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A REMARK ON THE HILBERT SERIES OF
TRANSVERSAL POLYMATROIDS

Alin Stefan

Abstract

In this note we study when the transversal polymatroids presented
by A = {A, Aa,..., An}, where all the sets A; have two elements, have
the base ring B,, Gorenstein. Using Worpitzky identity, we show that
the numerator of the Hilbert series has the coefficients Eulerian numbers
and, from [1], the Hilbert series is unimodal.

1 Introduction

Let K be an infinite field, » and m be positive integers, A; be some subsets
of [n] for 1 <i<m, A={A;,As,...,An}. Let

Bm:K[’IilIiQ...Zim Zij GAJ,].S]Sm]

and
C=Klzyyj:ieA;,1<j<m).

Obviously C C S, where S is the Segre product of the polynomial rings in n,
respectively m, indeterminates,

S::K[Zlvx%"'vxn]*K[ylvaa"'vym]:K[xiyj : ]-Slgna]-g‘]gm}
We consider the variables ¢;;, 1 <17 <mn, 1< j <m and we define
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and the presentations ¢ : T — S and ¢ : T(A) — C defined by tij — Tiy;.

By [10, Proposition 9.1.2] we know that ker(¢) is the ideal I3(t) of the
2—minors of the n x m matrix ¢t = (¢;;) via the map ¢. The algebras C, T'(A),
S and T are Z™ —graded by setting deg(z;y;) = deg(ti;) = e; € Z™ where e;,
1 < ¢ < m denote the vectors of the canonical basis of R™.

By [11, Propositions 4.11 and 8.11] or [10, Proposition 8.1.10] we know
that the cycles of the complete bipartite graph K, ,, give a universal Grobner
basis of I5(t).

A cycle of the complete bipartite graph is described by a pair (I,.J) of
sequences of integers, say

I:ilai27---7i85 J:j15j27"'5.j87

with 2 < s < min(m,n), 1 < i < m, 1 < jr < n and such that the i are
distinct and the j, are distinct. Associated with any such a pair we have a
polynomial F(I,J) = tiljl . tisjs — ti2j1 e ti5j571ti1js which is in IQ(t)

For a Z™-graded algebra E we denote by Ea the direct sum of the graded
components of degree (a, a, . ..,a) € Z™. Similarly, for a Z™—-graded E-module
M, we denote by Ma the direct sum of the graded components of M of degree
(a,a,...,a) € Z™. Clearly En is a Z-graded algebra and Ma is a Z—graded
Ea module. Furthermore —a is exact as a functor on the category of Z™—
graded E—modules with maps of degree 0. Now Ca is the K-algebra generated
by the elements x;,y1 ... 24, ym with i; € A;. Therefore By, is isomorphic to
the algebra Ca. Hence we obtain a presentation :

0—J—TAxr — B, —0,

where J = (Io(t) 1 T(A))a.

T(A)a is the K—algebra generated by the monomials t1;, ta;, . . . tmi,, , with
ir € Ag, that is, T(A)a is the Segre product Ty * Ty . . .x T, of the polynomial
rings T; = K[t;; : j € A;]. Now we consider the variables s, with a € A :=
Ay X Ag X ... X A, Then we get the presentation of the Segre product T'(A)a
as a quotient of K[A] by mapping s(;, .. j,.) t0 t1j,t25, - tmj,,-

From [5] the defining ideal of T'(A)a is generated by the so-called Hibi
relations:

Sasp — S(avB)Sanp)s
where

aV f = (max(ai,f1),. .. ,max(am, Bm)),

and
aAp = (min(a, £1), ..., min(om, Bm))-
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Example 1.1. Let n =3 and
A = {172}3142 = {273}3143 = {374}

Then C' is the quotient of K[t11,t12,t22, t2s, t3s, t34] by the zero ideal (J =0
because we don’t have cycles). Then

2 2 2 2
B3 = K[z122%3, x1X24, T123, T1T3T4, T5X3, T5T4, T2T3, T2T3T4)

is the quotient of K[s123, S124, $133, $134, $223, $224, $233, S234] modulo the ideal
generated by the Hibi relations:

51235134 — 51245133 , S1235224 — 51245223,
51235234 — 51245233 , 51235233 — S1335223,
51235234 — 51335224 , 51235234 — S1345223,
51245234 — 51345224 , 51335234 — 51345233,
$2235234 — 52245233
Since K [t11, t12] * K[taa, tas] * K|[tss, ts4] is a Gorenstein ring ([6, Example 7.4])
then Bj is a Gorenstein ring .

Example 1.2. Let n =3 and
Ay ={1,2}, A2 = {2,3}, A3 = {3,1}.

Then C is the quotient of K[t11, t12, ta2, tes, tss, t31] modulo the ideal generated
by the polynomial ¢11ta2t33 — t12t23ts1 (we have one 6-cycles). Then

2 2 .2 2 2 2
Bs = K[x12923, T2, 125, T1T3, T5T3, T1T5, ToXs)

is the quotient of K[s123, S121, $133, $131, $223, $221, $233, S231] modulo the ideal
generated by the Hibi relations:

5$2215233 — $2235231, $1315233 — S1335231,

51215233 — S1235231, S$1315221 — S1215231,

51335221 — 51235231, S1315223 — S1235231,

51335223 — 52335231, $1215223 — 52215231,
5$1215133 — S1315231-

and by the linear relation
5123 — 5231
Since K|[t11,t12] * K[tao, tog] * K|tss,t31] is a Gorenstein ring and t11taatss —
t1otastsy is a regular element in K[t11,t12] * K [too, tog] * K|tss, t31] then
Klt11,t12] * K[tag, tas] * K[tss, t31]

>~ Bg
(t11taatss — tiatastsr)

is a Gorenstein ring.
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Example 1.3. Let n =3 and
Ay ={1,2}, As = {1,2,3}, A3 = {2,3}.

Then C' is the quotient of K[t11, {12, t1ates, tas, tas, t33] modulo the ideal gen-
erated by the polynomials t11t20 — t12t21, taotss — to3tsn, t11testse — t1ata1tss
(we have two 4-cycles and one 6-cycle),

14 2¢ + t?

Ho(t) = ————+—

c(t) T
and then

By = K[z3xy, 2223, 10003, 2123, 102, 25, 203, T223]

is the quotient of K[s;;x|(i,7, k) € {1,2} x {1,2,3} x {2, 3}] modulo the ideal
generated by the Hibi relations:

52225233 — 52325223
52125232 — 52135222
51335222 — 52135232
51135233 — 51335213
51135222 — 52125213
51125232 — 52125213
51125213 — S1135212

; $2125233 — 52135232
; $1335232 — 52135233
; 1335212 — 52135132
; 1135232 — 52135123
; 1125233 — 52135132
; $1125222 — $2125122

; $1125133 — S1135213 -

and by the linear relations $132 — S213,S5123 — S213, 5122 — S212, 8223 — S232 -
Since Bj is a domain and the Hilbert series of Bg is

1+ 5t +¢2
Hp,(t) = NTEDER

then Bj is a Gorenstein ring .

2 Hilbert series

Definition 2.1. Let R = K|[z1,22,...,Zy] be a polynomial ring over a field
K. If M is a finitely generated N-graded R-module, the numerical function:

H(M,-):N—N

with H(M,n) = dimg(M,), for all n € N, is the Hilbert function and
Hy(t) =3 en H(M,n)t" is the Hilbert series of M.
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Let n, m be positive integers, A; be some subsets of [n] such that |4;] =1
for 1<i<m, A={A1,As,...., An}.
Let
Bm = K[Qj'ill'i2 e Ty, Zij € Aj,]. S] S m]

and
C:K[‘Tiy]ZEA],lngm]

From Section 1 we know that B, is isomorphic to the algebra C'a and we
have the presentation :

0—J—T(A)A — B,, — 0,

where J = (I2(t) N T(A))a.
Now we are interested on the case when J = (0).

Remark 2.2. If J = (0) then B, is isomorphic to the algebra (T'(A))a.

J = (0) is equivalent with the fact that the bipartite graph presented by A
(Vi =1,2,...,m,Vo = A1 U AsU,...,UA,, and an edge from V; to V5 joins
i€ Vi with i; € V; if and only if i; € A;) does not have cycles.

If [A;] =1, for 1 < i < m, [AiNAit1] < 1, and A;NA4; = @, for
2<i<m,j<i—1, then the bipartite graph presented by A does not have
cycles, thus the ideal J is zero.

Since J = (0), then B, is the Segre product of m polynomial rings, each
of them in [ indeterminates, that is, B, is a Gorenstein ring (see [6, Example
7.4)); dimg(B,,); = (“HH™.

In the case m = 2 it is known (see [10, proposition 9.1.3]) that the Hilbert
series of By is

— 1\ 2
ko (51)

Hp,(t) = (1— )21

2
. H(Bs,i) = dimy(By); = (”i_ 1) .

It results that the Krull dimension of By is dimy By = 2] — 1 and the number
of generators of the defining ideal of By (the number of Hibi-relations of Bs)

is
H(By,1)+1 1?2 +1 +1\*  [1\*
= (M) = (01 (57) = ()
Remark 2.3. We have the following relation between the Hilbert series of By, 41
and B,, :
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Proof. Since Hp,,(t) = 3,5 (1™ then

1 ad=v IR AC) (i1 z—i—l
(hl)!dtl*l(t HB”(t)):(l 'dtll g( ) *
>0
1 di- 2) (1! z—l—l
= )ldtl?dt Z( ) )
>0
1 4t -2 - i, 42 ZJFZ i
(1—1)'dtl2 ((1—=1)t Z( > 2y ( > th
i>0 >0
1 a2 i+1-1\" ;
(1—1)!dtl—2(z< i >(Z+ll)t)
i>0
1 d® d -2 i+l—1 ;
“r—nia—s @t Z( i )(Hl)t))
>0
1 d=3) z-}—l—l )
- 1—2tl32( ) i+1—1)t'+
(l )'dﬂB >0
I—1 .
+E S (” ) (i 41— 1))
>0
1 dt=3 H—l—l _ ;
~ e () - -2 -
>0

ﬁz("”i_l) G+ 1=1)+1—2)-- (i +2)(i + DF’
i>0

i+ l-1\""
S = o,

i>0

O

Let A(t) :== >, a;t" and B(t) := >, b;t" be two power series in Z{[t]]. Then
we denote by Had(A, B) := ,(a;b;)t" the Hadamard product of A and B
([8])-

Definition 2.4. ([8]) Let A(t) be the Hilbert series of a standard k—algebra
S. ri(A) (or ri(S)) is the regularity index of A (or of S), i.e. the first integer
r such that for every s > r the Hilbert function of S takes the same values as
the Hilbert polynomial of S.
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Remark 2.5. ri(S) = a(S) + 1, where a(S) is the a—invariant of S.

Proposition 2.6 ([8]). Let A(t) := % and B(t) = %, where p =

deg(P), q :=deg(Q), P(1) #0, Q(1) # 0, and assume that A(t) and B(t) are
the Hilbert series of standard k—algebras. Then

1) ri(A)=p—a+1andri(B)=q—b+1;

2) ri(Had(A, B)) < max(ri(A),ri(B));

3) Had(A, B) = qest=r, with R(1) # 0;

4) deg(R) < max(ri(A),ri(B)) + (a+b—1)—1;
Theorem 2.7 ([8]). Let Sy and Sz be two standard k—algebras with the Hilbert
series Hg,, Hs,. Then the Hilbert series of Segre product of S1 and S is
H51*52 = I{ad(]fg1 , HSQ)-

Definition 2.8. Let R = K[z1, 2, ..., Z,] be a polynomial ring over a field K
and M be a finitely generated N-graded R-module. The difference operator A
on the set of numerical functions H (M, —) is

(AH(M, =))(n) = H(M,n +1) — H(M,n),

where H(M, —) is the Hilbert function.
The m — times iterated A operator ("m — dif ference of H(M,n)") will
be denoted by A™.

Proposition 2.9. If|A;| =2, for 1 <i<m, |[A;(Ai+1] <1 and A;NA; =
g, for1<i<m—1,1<j<1i—1, then the Hilbert series of By, is
YR Alm k1)

Hp,,(t) = (L= mit ;

where
A(m, k) = kAim—1L,k)+(m—-k+1)A(m -1,k —1),

with A(m,1) = A(m,m)=1and 2 <k <m—1.

Remark 2.10. The sequence in k , A(m, k) with 1 < k < m is symmetric for
any m > 2. Indeed, if m = 2 then A(2,1)=A(2,2)=1. If m > 2 then

Am,k) = kAm—-1,k)+ (m—k+1) Aim—-1,k—-1) =

=kAm—-1m—-k)+(m—-k+1)Am—-1,m—k+1)= A(m,m—k+1).
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Proof. We know that By, = Ty * Ty *...* Ty, where T; = Klt;; : j € A;] is
Segre product of m polynomial rings in two indeterminates and dimy (By,); =
(21" — (i 4 1),

We show that the Krull dimension of B,, is dim B,, = m + 1 and the
Hilbert series of B,,, Hp,, (t) = %, with deg(R) < m — 1.

We proceed by induction on m. The case m = 1 is clear. Suppose m > 2.
For every 1 < i < m we have ri(Hr,) = —1, thus ri(Hp,, ) = —1. Since
Bp41 = By % Ty41 we have

R(t) R(t)

Hp,,,(t) = Had(Hp,,, Tr1) = (1 —t)(m+D+2-1 = (1— t)m+2;

deg(R) < max(ri(Hp,,),ri(Hr,,,,))+ (m+1)+2-1) -1 =m.

If R(t) := Y1~ rit’, then we need to find the coefficients r}s. We may
compute the first m values of H(By,,i). Then it suffices to take the (m + 1)
difference of these first m values and we get the required r}s. For this it
suffices to go backward in the algorithm which determines the numerators of
the Hilbert series and to obtain H(B,,,i) = dimg(B); for all i.

We define

Ao(m, k) = . = A(m, k),

Ai(m, ].) = 1,Al(m,k) = Al(m, k— ].) —+ Ai,l(m,k),

fori >1and 2 <k <m.Form>2and 2 <k <m fixed we want to prove
that

s=1
for any ¢t > 1 (with the convention that the binomial coefficient (ZL) is zero if
m<n).
We proceed by induction on ¢.
Case t = 1.
Since for any m > 2 and fixed 2 < k < m, we have

Ay(m, k) = Ay(m, k — 1)+ A(m, k),
Ai(mk—1) = A1(m,k —2) + A(m, k — 1),
Ar(m,k—2) = Ai(m, k —3) + A(m, k — 2),
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we obtain: .
Ar(m, k) =Y A(m,s).
s=1
Case t > 1 : From

Ar(m k+1) = Ay(m, k) + A1 (m, k + 1),
Ara(myk+1)= A 1(m, k) + Ap_o(m, k+ 1),
At_o(m,k+1) = Ar_a2(m, k) + Ar—s(m, k + 1),
As(m,k+1) = As(m, k) + Aa(m, k + 1),
As(m,k+1) = Ay(m, k) + A1 (m, k + 1),
Ar(m,k+1) = A1(m, k) + A(m, k + 1),

we obtain
t

Ag(m,k+1) =Y Aj(m, k) + A(m, k+ 1).

:Z(ZA(m,s)(j+Z_j_1))+A(m,k+1)

k .
:Z( (3+k_8_1))A(m,s)+A(m,k+1)

Il
]~
/N
x>
|+
[
+
Vo)

1>A(m, s)+ A(m,k+1)

A(m,s)(t+k—8),

k—s+1

I
> »
+
I

w
Il
—

since

7N
T
\
w

j—i—k—s—l)

t+k—s
E—s+1)

<
Il
—
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Now we want to prove that A,,11(m, k) = k™.
From [7] or [12] we mention the Worpitzky identity :

km:i A(m,s)<k+;l).

s=1

We know that

sl = 3 40m, ) (" 7)< 3 (M),

s=1 s=1
Thus
i k+s—1 k4+m-—1
m _ A — A A —1
k Sz:; (m,s)( . ) (m, m)( . )—|— (m,m—1)
<k+m11>+'”+ A(m,mk+2)<m+1>+ A(m,mk+1)<m>
m m m

A(m’1)<k+zl>+ A(m,2)<k+22>+

...+A(m,k—1)(k+mﬂ;k+l) + A(m,k)<k+z_k)

m

_ g/x(m, 5) (m Tk s) — A1 (m, ).

Thus the r, = A(m,k+1) for 0 < k <m — 1.

Example 2.11. We compute the Hilbert series for

A ={A; ={1,2}, Ay = {2,3}, A3 = {3,4}, Ay = {4,5}}.

k 12 3 4
kY= A5(4,k) 1 16 81 256
Ay(4, k) 1 15 65 175
As(4, k) 1 14 50 110
Ay(4, k) 1 13 36 60
Ay (4, k) 1 12 23 24
Ao(4, k) 111 11 1
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The last row of the table contains the coefficients of the numerator of
Hp,(t). Thus the Hilbert series of By is

1411t + 1182 4¢3
HB4 (t) = (1 7 t)5

Corollary 2.12. The number of generators of the defining ideal of B, (the
number of Hibi-relations of Byy,) is

H(B,,,1 1 2m 4+ 1

Corollary 2.13. The h-vector of the Hilbert series associated to the transver-
sal polymatroid presented by A = {A1, As,..., Am}, such that |A;| = 2, for
1<i<m, |AinAi1|<land A;NA =9, for1<i<m-1,1<j<i—-1,
18 unimodal .

Proof. From [1], we know that A(m, k) is log-concave sequence in k, for all m,
thus is unimodal. O
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