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Abstract

In this paper we consider Q the class of solvable Lie algebras £ with
the following property: if A is a subalgebra of £, then ®(A) C ®(L)
(where ®(L) denotes the Frattini subalgebra of L;that is ®(L) is the
intersection of all maximal subalgebras of £). The class Q is shown
to contain all solvable Lie algebras whose derived algebra is nilpotent.
Necessary conditions are found such that an ideal Zof £ € Q be the
Frattini subalgebra of £. We considered here only solvable Lie algebras
of finite dimension.

1. Introduction

In this section, we recall some notions and properties necessary in the
paper.

We shall define by ®(£) the Frattini subalgebra of £, to be the intersection
of all maximal subalgebras of L.

We let V(L) be the nilradical of £ and S(L) be the socle of £; that is S(L)
is the union of all minimal ideals of L. If A and B are subalgebras of L, let
Zg(A) be the centralizer of A in B.

The center of A will be denoted by Z(A). If [B, A] C A, we let

Ad 4(B) = {adb restricted to A; for all b € B}.

£’ will be the derived algebra of £ and £ = (ﬁl)/.
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2.Lie algebras £ with c nilpotent

Proposition 2.1. Let £ be a Lie algebra such that L' is nilpotent. Then
the following are equivalent.

(1) (L) =0.

(it) N(L) = S(L) and N (L) is complemented by a subalgebra.

(4i1) L s abelian, is a semi-simple L -module and is complemented by a
subalgebra.

Under these conditions, Cartan subalgebras of L are exactly those subalge-
bras complementary to L.

Proof. Assume (i) holds. Nilpotency of £ implies ®(£) D £, so £’
is abelian and may be regarded as an £/L’-module. We may assume L=
> ®V,, V, indecomposable L/L'-submodules. If M is a maximal subalgebra
of £ and if V, € M, then MNV), is an ideal of £. If J is an £/L'-submodule
of V, properly contained between M NV, and V,, then M+ 7 is a subalgebra
of L properly contained between M and L, contradicting the maximality of
M. Therefore M contains all maximal submodules of V, for each S.
Then ®(L) =0 implies the interections of all maximal submodules of V, is
zero for each p. If V1, V5, ..., V, are maximal submodul of V, with ViN...Vy =0
and are minimal with respect to this property, we have V = V5N ...V # 0 and
V' NVi =0sothat V & Vi =V, contradicting indecomposability. Therefore
each V, is irreducible and £’ is a completely reducible £/£’- module and is
also a completely reducible £- module. Since L is solvable it contains Cartan
subalgebras by Theorem 3 of [1]. Let C be a Cartan subalgebra of £ and let £,
and L1, be the Fitting null and one component of £ with respect to C. Then

L=Ly+L1=C+L; CC+L shows L=C+ L. We claim that CNL =0.If

cne # 0, then, since £’ is abelian, C is nilpotent and £’ is a completely

reducible £-module, £’ is a sum of irreducible C-modules, U, ...,U,, such

that for each U 4[..., [U;,C],...C]= 0 for some k, hence [U;,C] = 0. Thus [C,
~—

N——
k

£'n C] = 0. One sees that each U; is a central minimal ideal of £, and since
®(L) =0, U; is complemented by a maximal subalgebra M. Therefore U; is a
one-dimensional direct summand of £, contradicting U; C L. Hence £NC =0
and C is a complement to £ in £. Since [C,C] CCNL =0, C is abelian. Any
minimal ideal not in £ satisfies [£, A] C AN L =0, so is central.

Therefore S(£) = £ + Z(L£) and, since C is a Cartan subalgebra,
Z(L) CC. Let Cy be a complementary subspace to Z(L£) in C.

One sees that

N(L) =L + Z(L) + (N(L)NCo) = S(L) + (N(L) N Co).
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If ¢ is a nonzero element in N (L) N Cp, and ¢ is nilpotent but not zero
with implies [V, ] =V, for some V, C £ and [...[V,,c]...c]= 0 for some k, a
N~
k
contradicting. This S(£) = N(£) and Cy is a complement. Consecuently ()

implies (ii).

Assume (7)) holds and proceed by induction on the dimension of L. Since
L' C N(L£) = S(L) and minimal ideals are abelian, £ is abelian. If every min-
imal ideal of £ is contained in £, then S(£) = £ and (491) follows. Therefore
let J be the minimal ideal of £ such that J ¢ c.

Hence J ¢ ®(L)and there exists a maximal subalgebra M of £ such that
L=M+JT.

Since [£,J] € JNL', T is central, hence one-dimensional. It follows that
L is the Lie algebra direct sum of M and J. Since M inherits the condition
(#4), M satisfies (4i7) by induction. It now follows that £ also satisfies (ii7).
Assume (77i) holds. Then £ is a sum of minimal ideals of £, which we denote
by J1,J2, .- Jp and L = E,—l—D, D a subalgebra of L. Since D' CcDpnL = 0,D
is abelian. One sees that £ = [LZ/,D] and, consequently, J; = [J;, D] for all
i. Since Z7(D) is central in £, Z 7, (D) is an ideal in £ contained in ;. Since
Z3,(D) # TJiy Z7,(D) = 0. It follows that D is its own normalizer, hence is a
Cartan subalgebra of L.

Now D+ J; + ... + jl + ... + J is a maximal subalgebra of £ since any
containing algebra has a nonzero projection on J; which is ad D stable, hence
equal to ;. Therefore ®(£) C D and ®(L) C DN L = 0. Hence (i) holds.

The fact that complements to £ are Cartan subalgebras is shown in (73)
implies (¢). The fact that Cartan subalgebras are complements to £ is shown
in () implies (¢¢). This completes the proof of Proposition 2.1. O

Theorem 2.1. Let L be a Lie algebra such that L' is nilpotent and
®(L)=0. Then, for any subalgebra D of L, ®(D) = 0.

Proof. Suppose £ C D. Let & be a complement to £ in L, so ENDis
a complement to £ in D. Since £ acts completely reducibly on £ and £ is
abelian, ¢ acts completely reducible on L. Then, since £ is abelian, DN acts
completely reducibly on El, hence so does D.

Therefore £ = D' @ J for some ideal J in D when D acts completely
reducibly on D" and J + (¢ ND) is a complementary subalgebra of D'in D.
Thus, by Proposition 2.1, ®(D) = 0.

Suppose L ¢ D. Since D + £ falls in the preceding case, we may assume
D+ L = L. Since £ is abelian, £ ND is an ideal in £, D/([,/HD) complements
L)L ND) = (£/ NnD)in £/(L ND) and D/(L N D) acts completely
reducibly in El/(ﬁl N D), D/(El N D) is a Cartan subalgebra of E/(El N D).
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Let ¢ be a Cartan subalgebra of D, so it is a Cartan subalgebra of £. This ( is
a complement to £ and ¢+ (E/OD) = D since C D. Hence ( is a complement
to £ ND in D. Since D acts corppletely reducibly on £'ND and D'C £/OD, D
acts completely reducibly on D',

£ ND=D & (LnZ(D))

and, since Z(D) C ¢,
Z(D)nL C¢nL=o.

Therefore (= D' =D and CﬁD’:O. Now D satisfies part (iii) of Proposition
2.1 hence, (D) =0. O

If £ is a solvable Lie algebra it has been shown that ®(L£) is an ideal of L.
We look for a condition on the subalgebras of £/®(L) with are necessary and
sufficient that £ € Q. In order to do this, the following concept is introduced.

Definition 2.1. We shall say that a Lie algebra L is the reduced
partial sum of an ideal J and a subalgebra A if L= A+ J and for any
subalgebra D of £ such that £L =7 + D and D C A then D = A.

It is noted that if 7 ¢ ®(L),then there exists a subalgebra A # L such
that £ is the reduced partial sum of J and A. On the other hand, if
J C ®(L)and L is the reduced partial sum of J and A, then A = L.

Lemma 2.1. Let L be the reduced partial sum of J and A.
Then JNAC D(A).

Proof. Suppose B=JNA ¢ ®(A).Then A contains a subalgebra D
such that B+D=AThen L=J+A=J+B+D =7+ D.This contra-
dicts the minimality of A, then 7NAC ®(A). O

Lemma 2.2. Let L be the reduced partial sum of J and A.
Then ®(L/T) 2T +P(A)/T.

Proof. Since 7N AC ®(A), TNP(A) =T N A. Since

LIT=A+A/T=A/TNA,

B(L)T) = BA)T N A) = B(A)/TNA=D(A)/TNB(A) = T+B(A)/T. O

Proposition 2.2. For a Lie algebra L, the following statements are equiv-
alent:

(1) L €Q.



SOMETHING ABOUT FRATTINI SUBALGEBRAS OF A CLASS OF SOLVABLE LIE ALGEBRAS 13

(it) For any subalgebra A of L/®(L), P(A) = 0.

Proof. Let £ satisfy (i) and let 7 : 1 — £/®(L) be the natural homomor-
phism. Then ®(w (L)) = 7 (®(L)) = 0.

Let B be a subalgebra of £/®(L ') and let B be the subalgebra of £ which
contains ®(L) and corresponds to B. Since L satisfies (i), ®(B) C &(L). If
O(B) =®(L), then

@ (n(B)) = 7 (B(B)) = 7 (®(£)) = 0.

Suppose then that ®(B) C ®(L).Then B can be represented as a re-
duced partial sum B = ®(L) + P. Let R be a subalgebra of B such that
R/®(L) 2D (B/P(L)).If R/P(L) # 0,then

= (

R=RN(PL)+P)==RNPL)+(RNP)=2(L)+ (RNP).

Consequently there exists an x € RNP, x ¢ ®(L). Since (P) £ &(L),
x ¢ ®(P) and there exists a maximum subalgebra M of P such that = ¢ M.
We claim that either ®(£) + M = B or ®(L) + M is maximal in B.

Suppose (L) + M # Band let J be a subalgebra of B which contains
®(L)+ M. Then M C JNP, so, by the maximality of M, either JAP = M
or JAP =P. If JAP = M then

L AM=DL)+(INP)=JN(PL)+P)=JNB=J.

If JNP=P, then J 2 P and, since J 2 ®(L), J 2 ®(L)+P=B, hence
J = B. Consequently, there exists no subalgebras of B properly contained
between ®(L)+M and B, hence either (L) + M = B or &(L)+M is maximal
in B. If (L) + M = B, then ®(L) + P is not a reduced partial sum which is
a contradiction. If ®(L£) + M is maximal in B, then

(L) + M/2(L) 2 @ (B/®(L)) = (RN S(L)).
Hence R € ®(L) + M. Since M € (L) + M and
TERNPCRCEPL)+M,

P ={M,z} S B(L) + M.

Then B=®(L)+P < ®(L) + M C Bimplies (L) + P is not a reduced
partial sum, a contradiction.

Hence ‘I>( )=R/P(L) =0 and (%) is satisfied.

If £/®(L) satisfies (i¢), then 7 (®(A)) & @ (n(A)) = 0 for every subalge-
bra A of £. Then ®(A) C ®(L)for every subalgebra A of L. O

(Combining Proposition 2.2 and Theorem 2.1 we have:
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Theorem 2.2. Let L be a Lie algebra such that L' s nilpotent. Then
LeQ O

Theorem 2.3. Let £ € Q and let ¢ be a Lie homomorphism of L.
Then ¢ (®(L)) = @ (p(L)).

Proof. ¢ (®(L)) is always contained in ® (¢(L)). If k=Kernel ¢ £ (L),
then equality holds. Suppose P € ®(L).
Let £L =P + k be a reduced partial sum. Using Lemma 2.2,

B ((L)) =  (L/P) = P+ B(k)/P = o (D(k)).
Since ¢ (P+®(L)) = ¢ (B(L)) S @ (9(L)) = B(L/P) = ¢ (P + B(k)),
P+®(L) C P+O(k) C P + O(L).

Hence P+®(L) = P+ (k) and & (o(L)) = ¢ (B(k)) = ¢ (B(L)). O

Theorem 2.4. Let £ € Q. Necessary conditions that an ideal J of L be
the Frattini subalgebra of L are the following:

(i) ®(Ady (L) = Adg (B(L)).

(ii) There exists a subalgebra A of L such that A]J = Ad7(L)/Adg (®(L)).

Proof.(i) Let ¢ be the mapping from £ into the derivation algebra of J
defined by ¢(z) = adz restricted to J for all z € £. Then

P (B(L)) = Adg (2(L)) = @ (p(L)) = @ (Ads (L)) .

(ii) Let B=Z; (®(L)). Suppose that B € ®(L) and let £ = L/P(L) and
R =(B+®(L))/P(L). Since Adgz)(L) = L/B and

Ada(z) (B(L)) = ®(L)/Z ((L)) = B(L)/BNB(L) = (B+ (L)) /B,
E/R = (L/B(L)) / (B+B(L)/B(L)) = L/ (B +B(L)) =

= (£/B)/ ((B+®(£))/B) = Adg ) (L) /Ada () (P(L)) -

Since ®(£) = 0, there exists a subalgebra D in £ such that £ is the reduced
partial sum of R and D.

Using Proposition 2.2 and Lemma 2.1, RND € &(D) =0, hence
RND=0.

Let H be the subalgebra of £ which contains ®(L£) and corresponds to D.

Then

H/q)(ﬁ) ~ P 5/7?, >~ Ad@(ﬁ)(ﬁ)/Ad@(L) ((I)([:)) . O
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If B C ®(L),then

Adg () (L) [Ade ) (R(L)) = (L/B)/ (®(£)/Z (D(L))) =
= (£/B)/ (2(L)/BN®(L)) = (£/B)/ (®(L)/B) = L/P(L).
Related to part (i) of Theorem 2.4, there are the following results.

Theorem 2.5. Let £ € Q and let J be an ideal of L containing ®(L).
Then, ® (Ads (L)) 2 Ad7(T) if and only if T = (L) + Z(J). O

Theorem 2.6. Let £ € Q and let J be an ideal of L contained in ®(L).
Then, ® (Ady (L)) = Ady(T) if and only if ®(L) =T + Zoy(J). O
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