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DOUBLE COVERS AND VECTOR
BUNDLES

Vasile Brinzanescu*

Abstract
Let 7 : X — Y be a double (ramified) cover of complex manifolds.
The purpose of this note is to study the properties of holomorphic rank-
2 vector bundles on Y arising as push forward of line bundles on X,
extending some results of [S], [Fr] to the non-projective case.

1 Introduction

There are essentially only two methods to construct holomorphic vector bun-
dles over complex manifolds. One of them, the extensions method of Serre
used succesfully in the projective case, gives only filtrable holomorphic vector
bundles in the non-projective case (see, for example [B-F], [B-L], [B]). The
second method, the push forward of line bundles by finite covers, was used in
both cases (see, for example [S], [Fr] in the projective case and [A-B-T], [T]
in the non-projective case). Let m : X — Y be a double cover of complex
manifolds. The purpose of this note is to study the properties of holomorphic
rank-2 vector bundles on Y arising as push forward of line bundles on X. For
any line bundle M € Pic(X) one defines the norm line bundle Nm(M) €
Pic(Y) and one computes the Chern classes of holomorphic rank-2 vector
bundles obtained as push forward of line bundles by the double cover.

2 The norm line bundle

Let Y be a complex manifold, B C Y a reduced smooth effective divisor on Y’
or zero. Suppose we have a line bundle £ on Y such that

Oy (B) = L®?,
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and a section s € I'(Y, Oy (B)) vanishing exactly along B (if B = 0 we take
for s the constant function 1). We denote by L the total space of £ and we
let p: L — Y be the bundle projection. If ¢ € I'(L,p*L) is the tautological
section, then the zero divisor of p*s — t? defines an analytic subspace X in L.
If B # 0, since B is reduced and smooth, then also X is smooth and m = p|x
exhibits X as a 2-fold ramified covering of Y with branch-locus B. We call
7w : X — Y the 2-cyclic covering (or ramified double cover) of Y branched
along B, determined by L. If B =0, we take £ 22 Oy; in thiscase 7: X — Y
is called the 2-cyclic unramified covering (or unramified double cover) of ¥
determined by L.

Conversely, given 7 : X — Y a finite morphism of degree two between
complex manifolds, we can recover B and L as follows. Let 7: X — X be the
sheet interchange involution, i.e. 72 = id, mo7 = 7. Then B is the image
under 7 of the fixed set of 7 and m,Ox = Oy ® L™, where the direct sum
decomposition corresponds to taking the +1 and —1 eigenspaces of 7 acting
on 7, Ox (see, for example [B-P-V], [M], [Fr]).

The morphism 7 : X — Y induces the natural homomorphism

7 : Pic(Y) — Pic(X).

In the projective case, by using the natural map 7. : Div(X) — Div(Y)
between the group of divisors on X and similarly on Y, one obtains a homomor-
phism

7y : Pic(X) — Pic(Y).

In the non-projective case, since the group of divisors could be very small, we
have to find some other substitute for the map m, by using line bundles.

Let G = {id, 7} be the group of the double cover 7 : X — Y. Let M €
Pic(X) be a line bundle. Since

TMETM) = MM,

then
M@ 7*M € Pie(X)“.

It follows that m.(M ® 7*M) is a G-sheaf and, as a rank 2-vector bundle on
Y, splits as a direct sum of line bundles corresponding to taking +1 and —1
eigenspaces of 7. Thus, we have

(MR TM) 2 (1, (MR T* M) & Z,

where the first factor is the invariant part of the G-sheaf 7,(M ® 7*M).
We have
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Definition 1 Let M € Pic(X) be a line bundle. The line bundle
NmM := (1. (M @ 7°M))“
is called the norm line bundle of M.
Lemma 2 7*(NmM) =2 M @ 7M.
Proof: There exists a natural morphism of line bundles
(e (M T*M)Y) = M@ T*M.

For any z € X let y = w(xz) € Y and choose a Stein neighbourhood V' of
y; then 7= 1(V) is a Stein neighbourhood of 7=1(y) and one finds a section
s € M(r=1(V)) with s(x;) # 0 for all 2; € 7~ !(y). Then s.s7 is a G-invariant
section of M @ 7* M(7=1(V)), which generates M ® 7*M in a neighourhood
of 7= 1(y). It follows that the above natural morphism is an isomorphism.

3 Rank-2 vector bundles

Let 7 : X — Y be a double cover as above. We have that 7.0x = Oy & L1
is an Oy - algebra, which is coherent as an Oy-module. Multiplication is given
by

(a,0).(by,m) = (ab+ ®(Il ® m),am + bl),

where a, b are (local) sections of Oy, I, m are (local) sections of L™, for
some isomorphism

b: L7258 Oy(—B) C Oy.

In fact, X = Specan(A), where A = 7,0Ox is a sheaf of Oy-algebras and for
any Ox-module F the Oy-module 7, F is an A-module (see [Fi]).

Let M € Pic(X) be a line bundle. For the rank-2 vector bundle 7. M we
have the following result:

Theorem 3 det(m,. M) 2 NmM @ L1
Proof: Since m: X — Y is a finite morphism we have the isomorphism:
H'(X,0%) % H'(Y, (r.0x)"). 1)

(see [H], [M]). By choosing a suitable open covering & = (U;) of Y we can
suppose that all the vector bundles £, 7,Ox and m,M have local trivializa-
tions with respect to this open covering. If (f;;) is an 1-cocycle of the covering
U with coefficients in O3, which defines the line bundle £, then the rank-2
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vector bundle A = m,0x = Oy ® L~} is defined with respect to this covering

by the 1-cocycle
1 0
0 f;'

In fact, we have the local trivializations
Ou, =t |Ui

and the isomorphisms composition

-1
Pj —1 P
OUiﬂUj - E UiﬁUj i OUiﬁUj)

such that 61 = (p; ' o ;)(1). Then, we get the isomorphisms composition

2 2
OUmUj — Alvinu; — OUmUjv

given by the above matrix.
The morphism ® : £72 — Oy gives the morphisms

. (®2 -2
D5 ¢ OUmUj — L

vinu; — Ounu;,s

where (I)”(l X m) = lmti]’, ti; € O(Uz N UJ)
The line bundle M € Pic(X) & H'(X, O%) defines by the isomorphism
(1) an 1-cocycle (%i5), 7i; € A*(U; NUj). Let 7;; be the composition

Q2N Uy) " AU nU) E AUNUy) " 02N U;);

then (;5) is an 1-cocycle which defines the rank-2 vector bundle m, M. If we
write ;5 = (cj;, i), for any (o, 8) € O*(U; NU;), we get
Yig, B) = (cfja+ ety fi5' (¢i;8 + ).

It follows that an 1-cocycle which defines the rank-2 vector bundle 7, M is
given by the following matrix

/ /"
( Cij Cijtij )
=1 /
[ ¢ o

Then, the line bundle det(m..M) is given by the 1-cocycle

Fii (65 = ti; (c5)?).
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In the direct sum decomposition 7.0x = Oy ® L', the second factor
corresponds to the —1 eigenvalue of 7. It follows that an 1-cocycle defined by
the line bundle M ® 7* M in HY(Y, (7.Ox)*) is given by

Yis T g = (¢ ei) (e —ciy) = ((¢5)? — ti; (), 0).

For the rank-2 vector bundle 7, (M ® 7* M) we get the 1-cocycle given by the
following matrix

( o _Otij(cyj)Q ff-l((CQj)QO—tij(CQ’j)Q) )

It follows that the G-invariant part of m, (M ® 7*M), i.e. NmM is given
by an 1-cocycle (cj;)* — ti;(ci;)?. Finally, we get

det(m M) 2 NmM @ L.
Lemma 4 We have the exact sequence of vector bundles on X :
0= 1T"Mer (L) = 7% (mM) = M — 0.

Proof: (see [Fr]) The natural morphism

7 (meM) — M
is surjective; then the kernel is the line bundle

det(n* (m . M)) @ M~ = 7*(det(m. M)) @ ML

By applying Theorem 3 and Lemma 2 we get the desired result.

Corollary 5

co(meM) = %(C?(NmM) = mu(cf(M)) = mi(cr(M)).c1(L)).

Proof: (see [Fr]) By applying all the results above and the projection formula
one gets the conclusion.

Remark By using push forward of line bundles by finite covers in [A-B-T] one
obtained the complete answer to the existence problem of holomorphic vector
bundles of any rank over primary Kodaira surfaces.
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