Proof. a) As it is well known prg(b) = b —
proposition 3. 2.

b
<||(£|(|l2> a and we can use the

1
3
2 [ 2®dx
b) We have prg(z?) = 2% — %x =22 -9 z = 2% — 3z, hence
[ x2dx
0

proposition 3.2 or a) implies the result.
¢) For the fact that (M,,(C) <. >) is a Hilbert space, see [1], Spring 1982
ex. 3, p.125; in passing let us observe that if A = (a;;);; € My(C), then

>~ | aij |?, which is usually called the Frobenius
ij=1

A fl= Vitr(AA*) =

norm of a matrix.

B — %In = B — ﬂnézfn. Since f(A) =< A,B >, VA € G, from the
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proposition 3.2 or a) we obtain f : M, (C) - C, f(A) =< A,prg(B) >=
tr(AB*) — LBIrA) "y 4 e M, (C).

d) Recall that if Hy, Hy are two Hilbert space then, the cartesian product
Hy x Ho is a Hilbert space relatively to the scalar product < (z1,y1), (z2,y2) >=<
T1,T2 > + < y1,y2 >. Let us observe that G = {A € M, (C) x M,(C) |<
(4, B), (In, —I,) >= 0}, hence prq(C, D) = (C, D)~ <C:llatpl2 (1, 1) =
(C,D) — D (1, —1,) = (C — A, D + A,), where A = €22 - Also
f(A,B) =tr(AC*) + tr(BD*) =< (A, B),(C,D) >, ¥(A, B) € G. Now using
proposition 3.2 or a) f(A,B) =< (A4, B),prg(C,D) >, ¥(A,B) € M,(C) x
M, (C), i.e. the statement.

Example 5. Let G C l;, G = {(zy),, € 1 | 1 = 23 = x5 = ... = 0}. Then
any linear and continuous non—null functional on G has an infinity of Hahn-
Banach extensions.

Proof. Let be f: G — K linear and continuous functional, with || f]| # 0.
By the Hahn-Banach theorem, there exists a Hahn-Banach extension ¢ :

¢y — K. Hence there exists & = (£,)nen € loo such that g(z) = > &,

n=1

Vo = (wn)nen € b, llg = swPnen [€al = /]l g lo= f. S0 f(z) = 2 warbor
=1

Vo € Gand [[fl| = [lgll = supren [€26]- But [f ()] < (suppen \§2kl)k2_31 |ak| <

(supgen [§2k ) 1z]l1, Vo € G, from where [|f| < supjey [§or]- We obtain that
o)

flx) = kZ Toror, Vo € G and |[f]| = supgey (Sl As [If]| # 0, it fol-
=1

lows that we can find an infinity of sequences 7 = (Top41)y>o € loo such

that supysq [T2r41] = supysi |9, and let us consider the sequence a(r) =

(71,69, 73,84, ) € Loo. We have|la(r)]|,, = ||f||. With the help of 7 we con-
o0 o0

oo

struct g- : 1 — K, g, (x) = > Tont1%ont1 + 2 &onTon. Then g, € £ and
n=0 n=1

llg-1l =l a(T) ||= || f], and for each z € G we have g, () = > x2,&s,, = f (),
n=1

ie. gr leg=f. As gr, # gr,, for 71 # 79 and T can be chosen in an infinity of
way, the statement follows.

Comment. The above examples show that it is natural the question:
How many Hahn-Banach extensions we have for a given linear and continuous
functional? The next proposition gives the answer.
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Proposition 4. Let X be a normed space, G C X be a linear subspace, f :
G — K a linear and continuous functional for which there exists g,h : X — K
two distinct Hahn-Banach extension of f. Then there exists an infinity of such
Hahn-Banach extensions of f.

More precisely: the set of all Hahn-Banach extensions of f is a convez set.

Proof. For each ¢ € [0,1] we define f; : X — K, fi(z) = tg(x) +
(I —1t)h(x). Clearly f; is a linear and continuous functional. Also for z € G
we have fy(x) =tp(x) + (1 —t)h(t) =ty (2)+ (1 —1t) f(z) = f(z) ie f;
extends f. If we will prove that ||f:]| = ||f|l, V¢t € [0, 1], the proposition is
proved since by g # h, we have fi, # fi, for t; # t2. We have for each z € X
|fe (2)] < tlg (@) + (1 =) [h(x)] < (Ellgll+ (X =&) [R]) [lz]l = 7]l - [|]l, since
llgll = Bl = IIf]l, ie NIfell < IfIl, V¢ € [0,1]. Since f; extends f we have
1fell = AN ve [Lfell = 171, vt € [0,1].

Let us observe that in all the above examples we use essentially the fact
that we know an explicit structure of the normed space on which we work.

The next result give a way to construct the extension of some linear and
continuous functional defined on a finite codimensional subspace.

Proposition 5. Let X be a normed space and X* his dual, x5, ...,x}, f €
X, G={ze X |zi(x) =0,....,25(x) =0}, and g : G = K, g(z) = f(z),
Ve X. If h: X — K is a linear and continuous functional which extends g,
then there exists a, ..., € K such that h = f + o127 + - - - + o).

Proof. Since h extend f we have h(z) = g(z) = f(x), Yz € G, ie.
n

G = () kerzf C ker(h — f). But using now a well known result from the
i=1

i=
linear algebra there exists o, ..., a, € Ksuch that h — f = cyz] +- - -+ anx).

Comment. This proposition shows that, in reasonable situations, the
problem of the explicit expressions for a Hahn-Banach extension for a linear
and continuous functional is solved, so the difficulty of effective determination
of the all Hahn-Banach extensions has been moved to the problem of the cal-
culation of the norm of the given functional to the given subspace, which, as
we will see, is a difficult question; see also the comment for the case of the
Hilbert space.

In the next concrete examples the scalar field will be the set of the real
numbers.

The following example cannot be obtained as in the above Examples 1-3,
4, 5, since the structure of the dual space of L(l2) is unknown.
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Example 6. Let G = {U € L(lz) | < Uer,e1 > =2 < Uey, ez >= 0},
and f : G — R, f(U) =< Uey,e; >. Then f : L(ls) — R, f(U) =<
Ueq, %61 + %62 >, YU € L(ls) is the unique Hahn-Banach extension of f.

Proof. For U € G we have 2 |< Uey,e; >*= |< Uer, e >* + |<

Uei,es >|?<|| Uey ||?, conforming with the Bessel inequality. Hence | f(U) |<
VEIUe [</E1U1,Y0 € G ie || 1< (/3. Let U € L(1a) be defined
by U(xy,x2,...) = (221,21,0,...) = x1(2¢1 + e3). Then U € G, from where
| fQO) ] fIIIU |l But f(U) =< Uer,er >=< 2e1 + ez,e1 >= 2 and
| U(xy,20,...) [|[= V5 | 21 [< V5 || 2 ||, V& €1y, || U ||< /5. We obtain that
2<VE| e || fl= \/g. Let be now f : L(ly) — R a Hahn-Banach
extension of f. From the proposition 5 there exists « € R such that h(U) =<
Uei,er > +a(< Uer,er > —2 < Ue, e >) =< Uey, (1 4+ a)e; — 2aeq >.

But as is easy to see if z,y € Iy, and g : L(l3) — R, g(U) =< Uz, y >, then
g ll=ll= llll'y || Hence || A [|=[| (1+a)er —2aes [|= /(1 + @) + 40>, Using
that ||k ||=| f |I= \/%, it follows (1+ @)%+ 4a? = £, 2502 + 10a + 1 = 0,
a= —%, i.e. the statement.

Example 7. Let (ap)nen € 11 with a1 # 0, G = {(zn)nen € co |
&)
Sapntn, =0}, f 1 G = R, f((xn)nen) = z1. Then the all Hahn-Banach
=1

ne
extension of f are the following:

1) h((zp)nen) = z1, if | a1 |< D | an |.

n=2

2) h((zp)nen) = T1+a Y, anZy, where —1 < aay <0,if| a1 |= Y, | an |-

n=1 n=2
3) h((zn)nen) = — 22 &, if [ ay [> 22 | an |.

2 lan]

Proof. We prove that || f ||= min(1,)), where A\ = ”—:'2—1'— We have

| fz) |<|| ||, Ve € G, ie. || f||[<1. For x € G we have —a121 = Y ann,
n=2

n=2 n=2

o 0o
from where | ay [| 21 |[< X [ an [[ 20 |< (X [ an [J(sup [ 2z [) <
n>2

(Zglan Dl s ie [ [ Azl or| flz) [ A 2], Ve e,

n=
hence || f ||< min(1,A). Let be n € N. We choose o, € R such that
(a, Bsgnas, Bsgnag, ..., Bsgnay,0,...) € G. Then aa; + B(azsgnas + ... +
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apsgna,) = 0, ie. —aay = B(] as | +...+ | an |). We have | a |=|
f(aalgsgnCLQvﬂsgna?n ...,ﬂsgnan,O,...) |S || f || max(| a |? | /8 |) or mln(la |‘§|) <H
{1, that is || f ||> min(1, Jﬂlu‘ﬂt) Passing to the limit for n — oo we

la1]
S lan]
obtain || f ||> min(1, 2=*——) = min(1, A).

a1]

Let now h : ¢g — R be a Hahn-Banach extension of f. Then, by Propo-

sition 5 there exists a € R such that h(z1,...,2n,...) = @1 + @ Y, apty,

n=1

o0
V(@1 oy Tpy ) Eco. But || h||=| 14 aar |+ |al| Y |an |- As| k=] [
n=2

it follows that | 1+ aay | + | a | Y | ap |= min(1,N), or | 1 + aay | +A |
n=2

aap |=min(1, A), i.e. denoting = aay, | 1+ | +A | z |= min(1, A).

1) If A > 1, we obtain the equation | 14+ | +A | 2 |= 1, which has the real
solution x =0, i.e. aa; =0, a =0.

2) If A =1, we obtain the equation | 1+ z | + | # |= 1, which has the real
solutions —1 < x <0, ie. —1 < aa; <0.

3) If A < 1, we obtain the equation | 1 + x| +X |  |= A, which has the

real solution r = —1, i.e. aa; = -1, a = _E'

Now a particular case of Example 7.

Example 8. Let bea € R, | a |< 1, a # 0, G = {(xn)neny € ¢o |
> a"x, =0}, and f: G = R, f((zn)nen) = 1. The the all Hahn-Banach

n=1
extension of f, denoted by h, are the following;:

1) If % <| a ‘< 1, h(fﬁl,xg,...) =, V(I‘hl‘g,...) € Co.

2) If a = %, h(z1,x2,...) = 21 + a >, a"x,, V(x1,22,...) € ¢y, where

n=1
—2<a<0.
) Ifa= —%, h(z1,z2,...) = 21 + io: a"xy,, Y(x1,22,...) € o, where
0<a<2. !
4)If|al< %, b(z1,20,...) = — i a"Tpi1, Y(x1,22,...) € ¢o

n=1
Example 9. Let be (an)nen € loo With a1 # 0, G = {(zn)nen € 11 |
> anxn, =0}, f : G = R, f((xn)nen) = z1. The f has a unique Hahn-

n=1
Banach extension of f, namely

h(z1, .y @y, .) = 1 — Z ;fllglllanmn, V(X1 ey Ty -.) € L1, where A =
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sup | an |.
n>2

a

Proof. We prove that || fl= = _H_J For x € G we have —ajz; =

Zganmn, so [ ay |[ 21 [< A ZQ oo [SA([ 2 | = [ ]), fe |21 |<
n= n=

| « ||, hence | f(z) |< ﬁ I = ||, Vo € G, ie. | f |I< m Let
be n € N. Choose a € R such that (1,0,0,...,asgna,,0,...) € G. Then
a+a|a, |=0,ie —a; =a|a,|. Wehave 1 =| f(1,0,0,..., asgnan,, 0, ...) |<
| f 1 (4| al), or | an <] f Il (| an | + | ay |). Since n € N is arbltrary we
obtain A <] £ (v an ) Lo 15 2 i

Let h : ¢c¢ — R be a Hahn-Banach extension of f. From the Propo-
[e.e]

A
/\+|a1|

sition 5 there exists @ € R such that h(zy,...,2n,...) = 1 + @ Y, apty,

n=1
(@1, ey ) € L. But || A = max(| L+ aar || a [ A). As | A =] f |, it

follows that max(| 1 + aay |,| a | A) = —A+/|\a1|, max(| 14 aay |,| aay | W) -
ﬁ, i.e. denoting by x = aa;, M = Ia_)\ll’ max(| 142 || M|z|) = M+17
which has a unique real solution z = fML_H, o = 7(11(1\14_“) al(/l\%lal‘)

— ¥ L.e. the statement.

Example 10. Let 1 < p < oo, g be the conjugate of p, i.e. 1 + l =1,

(an)nen € lg with a1 # 0, G = {(@n)nen € {p | Zan n=0}f:G— R

f((zn)nen) = 1. Then the Hahn-Banach extensmn of f, denoted by h, is of
the form:
o0
h((Zn)nen) = 21 + @ 37 an®p, ¥(Tn)nen € lp,
n=1
where o € R is a solution of the equation (| 14 aay |2 +A7 | aay |q)§ =
. (5 Janl?)d
AP = . n=2
(/\”+1 A= T Jal

Proof. We prove that || f ||= (#‘Zl‘p)%, where M = (Y. | an \q)é’.
n=2

o0
Forz € G, —a1z1 = Z anTy, hence | a1 || 1 |< Z lan || zn IS (DD an |9
1, 1 1, n:;[p 1
V(2 T an )7 = M|z [P = [ )7, de. [ f(2) =] 21 < GGrgpas)”

Nz, || £l (M‘D“'lall‘")%. Let be n € N. Again choose a;,, € R such that
(an,| ag |77 sgnag,| az |77 sgnas,...,| a, |7! sgna,,0,...) € G. Then
—omar =| as |7+t | an |9, | o |= 22t e have | an |=| flom, |

lai]
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az 971 sgnas,| az |97t sgnas,....| an |77t sgnan,,0,..) |< || £l (| an P

Zla I

L L
+k22|ak |(q_1)p)p-AS (q=Dp=q [ fI 1+~ |a B )

limit for n — oo and using that a,, — ‘J\f ; we obtain || f || (1+ W%L)

) 1
Since q(p = 1) = p, || f > (3a) -
If h : I, — R is a Hahn-Banach extension of f, from the proposition 5 there

o =

> 1. Passing to the

oo
is @ € R such that h(z1,....,Zpn,...) = T1 + @ Y @nZn, V(T1,.0; Tn, ...) € 1.
n=1

Q=

o0
But [[ A= (| 1+aa |? +[al? > [ a |7)7.

n=2

Since || A [I=[| f I,

(J14+aa |27+ | a|? M?)d = (M*p]_\f'fl—lﬁ)i, i.e. denoting by )\ = %, thlen

a € R is the solution of the equation (| 1+ aay |9 +2? | aay |q) (/\1/’\-1;-1)7

&)
Example 11. Let be 0 < b < 1, G = {(#n)neny € co | Y 52 = 0},
n=1

f:G =R, f((xn)nen) = >, b"x,. Then the Hahn-Banach extension of f,
n=1

denoted by h, is:

o0 o0
h((xn)nEN) = Z b"rpT1 + Z ;_::7 v(xn)nEN € Co,
n=1 n=1
: : R g, o | bl2b—1]
where o € R is a solution of the equation ) |b" + 5% |= 7.
n=1
o0
Proof. Let us put temporarily a = % Forz € G, 21 = — Y a" ‘o,
n=2

from where | f((zn)nen) |=| D0 0"z — b > a™ lay, |<
n=2 n=2

DI 1P Sl 3 e =] 20

a” Y l=b| x| 1—&)—& [, ie. || fI<D] %b T | ForaﬁxedneN
choose x,y € R such that (x,,v,...,9,0,...) € G. Then —x = y(a+...+a"" 1),
from where | b+ y(b2 + ... + b7) [=| F(@,5,5, 0 9,0,...) |< || £ || max(| z .|
y 1), or | 2o+ (B2 + .. 4+5") |<[| £ || max(1, {£)), | —bla+...+a 1)+ (B +...+

"yl
) |<|| f || max(1,a + ... + a™~1). Passing to the limit for n — oo we obtain
2 .
| 2% — oo <) f T max(1, 725) des || f 20 | 125 — 125 | min(1, 122). As
az%, - —1,hence||f\|—b|1ﬁ —1|—J—L2b1.

Let h: cg — R be a Hahn-Banach extension of f. Using again the Propo—
sition 5, there exists @ € R such that h((z,)nen) = Z "z, + Z sz,
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o0

V(Tp)nen € co. But || A [|= > | 0" + 5% |, i.e. a € R is a solution of the
n=1
o
equation ) | 0" + 5 |= b‘?b:bll‘
n=1
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