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Optimaly conditons and duality for a minimax
nondifferentiable programming problem,
involving (7, p, #)-invex functions

Anton Batatorescu and Iulian Antonescu

Abstract

We establish necessary and sufficient optimality condition, involving
(1, p, 0)-invex functions, for a class of minimax programming problems
with square-root terms in the objective function. Subsequently, we apply
the optimality condition to formulate a parametric dual problem and we
prove weak duality, direct duality, and strict converse duality theorems.

1 Introduction
Let us consider the following continuous differentiable mappings:
[PR*XR™ =R, ¢g=(91,-..,9p) : R" — RP.

We denote
P={zeR"|g(z) <0, i=1p}. (1)

and consider Y C R™ to be a compact subset of R™. For r = 1,2,...,q, let
B, be n x n positive semidefinite matrices such that for each (z,y) € P x Y,
we have:

flz,y)+ Z vVaT Bz > 0.
r=1
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32 ANTON BATATORESCU AND IULIAN ANTONESCU

In this paper we consider the following nondifferentiable minimax program-
ming problem:

inf 81615 {f (x,y) + Z \/xTB,aa:} (P)
r=1

z€P 4

Many authors investigated the optimality conditions and duality theorems
for minimax programming problems. For details, one can consult [1, 2, 10].
Problems which contain square root terms were also considered by Preda [9],
and Preda and Kéller [11].

In an earlier work, under conditions of convexity, Schmittendorf [12] estab-
lished necessary and sufficient optimality conditions for the problem:

inf P1
Inf Sggw(%y% (P1)

where 9 : R™ x R™ — R is a continuous differentiable mapping. Later, Yadev
and Mukherjee [14] employed the optimality conditions of Schmittendorf [12]
to construct two dual problems for which they derived some duality theorems
for fractional minimax programming problems, involving convex differentiable
functions.

In this paper, we derive sufficient optimality conditions for (P) and we
apply the optimality conditions to construct a parametric dual problem for
which we formulate a weak duality, a direct duality and a strictly converse
duality theorem. Some definitions and notations are given in Section 2. In
Section 3, we derive sufficient optimality conditions under the assumption of
a particular form of generalized convexity. Using the optimality conditions we
define in Section 4 a parametric dual problem for which we prove the above
mentioned duality results.

2 Notation and Preliminary Results

Throughout this paper, we denote by R™ the n-dimensional Euclidean space
and by R’} its nonnegative orthant. Let us consider the set P defined by (1),
and for each x € P, we define

J(@) = {7e{l,2,...,p} [ gj () =0},

Y(z) = {y eY | f(x,y) —I—Z VaTB,x = Sug (f(a:,z) —I—Z \/a:TBrx> } )
r=1 z€ r=1

Let A be an m x n matrix and let M, M;, i =1,--- |k, be n X n symmetric
positive semidefinite matrices.
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Lemma 1 [13] We have
k
Ar >0 = ch+Z\/xTMix >0,
i=1

if and only if there exist y € R and v; € R", i = 1, k, such that

k
Av; >0, v Mw; <1, i=1,k, ATy:c—f—ZMivi.

i=1

If all M; =0, Lemma 1 becomes the well-known Farkas lemma.
We shall use the generalized Schwarz inequality:

z' My < VaT Mz Vol M. (2)

We note that equality holds in (2) if Mz = 7Mv for some 7 > 0.
Obviously, from (2), we have

v Mv<1= 2z Mv<VzT Mz. (3)
The following lemma is given by Schmittendorf [12] for the problem (P1):

Lemma 2 [12] Let x¢ be a solution of the minimax problem (P1) and the
vectors Vgj(xo), j € J(zo) are linearly independent. Then there exist a
positive integer s € {1,...,n+ 1}, real numbers t; > 0, i = 1,5, u; > 0,
j =1,p, and vectors yj; € Y (x9), i = 1, s, such that

S

P
tzvzw (x07gi) + 'Zl l"’]v.g] (SC()) = 07
j=
M]gj (.1?0) - 0) .7 = 17p7
> ti #0.
i=1

i=1

Now we give the definitions of (), p, f)-quasi-invexity and (1, p, #)-pseudo-
invexity as extensions of the invexity notion. The invexity notion of a function
was introduced into optimization theory by Hanson [5] and the name of invex
function was given by Craven [3]. Some extensions of invexity as pseudo-
invexity, quasi-invexity and p-invexity, p-pseudo-invexity, p-quasi-invexity are
presented in Craven and Glover [4], Kaul and Kaur [6], Preda [8], Mititelu and
Stancu-Minasian [7].
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Definition 3 A differentiable function ¢ : C C R"™ — R is (n, p,0)-invex
at xg € C if there exist functionsn : C x C — R", 0 : C x C — Ry with
0 (x,z) =0, and p € R such that

¢ (x) — ¢ (w0) > 1 (z,20)" Vi (w0) + pf (2, 70) -

If —p is (n, p,0)-invex at xg € C, then ¢ is called (n, p,0)-incave at xo € C.
If the inequality holds strictly, then ¢ is called to be strictly (n, p,0)-invez.

Definition 4 A differentiable function ¢ : C C R™ — R is (n, p,0)-pseudo-
-invex at xg € C if there exist functionsn : C x C - R™ 0:C x C — R,
with 0 (z,z) =0, and p € R such that the following holds:

n(z,20)" Ve (20) > —pb (x,20) = ¢ (2) > ¢ (20), VaeC,
or equivalently,
ox) <p(zg) = 7 (x,xo)T Vo (xg) < —pb (z,20), VaeC.

If —p is (n,p,0)-pseudo-inver at vog € C, then ¢ is called (n,p,0)-pseudo-
incave at xg € C.

Definition 5 A differentiable function ¢ : C CR™ — R is strictly (n, p,0)-
pseudo-invex at xo € C if there exist functionsn: CxC —R", 0: CxC —
Ry with 0 (z,z) =0, and p € R such that the following hold:

n(x,20)" Ve (wo) > —pb (w,00) = ¢ (z) > (w0), VaeCl, z#u.
Definition 6 A differentiable function ¢ : C C R™ — R is (n, p,0)-quasi-

tnvex at xg € C if there exist functionsn: C x C — R", 6 : C x C — R,
with 6 (x,z) =0, and p € R such that the following hold:

(@) <¢(r0) = n(x,20) Vop(20) < —pb(7,20), VY2 €EC.

If —p is (n, p, 0)-quasi-invex at xg € C, then ¢ is called (n, p, 0)-quasi-incave
at xg € C.

If in the above definitions the corresponding property of a differentiable
function ¢ : C C R™ — R is satisfied for any z¢ € C, then ¢ has that (n, p, 6)-
property on C.
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3 Necessary and Sufficient Optimality Conditions

For any x € P, let us denote the following index sets:

o
=
I

{TE{l,Z,...,q}|xTBa:>O}
B(z) = {1,2,....q} \ B(z)={r|2" Bz =0},

Using Lemma 2, we may prove the following necessary optimality conditions
for problem (P).

Theorem 7 (necessary conditions) Ifzg is an optimal solution of the prob-
lem (P) for which B (xo) = 0 and Vg, (w0), j € J (w0), are linearly indepen-
dent, then there exist an integer number s € {1,...,n+ 1} and the vectors
gieY (xg),i=1steR, w, € R", r=1,q, and pn € RY such that

Zt (Vf o, Ji) +ZB wr) +Zﬂjv93 370)—0 (4)

i=1 = j=1

Z 11395 (o) (5)

> ti>0, (6)
i=1
w, Byw, <1, 1w Byw, = \/x Brxg, 7 =1,q. (7)

Proof. Since for all 7 = 1, ¢ B, are positive definite and f is a differentiable
function, it follows that the function

q

f@y)+> Vol B

r=1

is differentiable with respect to x for any given y € R™. In Lemma 2, the
differentiable function ¢ in (P1) is replaced by the objective function of (P),
and using the Kuhn-Tucker type formula, it follows that there exist a positive
integer s € {1,...,n+ 1}, and vectors t € RS, p e RY, §; € Y (20), i = 1,35,
such that

Zt (vf Z0, Yi +Z m) +ZMJVQJ (z0) =0, (8)
z) Byx
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Zﬂjgj (z0) = 0, 9)

> ti>0. (10)
=1

If we denote
Zo

b
\/a:(—)'—Brxo

Wy =

the equation (8) becomes

>t <Vf (20, 51) + Y Brwr> +) 1iVg; (z0) =0.
i=1 j=1

r=1

This proves (4) - (6). Furthermore, it verifies easily that for any r = 1, ¢, we

have
w:Brwr =1, and xJBTwT = \/xJBrxo.

So relation (7) also holds, and the theorem is proved.

We notice that, in the above theorem, all matrices B, are supposed to be
positive definite. If B (z0) is not empty, then the objective function of problem
(P) is not differentiable. In this case, the necessary optimality conditions still
hold under some additional assumptions. For this purpose, for an integer
number s € {1,...,n+ 1}, for which §; € Y (z9), i = 1, s, the real numbers

S

t; >0, with > ¢; > 0, and zo € P, we define the following vector:

i=1

Oézzti V(o) + Y, .
i=1

=
reB(xo) Zo Byxo

Now we define a set Z as follows:
ZTng (:L’o) < 0, j S J(l‘o),
n s
Zy(wo) =42€R" | . To 1S, S V2 Bz <O.

i=1 reB(xzo)
Using Lemma 1, we establish the following result:

Theorem 8 (necessary conditions) Let xg be an optimal solution of the
problem (P). We consider that for an integer s € {1,...,n+ 1}, 4; € Y (z0),
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1 = 1,s, and there are real numbers t; > 0, with Z t; > 0, for which the set
i=1

Zy (x0) = 0. Then there exist vectors w, € R™, r =1,q, and pu € Rﬂ’_ satisfying

relations (4) - (7).

Proof. Relation (6) follows directly from the assumptions.
Since Z; (z9) = 0, for any z € R™ with —z Vg, (z0) > 0, j € J (x0), we have

2Ta+ Zti Z Vz2TB,z > 0.
i=1 r€B(xz0)
Let us denote .
A=)t
i=1
Now we apply Lemma 1, by considering
e the rows of matrix A are the vectors [-Vg; (z0)], j € J (z0);
e c=q;
e M, = \2B, for r € B(xg).

It follows that there exist the scalars p; > 0, j € J (x0), and the vectors
v € R™ r € B(xg), such that

— > wVgi(w) =c+ Y M, (11)

J€J (o) 'I"EE(:C())
and _
v Myw, <1, r € B(zo). (12)

Since g; (zo) = 0 for j € J (z0), we have: p;g; (o) =0 for j € J (x0). If
Jj ¢ J(zo), we put p; = 0. It follows:

P
> 1595 (x0) =0
i=1

which shows that relation (5) holds.
Now we define

Lo

)
w, = \/x(—)rBrxo

AU, ifr Eg(xo).

if r € B(xzo)
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With this notations, equality (11) yields relation (4).

From (12) we get w,! Byw, < 1 for any r = 1,q. Further, if r € B (), we
have xJBTxO = 0, which implies B,zo = 0, and then \/ngrxo =0=
= xg Brw,.

If r € B(z0), we obviously have z] B,w, = \/z4 B0, so relation (7) holds.
Therefore the theorem is proved.

For convenience, if zg € P so that the vectors Vg, (zo), j € J (zo), are
linear independent and Zj (x9) = 0, then such zo € P is said to satisfy a
” constraint qualification” .

The results of Theorems 7 and 8 are the necessary conditions for the opti-
mal solution of the problem (P). Actually, the conditions (4) - (7) are also the

sufficient optimality conditions for (P) if some generalized invexity conditions
are fulfilled.

Theorem 9 (sufficient conditions) Let zyp € P be a feasible solution of
(P) such that there exist a positive integer s € {1,...,n+ 1} and the vectors
Ji € Y(xo),i=1,steRy, w, € R", r =1,q, and pn € R for which the
relations (4) - (7) are satisfied. We define

6('):Zti (f('ayi)"‘z:(')TBrwr)-

r=1

If any one of the following four conditions holds:

q . p
((1) f( 7@1) + Zl(')—r Brwr 18 (ﬂaﬂiag)‘mve% fO?” 1= 1787 Z M35 () 18
r= 7j=1

(1, po, 0)-invez, and po + 3 tip: > 0;

i=1

i P
(b) ©(-) is (n, p,0)-invex and 3 i;g; () is (n, po, 0)-invez, and p+ po > 0;
j=1

— p
(c) ©(-) is (n,p,0)-pseudo-invex and > pig; (+) is (0, po,0)-quasi-invez,
j=1
and p + po > 0;

— P
(d) ®(-) is (n, p,0)-quasi-invex and Y p;g; () is strictly (n, po, 0)-pseudo-
j=1
invex, and p + po > 0;

then xo is an optimal solution of (P).
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Proof. On contrary, let us suppose that xg is not an optimal solution of
(P). Then there exists an x; € P such that

q q
sup <f (@1, y)+ \/xfBran) < sup (f (w0, 9) + ) \/m(—)rBer>
r=1 Y r=1

yey

We note that, for 3; € Y (z0), i = 1,5, we have

sup <f (20.9) + > \/xd B,«:c()) — F@o.5i) + > \J2] Boa,
r=1 r=1

yey

q q
[z 9:) + Z \/2{ By < sup <f (z1,y) + Z \/%TBr%) :
r=1 yey r=1
Thus, we have
q q
[ (z1,9:) + Z \/ 2] Brry < f (z0,7i) + Z \/zg Brxg, fori=T;s. (13)
r=1 r=1
Using the relations (3), (7), (13), and (6), we obtain

q s q
) Zt ( xla yz + ZxIBrwr> < Zti (f (xla 372) + Z \/ {EIB,,{E1>
T i=1 r=1

P (z1)

s q
\/ (EgBﬂCo) - th (f (CL’(), gz) + Z x(—)rBrwr>
1 i=1 r=1

and

Q

< Zt ( anyz +
T

It follows that _ _
B, (11) < B» (o). (14)
1. If the hypothesis (a) holds, then for i =1, s, we have
q q
f (xhgi) + E xirBva" - (any’L) E
r=1 . p r=1 (15)
> 1 (21, %0) <Vf (z0,¥i) + Z Brw ) + pib (z1,20) ,

Now, multiplying (15) by ¢;, and then suming up these inequalities, we obtain
@ (11) — D (x9) >
s q
> o) S (V5 (@) + 5 B )+
i=1 r=1

+ > tipif (z1,20) .

i=1
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P
Further, by (4) and (n, po, §)-invexity of > p;g; (-), we get
j=1

— P s
B (z1) — B (z0) > —n (1,20) | D2 1;Vgj (o) + O tipid (w1, 20)
j=1 i=1

P p S
- -21 1ig; (1) + Zlujgj (o) + (Po + thipi) 0 (z1,20).
j= = i=

Since x1 € P, we have g; (x1) <0, 4 =1, s, and using (5) it follows

D (11) — @ (x <p0+ztzpz> (z1,20) > 0,

which contradicts the inequality (14).
2. If the hypothesis (b) holds, we have

P (1) — @ (20) >
> n(a?l,xo)T glti <Vf (w0, 7i) + i Brw,«> + pf (x1,0) -

Jj=1

p
Using relation (4) and the (7, po, 0)-invexity of > w;g; (-), we obtain
j=1

p
®(21) = @ (w0) > —n(w1,20) Y 4;Vy; (wo) + pb (z1,20) >
7j=1

vV

—Zu]gg (1) +Zu]gg (o) + (p+ po) 0 (21, 70) >
7j=1
> (p+po)9($17$0)207

which contradicts the inequality (14). B
3. If the hypothesis (c¢) holds, using the (7, p, 8)-pseudo-invexity of @, it
follows from (14) that

P (21) < P (20) = n(21,20) V® (20) < —pb (21, 20) - (16)

Using again relation (4), from (16) and p + pp > 0, we get

P
n(z1,70) Y 13Vg; (z0) > p (21,70) > —pol (21, 70) - (17)
j=1
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Since z1 € P imply g; (z1) <0, i =1,s, and p € RY, using (5) we have
P
ZM]Q] £L'1 Z ]gj CL'() (18)

P
Using the (1, po, 0)-quasi-invexity of > p;g; (-), we get from the last relation
j=1

P
1 (21, 20) ZHngj (z0) < pob (21, T0)
=1

which contradicts the inequality (17). _
4. If the hypothesis (d) holds, the (7, p, #)-quasi-invexity of ® imply

@ (11) <@ (19) = n(ml,xo)—r V& (x) < —pb (21, 20) -
From here, together with (4) and p + pg > 0, we have

p
n (21, 20) ZMJVQJ (o) = pb (x1,w0) = —pob (w1, o) - (19)

p
Since (18) is true, the strictly (7, p, 6)-pseudo-invexity of > p;g; (-) imply
j=1

P
n(z1,70)" > 1iVg; (w0) < pob (w1, 20)
=1

which contradicts the inequality (19).
Therefore the proof of the theorem is complete.

4 Duality
Let us denote
sef{l,... n—f—l}7
K (z) =4 (s,t,y) | t € RE, and Zt1f1
y—(y1,~-~7ys) withy; €Y (), i =T1,s

We consider further the set H (s,t,y) consisting of all (z, u, A\, w) € R™ x
R x Ry x R™ which satisfy the following conditions:

s q p
Z t; <Vf (z,9i) + Z B,«w> + Z wiVg; (z) >0, (20)
i=1 r=1 j=1
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iti (f (z,9:) + zq:zTB,«w> >\, (21)

r=1

Z pig; (z) >0, (22)

(s;t,y) € K (2) (23)
w' Byw < 1. (24)

The optimality conditions, stated in the preceding section for the minimax
problem (P), suggest us to define the following dual problem:

max  sup{A| (z,pu,\,w) € H(s,t,y)} (DP)
(s,ty)EK (2)

If, for a triple (s,t,y) € K (z), the set H (s,t,y) = 0, then we define the
supremum over H (s,t,y) to be —oo. Further, we denote

s q
o=t (f(-,yi>+2<->TBrw>
i=1 r=1
Now, we can state the following weak duality theorem for (P) and (DP).

Theorem 10 (weak duality) Let x € P be a feasible solution of (P) and
(x, p, A\, w, s,t,y) be a feasible solution of (DP). If any of the following four
conditions holds:

q p
() £ (00 + 3 () Brw is (i O)-inver for i = T3, 32y (-) i
= j=

(n, po, 6)-invex, and po+ ¥ tip; = 0,
=1

1=

p
(b) P ( ) is (777p7 6)-im}ea: and E 595 () is (777p05 9)-mve$, and p+po =0,
=1

p
(c) ©(-) is (n,p,0)-pseudo-invex and > pig; (+) is (n, po, 0)-quasi-invez,
j=1

and
p+po =0,
P
(d) ®(-) is (n,p,0)-quasi-invex and Y w;g; () is strictly (n, po, 0)-pseudo-
j=1

invex, and p + po > 0,
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then

yey

sup (f (z,y) + Z vV xTBrx> >\ (25)

Proof. If we suppose, on contrary, that

sup (f (z,y) + Z vV xTBrx> <A
Y r=1

ye

then we have, for all y € Y,

a
f(zy)+ Z VT Byx <\
r=1

S
It follows that, for ¢; > 0,7 =1,s, with > ¢ =1,

t; [f (x,y)—i—vaTBrx—)\] <0, i=1,s, (26)
r=1

with at least one strict inequality, because t = (t1,--+ ,t5) # 0.
Taking into account the relations (3), (24), (26) and (21), we have

D(x)— A = Zti lf(x,yi)—l—ZxTBrw—/\}

r=1

IA

Zti lf (xvyz) + Z V QCTBTQC - A]
i=1 r=1

s q
< 0L Zti [f(z,yi) +ZzTBrw — Al =D (2) — A,
i=1 r=1
that is
D (z) <P(2). (27)

1. If hypothesis (a) holds, then for i = 1, s, we have

f (=, yz)+Z$TBw f(z,

w >

é ' (28)
o) o

Yi) —
>n(e2) (VFem)+ 3 B,
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Now, multiplying (28) by t;, and then sum up these inequalities, we obtain

S q S
®(2) — ®(2) 2 n(w,2) >t <Vf (z,9:) + ZBH«U> + ) tipif (2, 2).

i=1 r=1 i=1
P
Further, by (20) and (n, po, 8)-invexity of > pjg; (-), we get
j=1
p s
.
O(z)—P(2) > -nx,z2) Zungj (2) + Ztipie (z,2)
j=1 i=1

P p s
z - Zﬂjgj () + Zﬂjgj (2) + (Po + th) 0(z,2).
j=1 j=1 i=1

Since = € P, we have g; (x) <0, i =1, s, and using (22) it follows

P (x) - ®(2) 2 (Po + Ztipz) 0 (x,2) =0,

i=1

which contradicts the inequality (27). Hence, the inequality (25) is true.
2. The case of hypothesis (b) follows with the same argument as before by

using (a).
3. If hypothesis (¢) holds, using the (), p, #)-pseudo-invexity of ®, we get
from (27) that

n(z,2) Ve (2) < —pf (v, 2) (29)
Consequently, relations (20), (29) and p + po > 0 yield
&
n(z,2) Zungj (2) > pl(x,2) > —pob (z, 2) . (30)
j=1

Because z € P, pn € RE | and (22), we have
P P
D pigi(x) 0= pig; ().
j=1 j=1

P
Using the (7, po, 8)-quasi-invexity of > ;95 (-), we get from the last relation
j=1

n (xvz)—r Zijyj (Z) < pod (.13,2:),

j=1
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which contradicts the inequality (30).

4. The result under the hypothesis (d) follows similarly like before in step
3.

Therefore the proof of the theorem is complete.

Theorem 11 (direct duality) Let T be an optimal solution of the problem
(P). Assume that T satisfies a constraint qualification for (P). Then there exist
(5.t,9) € K(z) and (Z,[1,\,w) € H (5,t,7) such that (%, [, A\, w,5,t,9) is a
feasible solution of (DP). If the hypotheses of Theorem 10 are also satisfied,
then (f, i, \, 0, 5,1, gj) is an optimal solution for (DP), and both problems (P)
and (DP) have the same optimal value.

Proof. By Theorems 7 and 8, there exist (5,¢,7) € K () and (7, fi, A\, W) €
H (5,1, 7) such that (Z, /i, A, w, 5,1, 7) is a feasible solution of (DP), and
B q
A=t@n+ Y V@ B,
r=1

The optimality of this feasible solution for (DP) follows from Theorem 10.

Theorem 12 (strict converse duality) Let & and (Z,ﬂ, \, 0, 5,1, g) be the
optimal solutions of (P) and (DP), respectively, and that the hypotheses of
Theorem 11 are fulfilled. If any one of the following three conditions holds:

q _
(a) one of f(-,9:)+ > ()T B,w is strictly (n, p;, 0)-invezx for i =1,s, or
r=1

S|

S
fijg; (+) is strictly (n, po, 0)-invez, and po + »_ tip; > 0;
1 =1

1=

J

S q p
(b) either > t; <f (o) + S ()T Brw) is strictly (n, p,0)-invez or > fijg; ()
i=1 r=1 j=1
is strictly (n, po,0)-invez, and p + po > 0;

r=1

S q
(c) the function > t; <f (L g)+ S ()" B,@) is strictly (n, p, 0)-pseudo-
i=1

nvex and

o8

1595 (+) is (n, po, 0)-quasi-invez, and p+ po > 0;
1

J

then & = Z, that is, Z is an optimal solution for problem (P) and

yey

sup (f (Z,y) + Z \/ZTB,,Z> =\
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Proof. Suppose on the contrary that & # z. From Theorem 11 we know
that there exist (§,f, gj) € K(&) and (55,,&,&,11)) € H(§,f, gj) such that

(JE, i, A0, 8, 1, y) is a feasible solution for (DP) with the optimal value

q

A=sup | f(&y)+ Z ViT B2 |.
r=1

yey

Now, we proceed similarly as in the proof of Theorem 10, replacing = by  and
(z,p, A, w, 8,t,y) by (2, ji, \, 0, 8, t, gj) , S0 that we arrive at the strict inequality

q
sup | f(&,y) + Z VETB3 | >\
r=1

yeYy

But this contradicts the fact

q
sup | f(&,y) + Z VETB2 | =A= ],
r=1

yey

and we conclude that & = Z. Hence, the proof of the theorem is complete.
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